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PREFACE 


This book has been written primarily as a textbook for the 
use of those second-year students at the Massachusetts Institute 
of Technology who intend to pursue further studies in electrical 
engineering, physics, or both. These students have completed 
. a year’s course in calculus and one in mechanics and heat utiliz- 
ing the author’s text^ and are simultaneously pursuing a second 
course in calculus. The goal to, which this book aspires is a com- 
pact logical exposition of the fundamental laws of the electric 
and the magnetic field and the elementary applications of these 
laws to circuits, to a study of the electrical and magnetic prop- 
erties of matter, and to the field, of optics. The treatment is 
quantitative throughout and an attempt has been made to 
imbue the reader with a sound understanding of the fundamental 
laws (the Maxwell equations) and with the ability to apply them 
to many and varied phenomena without resorting to special 
formulas and methods. Thus ordinary circuit concepts and the 
ideas necessary for the understanding of optics are presented as 
natural consequences of the basic field equations. 

In attempting to carry through the above program in an ele- 
mentary text, it has been found expedient to depart widely from 
the usual elementary treatments. The book is essentially di- 
vided into two parts. The first half sets as its aim a systematic 
development of the fundamental laws of the electric and magnetic 
fields for empty space, confining the discussion of the ‘electrical 
properties of matter to those of conductors. In this connection 
all four electromagnetic vectors, 6, D, B, and H, are introduced 
from the very outset; hence the Maxwell equations for empty 
space are presented in forms which are perfectly general, retain- 
ing their validity in the presence of material bodies. The second 
half encompasses the electric and magnetic properties of matter 
and is based essentially on the electron theory of matter. The 
study of electromagnetic waves in dielectrics leads smoothly to 

^“Introduction to Mechanics and Heat,” N, H. Frank, McGraw-Hill 
Book Conapany, Inc., New York. 
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the subject of optics; physical optics is largely emphasizcHl, 
although one rather long chapter is devoted to g(^omet.rieaI 
optics. 

Since it has become necessary to teach the m.k.s. systcuu of 
units, these units have been employed from the very b(‘giiining 
along with the electrostatic system. Plk^ctromagiud-ic imit.s a, re 
then introduced at an appropriate place. Thus the student 
learns the advantages of the newer m.k.s. system and at tlu^ same 
time becomes conversant with the older Gaussian units without 
which his understanding of much of the literature would be 
seriously handicapped. In view of the order of devtjlopment of 
the subject matter, unrationalized units have been (nni)]oy(Kl 
throughout and the transition to rationalized units, if desirabU^, 
may readily be made at a later stage of the stiuhmt’s (Hlueation. 

The first three chapters are devoted to tlu^ subj(M-.l, of tlu^ 
electrostatic field in vacuum. Here, as well as elsewlun-c^ in tl\(^ 
book, the order of presentation of the topie-s has Ixhmi chosc'n in 
accordance with the principle of introducing basic, conc.epts one 
at a time whei’ever practicable. The concepts and definil.ion of 
the magnetic field in empty space have been based sok'ly on thti 
mutual force actions of currents or of moving charge's, (*.are benng 
taken to stress the magnetic induction vector B as tlu^ fundn,- 
mental force vector. Discussion of magnetic poles is d('f(n-r(\d 
to the second half of the book in connection with tlu; prop(ui,i(\s 
of ferromagnetic media. The use of complex numbers is avoidi'd 
in connection with simple a.c. circuits but the vector diagram 
method is derived from first principles. The two chaptcu-s 
which conclude the treatment for empty space introduc‘,(', (,h(i 
concept of the Maxwell displacement current, a dis(;ussion of 
electromagnetic waves in free space, and the l^oynting V(H‘,t,or. 
Here the Maxwell equations are formulated in integral form (,o 
avoid the premature use of the symbolism of vector diffenmtia- 
tion. Traveling and standing waves on an ideal transmission 
line serve to bridge the usual gap between oscillating LC eircuii.s 
and the radiation field of an antenna, the latter topic being 
treated semi-quantitatively. 

As previously mentioned, the second half of the book intro- 
duces the electrical and magnetic properties of matter on th(^ 
basis of the Lorentz electron theory. Following a study of the 
essentially free electrons in vacuum tubes and in metals, tlu; 
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properties of dielectrics m terms of bound electrons and of mag- 
netic media in terms of the orbital motions and spins of the 
electrons are discussed. The difficult questions of mechanical 
forces on dielectrics and on magnetic bodies have been relegated 
to the problems in an attempt to develop critical methods of 
reasoning in this connection rather than a blind reliance on 
formulas. A dual standpoint has been adopted in connection 
with dielectrics and magnetic media: (1) the classical description 
in terms of dielectric constant and magnetic permeability and 
(2) the replacement of matter by equivalent charge and current 
distributions and the consequent reduction of a problem to one 
for empty space. It is gratifying to find that the treatment of 
magnetic problems in terms of Amperian currents is fully as 
simple as the equivalent method of introducing surface dis- 
tributions of magnetic matter (magnetic poles) and has unques- 
tionable pedagogical advantages. The laws of reflection and 
refraction of electromagnetic waves at dielectric boundaries are 
derived from the electromagnetic boundary conditions and the 
problem of intensity relations for normal incidence is discussed 
completely. An elementary, but quantitative, theory of the dis- 
persion and scattering of light in gases is extended to give a phys- 
ical picture of the nature of the refracted wave in isotropic and 
anisotropic media, the latter leading to the phenomena of 
double refraction. Fresnel diffraction is analyzed with the help 
of Fresnel zones and the Fraunhofer diffraction patterns of a 
single and of a double rectangular slit are worked out completely. 
The final chapter proceeds to a quantitative discussion of thermal 
radiation, including an elementary derivation of the law of 
radiation pressure and of the concept of electromagnetic momen- 
tum. A brief discussion of photometry and its connection with 
general radiation theory is also included. 

A number of problems have been included at the end of each 
chapter. These problems have been designed not only to help 
the student learn how to apply fundamental principles to many 
and varied situations — and the working of many problems is 
essential for a thorough grasp of these fundamentals — but also 
in some cases to require the student to derive for himself a number 
of important general results not obtained in the text. A con- 
siderable range of complexity has been aimed at in these prob- 
lems, and it is hoped that not too many of them can be solved 
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by use of formulas alone. It should b(^ {)oin(,('(! oui, |,h-u, <,his 
book is planned as a guiding textbook and, as sueli, should bo 
supplemented by laboratory work and dcse.ripdvc; iuat(u*ijil, 
especially with regard to experiinontal m(h,hods. 

The author would like to expnws his thanks to a. numlx'.r of 
his colleagues for valuable suggestions a.nd (u-itieisnis and 
especially to John E. Meade for his able assistanet' in pr(‘f)aring 
the manuscript for publication. 

N. JI. hhiANK. 

Cambridge, Mass., 

May, 1940. 
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INTRODUCTION TO 
ELECTRICITY AND OPTICS 

CHAPTER I 

THE ELECTROSTATIC FIELD OF FORCE 

The subject of electrostatics deals with the laws governing 
the equilibrium interactions between “electrically charged” 
bodies or between “electrically charged” bodies and matter. 
It is assumed that the reader is acquainted with the qualitative 
facts concerning various methods of electrifying bodies, such as 
the historical method of rubbing a rod of hard rubber or bakelite 
with fur, as well as the more modern method of bringing the 
bodies into contact with one terminal of a battery or a power 
line. When bodies are so treated and placed near together, they 
exert forces on one another which did not exist before the treat- 
ment. We say that the bodies so treated have become elec- 
trically charged. For the present we shall not concern ourselves 
with the study of the methods of charging bodies electrically, but 
shall simply assume the possibility of so doing. 

The fact that electrically charged bodies exert forces on 
each other when not in contact reminds one of gravitational 
forces and there is, in fact, a strong although not complete analogy 
between these two types of force. Just as in the case of gravita- 
tional forces,- we can adopt one of two points of view with respect 
to these forces. First, there is the simple idea of “action-at-a- 
distance” forces and, secondly, the somewhat more involved 
concept of a field of force, produced, in this case, by the presence 
of electrified bodies. While it is true in studying electrostatics 
that both points of view -are equally useful, the field concept 
proves to be ever so much more valuable in studying non-static 
phenomena and we shall adopt the idea of an electric field from 
the very outset. Suppose we have a single electrically charged 
body. We think of all space being affected by this body and 

1 
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say that an clcctnc hold is ('sliihlislu'd throughout space'. If 
we place a second charged body nt a, given point of space, it, will 
be acted on by a forces (diu' of course' in the* last analysis te> tho 
presence of tho first chargvel l)e)ely) anel we e-au use' this force 
exerted on a test charge t.o eU'sea-ibe' the' tie'ld e>f fea-e't'. hi ihia 
chapter we shall conea'.rn ourse'lve's .se)h'ly with a stuely of t,ho 
nature of electrostatic fie'lds of fore'e' anei sludl de'fe'r .'in e'xa.mina- 
tion of the sources of suedi fiedels until the' ne'xt e'hajiter. 

1. Conservation of Electric Charge; the Electron. < )ne' eif the 
fundamental facts conea'i'iiing e'k'ehrie'al fe>re'e'S is that, in e'ontrast 
to gravitational force's, one', may have- beith at t r.-ie-t i ve' anel re>pul- 
sive forces. If two boelie'S are bremght intei e'emtae't with the 
same terminal of a batteay, it is founel t hat tiie'y re'pe'l e'ae-h othe'r, 
whereas, if brought into (iont.act. with eipposite' ti'rniinals, tlu'y 
attract each other. This fac.t h'd tei the' assumption that, tlu'm 
are two kinds of clectrie'ity, originally te'rme'd “vitreeais” anel 
‘Tesinous" after the mannea- of thear proeluet iem, anel ne>w e'allcel 
“positive” and “negative',” re'spea't ive'ly. Whe-n a. bexly is 
electrified, wc say that electric cluirgc has be'e'U t ranstVrre'el to 
the body, positive or negat.ive^ e'-hargei a,s the' e-jise* may be'. Tlu're 
is a fundamental law conce'rning (de'<*.t,rie‘. elnirge', nanu'ly, that 
no net electric charge can ever be c.reaite'd e>r eh'st revyed. Wheai- 
ever any positive charge is creakal, t.he're is always e'r('a.tc'el an 
equal amount of negative c.hargea The e'xpe'i'ime'iital proeif of 
this law as given by Faraday will be', discusseul hite'r. ’’I'liis laav is 
known as the law of conservation of charge, and is one' e>f thei most 
fundamental laws of physics. 

It was postulated in tho early days of the subjead. t hat e'le'c- 
tricity was a fluid, or rather two fluids, preisent in eejual cpiaaititics 
inside matter, and that charging a beidy eeinsisted of aeleling 
an excess of positive or negative fluid to it. '’Jdu'.re is tive'r- 
whelming evidence today that electricity is at.omie^ rat lu'r than, 
continuous in nature and that the smallest elect, ric charge avail- 
able is that possessed by an electron, one of the fumlarnimt.al 
particles of which atoms are composed. The electron carries a 
negative charge and its positive twin, the positron, has Ixien 
recently discovered but does not possess the permanence of the 
negative electron. As one might expect, the charge carried by 
an electron is so exceedingly small compared to the ordinary 
charges with which one has to deal in large-scale experiments, 
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that for many purposes one may still think of electricity as being- 
continuous rather than atomic. 

To proceed to a quantitative formulation of the la-ws, we must 
introduce a measure of charge. There are two units of electric 
charge which will be of most use to us for the present, and these 
are, of course, arbitrarily defined. We postpone the actual 
definitions of these units to a later chapter but we shall name 
them and give their relative magnitudes. First, we have the 
statcoulomb or electrostatic unit of charge (e.s.u.). The other 
unit is the coulomb or practical unit which is a much larger unit. 
In fact, 1 coulomb = 3.00 X 10® statcoulombs. The charge on 
an electron is 4.80 X 10"^° statcoulomb. 

2. Intensity of the Electric Field. — The presence of an electric 
field in a given region of space can be detected by bringing into 
that region a so-called test charge, ^.e., a small positively charged 
body, and determining whether a force is exerted on this test 
charge. If such a force exists, we say that an electric field is 
present, and it would seem reasonable to specify the field by 
stating the force (direction and magnitude) exerted on the test 
body at each point of space. This procedure is open to a dis-i 
turbing objection, namely, the force depends on the magnitude 
of the charge carried by the test body and hence cannot bo used 
as a unique measure of the field. Hence we set up another 
measure of the strength of the field, the so-called electric intensity, 
which we denote by 6. The intensity is defined as a vector 
equal in magnitude to the force per unit positive charge exerted 
on the test body and of the same direction as this force. Thus, 
if the charge on the test body is q and at a given point of space 
there is an electrical force F exerted on it, the intensity S at that 
point of space is 



or 

F = eq. (la) 

There still remains one question to be settled before we can be 
sure that 6 is a unique measure of the field strength. If the 
force exerted on the test body is proportional to the charge on 
the latter, then Eq. (1) provides a perfectly satisfactory defini- 
tion. If, and this occurs in many cases, the force per unit 
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charge does depend on iht' siz(> of the test charge du<^ to ihr 
reaction of the latter on the sonrees of the held, ue must gc'iior- 
alize Eq. (1) to removt' th(‘ tunlngtiity ituolved. Let us suppoHo 
that we bring a niindt'r of ti'sl ehtirges stteeessively to a, given 
point of space and upon tnejisurenienl we fmd that the ratio of 
force to charge does vary with the size of th<> test ehargis Wo 
proceed to make the nvtignitndt' of the test eharg<‘ small(‘r and 
smaller, the force becomes smalh'r and siualit'r, but the ratio of 
force to charge a‘|)proa.eh('s a (hdinitt* limit ing value as the t('st 
charge is reduced indefinit,('ly. This limiting valut^ is then 
defined as the intensity of the field at that point. In symbols 

€ ~ Urn as A^/ • * 0 (1/)) 

Af/ 

Logically, we should adopt Fap {Ih) as tlu* only stri<*t dtdinifiou 
of field intensity, but in many ini(‘r<‘sting eas(*s 1h(‘ n'u, ction of 
the test body is so small that Eq. (. 1 ) k<‘ use<l ns an (‘X<a'llent 

approximation. 

A complete knowledge of a field iuvolv(%s t lu‘ knowh'dgt' of the 
electric intensity, in both dinad.ion and niagnitmle at ea<'h point ; 
of space. Let us suppose that at ('neh [)oinl, of space tln'n^ is 
constructed a vector rei^rescudiTig the iut.<'nsity of tlu' fi(>ld at 
that point. The totality of siu'h vectors forms a vendor lu^ld 
and is entirely similar to a gravil.alional ficdd of force' e)r to the^ 
vector field describing the motion of a (luiel. Just as in l.he'sc 
cases, we can construct lines of foreni or, more^ prope'Hy, linens 
of electric intensity which give the direadiion of f-hc: inf.e'usity 
at each point. Thus we can ma]) out an eeleH'.f.ric ftedd by use 
of these lines of force and then theiae reunains only t.he*. task of 
specifying the magnitude of the intemsity at t^ac.h point.. A 
special but important type of field is oiui in which the', line's of 
force are all parallel straight lincss and th(^ intensity has the' 
same magnitude at all points of the field. Sxich a fitdd is c.alU'd 
a uniform field and can exist only in a limited region of spac-en 
In general, however, the lines of 6 will be curved and S itself 
will vary in magnitude from point to point of space. 

If we measure charge in statcoulombs (the electrostatic 
measure of charge) and force in dynes, intensity is then measured 
in dynes -per statcoulomh. For reasons which will appear in 
the next section, this unit is sometimes called a statvolt per 
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centimeter. In the system of units involving the coulomb as 
unit charge, it turns out to be convenient to measure force in 
units of 10^ dynes (this corresponds to using the kilogram as 
unit of mass, meter as unit of length, and second as unit of time) 
and corresponding intensity units are termed volts 'per meter. 

3. Potential; Electromotive Force . — The electrostatic field is a 
conservative field of force just like the gravitational field. We 
postpone a formal proof of this statement until the next chapter 
but will examine some of the consequences of this fact in this 
section. If a test charge is moved around a closed path, the 
total work done on it by the electrostatic force is zero. Thus 
we see that the vector field can never be represented by lines 
of force which form closed loops. Furthermore, we can introduce 
the idea of potential energy of a 
test charge according to the 
usual definition that the gain of 
potential energy of the test 
charge in moving from one point 
in the field to another is the nega- 
tive of the work done on it by the field during this motion. In 
other words, the work which we must do in pushing the charge 
can all be regained by allowing it to return to its initial position. 

As in the preceding section, it is useful to refer all quantities 
such as work to unit charge, and we must introduce a few defini- 
tions. The work done by the field in moving a charge from 
point A to point B per unit charge is called the electromotive 
force along the path joining A and B. The work done in moving 
the charge q (Fig. 1) is, by definition, 

W = ds - ds (2) 

using Eq. (1). Fs and €s are the components of force and 
intensity in the direction of motion, respectively. Thus we have 
for the electromotive force along this path 

e.m.f. = — = , ds (3) 

Similarly, the potential energy per unit charge of a charge 
located at a given point is defined as the electric potential, or 
simply the potential, at that point. If we denote potential 
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energy by U and potential by V, we ha.v(' for (lu' gain oi potential 
energy of the charge q as it moves from ,1 to />‘ ( Fig. 1) 

Ub - Ua - -r - (4) 

and the difference of oloci.rie, potent ia.l of points .1 a, ml li is 

v.-v^ = ^-!L= - j "e, .!.■< cr.) 

or the negative of the electromotive^ force' a.le)ng lh(‘ ])a,(h. If 
the charge gains potential energy in me>ving fre)m -1 to />’, w<' sa,y 
that point B is at a higher edectric pe)t,e'ntial t han point. .1, a, ml 
vice versa. 

Furthermore, it is convenieuil, to ])lae‘.e^ t he^ pote-ntial ('nergy 
of our charge equal to zci'o at points iufinite'ly dista.nt from t lu^ 
region of space where the clced'.riei fie^lel exist.s (ma.king t he' pe)t{'n- 
tial energy zero where the elee'tiostat.ic fe)rce'. is zere)) ami thus 
have for the definition of the potential V at a point P, 

Vp = — d.s (t>) 

In words, the potential at a poijit P is tiu'. work p<M- unit eha,rg(! 
which we must do on the charges to bring it. from infinity to tlui 
point P along any path whatsoever, hkpiat.ion (b) may Ix' us('d 
only if the intensity at points distant fronx t.h<^ sourei's dro}>s off 
faster than 1/r, where r is the distance from t he. soure('s t.o t lu* fiehl 
point. In any case, however, Eq. (5) is ai)i)lieabh'. 

The description of an electrostatic field in ten-ms of tiu^ pot.c'ut ia,l 
at each point instead of the intensity is dec.ichully simph'r sima^ 
the potential is a scalar quantity. Wo now hav(^ to show' l.ha.t, 
one can deduce the intensity of a field at any point, of space? 
from a knowledge of the distribution of potenitial. Ix't. us sup- 
pose that we know the potential V at eac.li point of s]>a.c.(?, i.e., 
that we are in possession of a relation of the form V = f(.v,y,z), 
where the function f{x,y,z) depends on the particular typo of 
field under discussion. If we wish to know what points of space? 
are at the same potential V o, we set V — V q and obtain an equa- 
tion /(a:, t/,s) = Fo = constant. This is the equation of a surface?, 
and this surface -is called an equip otential surface. There? will 
exist a whole family of these equipotential surfaces corresponding 
to various values of Vo. Since, by definition, it rcquire?s ne> work 
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to move a charge from one point to another on the same equi- 
potential surface, it follows that the lines of force (or intensity) 
must be at right angles to the equipotential surfaces at every 
point. Thus we have a connection between the lines of electric 
intensity and the potential. If one has a uniform field, for 
example, then the equipotentials consist of a set of parallel 
planes, the normals to these planes being the lines of force. 
Conversely, if one knows the equipotentials, one may immedi- 
ately construct the lines of force by drawing the lines which 
intersect these surfaces at right angles. For example, suppose 
the equipotential surfaces consisted of a family of concentric 
spherical surfaces with a common center at a point O. Then the 
lines of force would consist of a set of straight lines radiating in all 
directions from 0, since these lines, being radii of all the spherical 
equipotential surfaces, intersect the surfaces at right angles. 

Suppose we consider a charge situated at a point P in an elec- 
tric field and we move the charge a distance ds to a neighboring 
point. From Eq. (6) it follows that the change of potential 
dF is given by 

dV = -e.ds (7) 


or 



( 8 ) 


. In words, the component of electric intensity in any given direc- 
tion s is equal to the negative rate of change of potential with 
position along this direction. The space derivative in Eq. (8) 
is known as a directional derivative, since its value depends on 
the direction in which ds is taken. This checks the fact that €s, 
being the component of a vector, has a definite direction as well 
as a magnitude. If one moves from a point P to a neighboring 
point on the same equipotential, then dV/ds is zero in this 
direction since the potential does not change. If one moves, 
however, to a neighboring point not on the same equipotential, 
we obtain a value of dV /ds different from zero. The direction 
for which dY /ds has the maximum value possible at a given point 
is along a line of force, and the negative of this maximum rate of 
change of F with distance is the vector electric intensity at the 
point in question. This maximum rate of change of potential 
with position is known as the gradient of the potential, and this 



ELiic.THn'iry .i.v/> orrit's K'u.m'. r 

is a vector pointing at right. angli'S to (h<' t‘(iuipot<‘ntiaI .surfac('. 
In symbols we write 

B — — grad V (9) 

An example may help clarify the ab()V(' statt'immts. Suppose 
one is walking on a hillside ami is interi'stnd in the changes in 
elevation, vertical height from the bottom, as om* walks. The 
points of equal elevation form etirv(‘s calk'd contours, and otu^ 
often sees maps with these contour lim's indicating tlu' various 
elevations. These contour lines corrt'spond to tiu' ('<(uipot<'ntials 
in the case of the electric field. Supposi* oiu' is standing at a 
point of 100-ft. elevation and washes to d('s<'('nd to a, point of 
95-ft. elevation. There are many ways of doing this; all that 
is necessary is that one move from t.lu^ starting point to any 
point on the 95-ft. contour. There is, howev('r, a short ('st way; 
this is along the perpendicular to the contours and is t he <lir<K'tion 
of maximum slope, the line of ste(^p('st. d<'sc('nt. It. is ckuir 
that the maximum rate of change of c'k'vation with position 
is along the line of steepest desc.ent (or jis<'t‘nt.) and this cor- 
responds to the gradient of the elevation. Jn tlu^ (‘I(‘(k rost.atic 
case, one moves from one equipotential surfaces to anot h<‘r difftu-- 
ing in potential by a definite amount <IV along tlu' short.('st. path 
by following a line of force pcrpcndi(ndar t.o t,he surlaces. 'fhe 
rate of change of potential with distance in this <lir('(dion is 
thus the gradient of the potential and is tlui maximum rat.(i 
of change at the point in question. 

The unit of potential or electromotive force! in the', (d(‘(d.ro- 
static system of units is one erg per statcoulornb, usually calk'd 
1 statvolt. In the practical system of imits, the; unit, of work 
is the joule = 10^ ergs, so that the unit of potential or (um.f. 
in this system is 1 joule/coulomb and is called I volt. One ('an 
easily show from the above that 1 statvolt = 300 volt.s. 

4. Example. — In order to clarify further the principk's pr<v 
sented in the preceding section, we shall apply them to a spcuufic; 
example. Suppose we are given the information that t.Iu; dis- 
tribution of electrostatic notential in the x-y plane is giv<in by 
the equation 


ax 
(x^ -f“ 


V 


( 10 ) 
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where a is a constant. (This is actually the potential of a tiny 
dipole at the origin, as we shall see in the next chapter.) We 
wish to determine the magnitude and direction of the electric 
intensity at any point in the plane and, if possible, derive the 
equation for the lines of electric intensity. 

To obtain the x- and ^-components of €, we utilize' the result 
expressed by Eq. (8). First, consider the change in potential as 
we move from a point, the coordinates of which are (x,y), to a 
neighboring point with coordinates (x -|- dx,y ) . The displace- 
ment ds for this case is dx, and we thus obtain for the a:-component 

of e 


Sa = 


dx 


( 11 ) 


In carrying out the indicated differentation, we must keep y 
constant, since x alone varies. Similarly, the y-component of 
S is given by 


= 


dy 


( 12 ) 


keeping x constant. 

Using Eq. (10) for V, we find readily 


= 


a 


Sax"^ _ a(2x^ — y^) 
' (a:2 + y^y ~ (x^ H- y^y ' 


+ 


(13) 


and 

(14) 


(15) 

which is not particularly simple but does allow a calculation of 
the field intensity at each point. There remains the question of 
the direction of the electric vector, i.e., the direction of the 
lines of electric intensity. By definition the lines of £ are 
drawn so that the tangents to these lines at every point give the 
direction of 6. Thus the tangent of the angle which the vector 


Sy 


6axy 


(x^ -h y2)s 

The magnitude of & is then obtained from 

= ei + ei 

as 

\pi ^ <x(4a;^ + y^)i 
' ' (x^ -f- y^)^ 
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S makes with tlu^ ;i;-axis is {‘{|u;il to tlu' slope dti/dx ot the liiu's 
of S. Writing this as an cupiation, wo hn\-«> 

(in _ B,, 

<ix ~ e, 

and, using Eqs. (13) and (14), (.his Ik'coiuos 

3.r?/ 

2.r‘-' ~ 


dy 

dx 


(Hi) 


(17) 


yf 


If we can integrate this, the resulting ('<[ua.tion is the <*(iuution 
for the lines of electric intensit.y. 

Equation (17) is not easy t.o int.(‘grat.e as it stands, and iinh'od 
the whole problem looks ratluu- fonnidablo wlnai ha.ndhsi in t('rins 
of Cartesian coordinates. I’or {'xample, the ('(piation for (lu^ 

(upupot.(adla,ls (more proeis(*ly. for 
(.he e.urv(‘S which repri'soid. tlu^ 
int{‘rs('et.ions of tiu' <'(piipo(<‘n( ial 
surfa{‘.{^s with t in' x-y phiiu'), which 
is obtained by sotting E Eu (a. 
c.onst.aut) in E(p (10), turns out to 
b(^ of t.lu' sixt h d<‘gn'o. 

Th(' whoh' probhun Ix'conu's 
niu<‘.h siin])l('i’ if W(‘ utili/s' polar 
coordina.t.('s in t.lu' plant*, a.n<l wt* 
shall protH't'd to <lo so, chocking 
the results already obtaintnl anti 
carrying the solution through to completion. In k’ig. 2 (lit*, 
relations between the Cartesian coordinates x,y of poiid. P a,ntl 
its polar coordinates r,d are clearly brought out. Wt* havt* 

3,2 _p ^ y.2 



X 


X = r cos 


— = tan Q 

X 


y = r sin 0; 

Expressing Eq. (10) in terms of r and 6, we have 

Y — ^ ^ 


( 18 ) 


for the potential. The equipotentials are given by = /c cios 0, 
(h = a/Eo), which is a much simpler equation to plot than 
Eq. (10). Now let us compute the radial and tangential (UKn]>o- 
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nents of S. For the radial component we have, according to 
Eq. (8), 

dV 

( 19 ) 

since ds = dr, and for the tangential component 

since for this case — r dd (consult Fig. 2). Using Eq. (18), 
there follows 


er = 


2a cos 9 


ee = 


a sin 9 


The magnitude of £ is obtained 
from £'^ = + ^1; yielding 

ijci _ ^ cos^ 9 )^ 


Line of € 

\ 

\ 


I Cl r* 

which is identical with Eq. (15). 

The proof is left to the student. 

The equations of the lines of £ 
may be obtained as follows; The ^ 
angle between £ and the radius 

vector r is equal to the angle between an infinitesimal length da 
of the curve and r (Fig, 3). Thus we may write 


and, using Eqs. (21) and (22), this becomes 

d9 tan 9 
dr 2 r 

If we rewrite this equation in the form 
^ — 2 

r tan 9 sin 9 sin 9 
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it may be integrated iinuuHliat^'ly, yielding 



— constant 


or 


r = 6 sin'- 0 


(26) 


where h is an arbitrary constant. 'The: solid curv(\s oi ing, 4 
are plots of Eq. (26) for different vahuss of b, and tlu' dotted 
curves are a few of the cquipotentials wliich, a<“cording to Eq. 
(18)j are given by cos d/r- — const.ant. The (apiipotentials inter- 



Fig. 4. 


of the slope of the latter, 
satisfy the equation . 

1 dr 


sect t.h<^ liiu'S ot (dect nc mtcaisiiy 
at right, anghss. Tlu^ fact that 
t.lu^ litu^s of S a.n' normal to tlui 
(upiipot(mtin.ls allows the calcu- 
lation of t lu' lat t er from a. knowl- 
edges of t.he fonmu’. Thus, for 
exampU', wens was giv(>n Eiis. (21) 
and (22) as the initial data, w(s 
would write for tins slopts of t lu' 
lines of fonse 


as in Eq. (25). At. any point, 
the slope of the c.urv(s int'(srs('<st- 
ing a given curves a,t right angk's 
is the negative of the r<'ciproca,l 
Hence the e(|uipot(snt,ial curvt'S 

1 . 


or 


tan d d& -}- 2 — = 0 

T 

Upon integration this yields 

cos 6 

• — constant 

which checks the potential as given by Eq. (18). 
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As a final check, let us rewrite Eq. (26) for the lines of S in 
Cartesian components, differentiate to find the slope and see if 
the result agrees with Eq. (17). Since r = + 2/^ and 

sin^ Q = y^/r^ = y^f{x‘^ + y^), Eq. (26) becomes 


(a;2 -I- y2)S ^ ^ 


and this is in the form 


f{x,y) = constant 
Differentiating, we have 

so that 

dy _ df / dx 
dx ~ df/dy 

From Eq. (26o) one finds 

&f 3 a;. 2 _i_ 2Ni 

and 


( 26 a) 


dy 


= + !/=)*- + yV 

y y 


2/2 — 2 a ;2 . „ , , 

^-—3 — + y^y 


Hence 


dy ^ Zxy 
dx 2x^ — 2/2 


which is identical with Eq. (17). 

To summarize, we have seen how one may find the components 
of the electric intensity if the potential is known and from 
this how to find an expression for the slope of the lines of force 
at any point. The latter expression, when integrated, leads to 
an equation (or equations) for the lines of electric intensity. 
Conversely, if the components of the field are known, the slope 
of the equipotentials (more precisely, the intersection of the 
equipotential surfaces with a plane) may be written down 
and, if integrated, 3 delds the equation of the equipotentials. 
One may obtain the potential more directly, however, by utilizing 
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Eq. (6). In applying this (Hpiaiion, \v<‘ tlu' t'ria'doin of 

choosing the path along which wv inti'grait' as \v(‘ wish, and this 
may simplify the calculation (‘uonnously . h'or ('xaniph', wv may 
integrate along a radius vector r, starting at r x' and (mdiug 
the integration at the value of r eorn'sponding to the point P 
at which we desire the potential. In this ca.sc', we ha.v<‘ [using 
Eqs. (21) and (6)] 

V = — r €rdr = —2a (a>s 0 i - 2n. cos . 

or 


which checks Eq. (18). 

In general, especially for thn'e-dinnmsional probhans, it is 
not feasible to attempt an integration of E(p ( Hi) or its ('tjuivah'nt 
in three dimensions and the lines of ('had ri(^ int(‘nsity a.r<‘ Ix'st 
obtained by graphical mctlnxls. 

5. Metals as Equipotentials. We must, now n'call to t,he 
reader the fact that in a geiuwal way suhst aiux's may be (diissiOed 
as conductors of electricity or as nonconductors or insulat,ors. 
In our previous sections we have assunnxl tiicitiy tha,t ilu' bodies 
which were charged electrically were eit.lu'r insuhitors or, if 
conductors, were supported by insulators, so that, t.lu' (diarg(^ 
on them did not escape. It must be uiuUa-si.ood t.ha.t t lu' (Hslinc,- 
tion between a conductor of olectricit.y !ind a,n insulat.or is not 
absolutely sharp. From an atomic vi('.W])oint., conductors of 
electricity are those forms of matter in which som«' or a.ll of t.lu^ 
electric charges of which the body is (ioinpostal (<'h'ctrons iu 
the case of metals, ions in the case of acpuanis solutions) (am 
move more or less freely under tlu'. act, ion of {'Ieetri{^ for<u'S, 
In insulators, on the other hand, the ehu-trous are ludd mon^ or 
less rigidly fixed in the atoms of the substanc-cu 

In this section we shall concern ours(dv('S with t.lu' Ixdiavdor 
of good conductors such as metals in electrostatic, fitdds. First., 
let us consider what happens when a metallic, body (support (x I by 
an insulator) is charged. The charge transfernul to t,he metal, 
being free to^ move, will flow through the imdal and finally 
reach an equilibrium distribution. This equilibrium distribution, 
has the following properties : 
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1. All the charge resides on the surface of the metal. 

2. The charge distributes itself in such a manner that the 
surface of the conductor becomes an equipotential surface. 

3. Every point inside the metal is at the same potential as 
the surface, so that the electric field is zero at every point inside 
the metal. 

The fact that the charge resides on the surface is due to 
the mutual repulsion of the elements of charge so that they move 
as far away from each other as possible. Since the surface 
charge distribution is an equilibrium distribution, there can be 
no component of electric intensity parallel to the surface. Were 
this not so, the charge would be accelerated along the surface 
and equilibrium conditions would not prevail. Thus the electric 
intensity vector € just at the metal surface is normal to itj 
the lines of force starting from (or terminating on) the surface 
in a direction perpendicular to it. Hence the surface is an equi- 
potential. Inside the metal we still have the normal content 
of electrons which are free to move. For equilibrium there 
must be no net force on these charges, and hence the field is zero 
everywhere inside the metal. In an insulator it is possible to 
have a potential gradient inside the body without flow of charge, 
but this cannot happen for a conductor. 

The mobility of charge in a metallic conductor gives rise 
to complicated phenomena which one does not encounter in the 
case of gravitational fields. Suppose we bring an uncharged 
piece of metal into a region of space where an electric field exists. 
The mobile charges in the metal will be acted on by forces and 
will flow through the metal and distribute themselves in such a 
manner that the metal becomes an equipotential. Although the 
net charge on the metal is zero, there is a nonuniform distribution 
of charge set up on the surface, and the resultant of the field 
produced by these so-called induced charges and the original 
field is such as to make the whole metal an equipotential. Thus 
the presence of a metallic body in an electric field will, in general, 
modify the field considerably. This is true whether the metal 
be charged or uncharged. 

One can make use of the above phenomena to charge metals by 
“induction” or “influence.” Suppose a charged body is brought 
near an uncharged metallic body, as indicated in Fig. 5. There 
will be charges induced on the metal surface as indicated in the 
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figure, electrons being drawn closer to the positive <ixtcu-iml 
charge. If now the metal is connected to earth, tlu; positive; 
charge escapes, the negative charge being held by tlu; ati.rac.tion 
of the external positive charge. The connection to ground is 

now broken and th(;n tlu; (;x- 
ternal charge is rcmov(;d. Tlu; 
metal is now found to lx; 
charged negatively, as one 
expects from the picture. 

6. Motion of Charged Particles in Electric Fields. — '^Plu; 
problem of determining the motion of a charged particle; in an 
electrostatic field is essentially a dynamical one;. B(;(;aus(i 
the force acting is of electrical origin, the question of prop(;r 
units is often troublesome, and we shall att(;mpt to clarify 
this matter by solving a numerical example. We; shall assume; 
that the presence of the charged particle in the; fi(;ld ele)e;s not 
appreciably disturb it, so that we may use Eq. (1) te> e“al<;ulat(; 
the force acting on the particle. If the particle earri(;s a e;harge; 
q and has a mass m, then the force acting on it is, accoreling to 
Eq. (1), 

F = eq 

and by Newton’s second law 



F = Sq = (27) 

where v is the vector velocity of the particle. If 6 is known 
as a function of position, the solution of the problem the;n fe)IIows 
the usual lines. Since electrostatic forces are cons(;rvativ(;, w(i 
may apply the principle of conservation of mechanical (;n<;’rgy. 
This takes the form 


mv^ , 

qY = constant 


(28) 


since qV is the potential energy of the charge q when, at a position 
where the potential is V. The constant is the constant total 
energy of the motion. Equation (28) is often useful in d(;aling 
with problems of the type under discussion. 

If the charge q is expressed in statcoulombs (e.s.u.), then 
€ must be in statvolts per centimeter (dynes per statcoulomb), 
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V in statvolts (ergs per statcoulomb), m in grams, time in seconds, 
and length in centimeters. This leads to a dynamical problem in 
c.g.s. units. It is recommended that the student use this system 
exclusively at the beginning and, if the charge is given in cou- 
lombs or potential in volts, that these quantities be reduced to 
the electrostatic system of units before making numerical 
substitutions. 

Let us consider a very elementary problem. Suppose an 
electron of charge —4.80 X 10~^° statcoulomb and mass 
9.0 X 10“^® gram starts from rest in a uniform field of intensity 
100 volts/cm. How long does it take this electron to move 
10 cm. ; what are its velocity and kinetic energy at this time? We 
choose an origin at the initial position of the electron and an 
ic-axis in the direction of the field (to the right, let us say). Since 
for a uniform field the intensity is everywhere the same, we have 
a constant force acting on the electron, and the problem is 
the simple one of motion with constant acceleration. From 
Eq. (27) this constant acceleration is 

dv _ €q 

dt m 

and, since the right-hand side is constant, this can be integrated 
immediately giving 


and 


V = Vo —t 
m 


X — Vot ’ 

2 m 


(29) 


In our special case, Vo = 0, since the particle starts from rest. 
The intensity 6 must be expressed in electrostatic units. Since 
300 volts = 1 statvolt, we have 

-j volts .,^1 statvolt 1 X .L lx / 


Using the second of Eqs. (29), we have, for a: = — 10 cm. (since 
the motion is opposite to the direction of the field due to the 
negative charge on the electron). 



18 


ELECTRICITY AND ORTKJN 


[CUAI>. 1 


1 1 4.8 X 10 

“ 2 3 9.0 X 10 

^2 = 9 X 10-1 « 
i = 1.06 X 10-« HOC. 


From the first of Eqs. (29) we find for tln^ v<'lo<*.il,y at this tinu' 


1 4.8 X 

3 ^ 9.0 X 1 


^ X 1.06 X 10-« 


-1.9 X tO'* (uu./h<'c. 


The kinetic energy at this point is 

K.E. = ^ X 9.0 X lO-^s x (1.9)2 X 10i« = 

16 X 10-10 


We can obtain the last result very quickly from <'n<u-gy (H)nsi(l('ra- 
tions. Since the electron moves to the k'ft., opposit.c to the 
direction of the field, it moves from a point of givt'u potc'iitial 
to points of higher potential. BecauHcj of its lu'gative charge, 
however, its potential energy decreases, and tluo’c' must, be a cor- 
responding gain of kinetic energy. From I'kp (8) or hkp (9) we 
have for the relation between intensity and pot.cnitial for this 
case (field in the ic-direction) 


e 


dF 

(ix 


(39) 


and, since 6, is constant, this yields 


where Fi is the potential at and V» the potemtial at. Ta. For 
our case Xi = 0 and = —10 cm., so that we havc^ 

Vz — Fi=-|-X[0— ( — 10)] = statvolt = 1,000 volt.s 

as the difference of potential between points Xi and a*a. dlie 
change in potential energy of the electron in moving b<d.wc;(m 
these two points is, by definition, 

Uz-Ux== q{Vz - Fi) = -4.8 X IQ-io X ^ = 

-16 X 10- erg 

and this is a decrease as expected. Thus the gain of kimd.ic*. 
energy is 16 X 10“i° erg, and, since the particle starts from njst., 
this is the kinetic energy after it has moved 10 cm. This (ilu 5 <;k.s 
the answer found above. 
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Problems 

(The charge carried by an electron is e — 4.80 X e.s.u., and its 

mass is 9.0 X gram.) 

1, The intensity of an electric field in the x-y plane is given by 

^ “ 2 /^) 

fi ^axy 


where a is a constant. 

a. Compute the potential at a point P (coordinates x^y) by calculating 
the work per unit charge which must be done in moving a charge from 
infinity in along the x-axis to the point (a:,0) and then along a path parallel 
to the 2 /-axis to the point P. 

b. Repeat the calculation of part a along the following path; from infinity 
along the 2 /*axis to the point (0,?/) and then parallel to the a;-axis to the 
point P. 


V - 


ax 

( 0^2 + y^)l 


Ans, 


2 . The potential of a “dipole line'^ is given by 


^2 ^ 

where c is a constant. 

а. Show that the equipotential surfaces are circular cylinders. 

б, Plot F as a function of x along the line y = z = 0, 

c. Compute the components of S at any point, in both Cartesian and 
polar (cylindrical) coordinates. 

d. Prom your answer to part c find the polar equation of the lines of 
electric intensity in the x-y plane. 

6. Find expressions for the force which would be exerted on a charge q 
placed 

(1) At the point a; — 1, i/ — = 0. 

(2) At the point x ^ z 0, y = 1. 

3. The intensity of an electric field between two long concentric cylin- 
drical surfaces is given by 


332 + 2/2^ ^2 y %^ 

where c is a constant and the x-^y plane is perpendicular to the axis of the 
cylinders. 

a. Construct the lines of force in the x-y plane, and sketch in some of the 
equipotentials. 
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h. Calculate the distribution of potential tor this th'ld, ainl show that the 
potential depends only on the distance from the axis. 

c. Make a plot of potential against distance from ( lie a.xis. 

4 . It is possible to produce the following potential in Ui limit, ('d it'gion of 

space: 


V = 




a. What are the components of the electric intensity in this 

&. Find the equation of the lines of force in the plain^ 0, and plot 
the equip otentials and lines of force in this plane. 

c. An electron is liberated at the point x — z — 0, y — 1. VVlial. sort of 
motion does it perform if it starts from rest? 

d. Solve part c if the electron starts from rest n,t f)oint x 1, 

y s = 0. 

6. An X-ray tube contains a filament when’s ekHd.rons an’ <nnit.i.<*<l with 
negligible velocities and a metallic target or anode plac^ed some’ <liHtance 
from the filament. The anode is maintained a-t a pot.eutial of 30,000 volts 
above the filament. 

a. How fast are the electrons moving when they strike’ tlie; anode? 

&. How many electrons hit the anode per scu’.ond if (^le(d.ri<’, (’.urrcait 
in the tube is 10 ma.? (1 amp. of current cornwponds to 1 <‘oulomh of 
charge reaching the anode per second.) 

c. What is the force exerted on the anode diK’; i.o this (’h’td.ron bombanl- 
ment? 

d. How much heat is generated per second ? 

6. A rigid insulating rod of length Z, carry iiig <‘.h:irg<‘!S d-V 
respectively, at each of its ends, is suspended by ii threa,<l at.ta,<^h<’d to its 
center as a torsion pendulum in a uniform electric fi(^ld of intimsity 
which is perpendicular to the suspending thread. Assume, t hat, t tlirc^ad 
exerts no restoring torque when twisted. 

a. Show that the resultant force on the rod is 55 <n*o no matt. or what, angle 
the rod makes with the field. 

&. When in equilibrium what is the angle which tJu’ rod mak(\s wit.h the 
field? 

c. If the rod is displaced from its equilibrium position by twisting it so 
that it makes an angle 0 with the field, calculate the t.orcjue about. tJic^ axis 
of suspension acting on the rod when in this position. What is t.h<’ pot<mtial 
energy of the system in this configuration? 

<J. Considering the angle 0 to be small, what sort of motion will t.lie rod 
perform when released from the position described in part c? What will 
the period of the motion be? 

7 . The nucleus of a hydrogen atom may be considered a fixcul mass 
point carrying a charge +e equal to and opposite in sign to tha,t of t.ho 
electron. The potential due to this nucleus is F = e/r (using e.s.u.) 

r is the distance from the nucleus. An electron moves about this nu(d(HiH 
in a circle of radius o. 

a. What is the force in dynes acting on the electron when in this orbi t ? 

h. What must the speed of the electron be so that this motion is possibh^? 
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c. What is the total energy of the electron (kinetic plus potential) ? 

d. In the normal hydrogen atom it is found that the total energy of the 

electron in its orbit is —2.16 X erg. What is the radius of the circle 

in which the electron moves? 

8. A uniform electric field is set up between two metal plates A and B 
and a stream of electrons enters this fileld, as indicated in Fig. 6, with an 
initial velocity acquired by falling from rest through a potential difference 
of 1,000 volts. The plates are 2 cm. long and of i-cm. separation. The 
electrons fall on a fluorescent screen 30 cm. from the plates and give rise to a 
visible spot. If the difference of potential between the plates is 50 volts, 



Fig. 6. 


calculate the deflection of the spot from its position when no field exists 
between the plates. 

- 9- A three-element vacuum tube may be idealized as follows: A plane 
metallic sheet (the filament) emits electrons with negligible velocities. 
Parallel to this filament is a plane grid of wires (the grid) separated by a 
distance of 2 mm. Another solid metallic sheet (the plate) is 10 mm. 
beyond the grid and parallel to it. Assume that uniform fields exist between 
filament and grid and between grid and plate. 

a. What conditions must hold among the potentials of filament, grid, 
and plate so that electrons may reach the plate? 

h. For given potentials of filament and plate how does the grid potential 
affect the velocity with which an electron strikes the plate? 

c. Suppose the grid is made 10 volts positive and the plate 10 volts 
negative (both with respect to the filament). What will the motion of an 
electron be if it starts from the filament with zero velocity? 

' 10. An oil drop of density 0.90 gram per cubic centimeter is held at rest 
by a vertical electric field of intensity 7.69 statvolts/cm. If the electric 
field is removed, it is found that the drop falls with a constant velocity of 
1.09 X 10“^ cm. /see. Utilizing Stokes’s law with the coefficient of viscosity 
of air equal to 1.8 X 10“^ c.g.s. unit, calculate 

а. The radius of the drop. 

б. The electric charge on the drop. 

(This is the principle of the method utilized by Millikan to measure the 
charge on an electron.) For Stokes’s law, consult Prank “Introduction to 
Mechanics and Heat.” 



CHAPTER II 

THE SOURCES OF THE ELECTROSTATIC FIELD 

We are now ready to undertake a more' (h'tailed disenisHion 
of the question of the production of chKd.ro.stat ic fu'lds, iiuiuiriiifr 
into the laws which govern the depciuU'iic.e^ of such fie'lds on 
positions and magnitudes of the charge's whie^h ])ro(luc(' <li<'m. 
At the veiy outset we encounter an ('xpe'nmemlal fae^l. wiiie^h, 
in sharp contrast to the corresponding fads foi' gravilalioiuil 
fields, introduces some complication. Oiie^ finds expe'rinu'nlally 
that the intensity of an electric field pi-oeluce'.el, h't us say, by a 
number of fixed charges depends, ne)t only e)n t.lu' pe)silie)ns and 
magnitudes of these fixed chargers, but alse) e)n (lie mate'rial 
medium in which these charges are cvinbeddc'd. For ('xainpki, 
the force acting on a test charge in em])ty spa,c.e is found to l)e 
reduced to a fraction of its original value wlu'.n sour<u's a.nd i.('st 
charge are immersed in a nonconducting licjuid, su(;.h a.s oil. 
This dual dependence of intensity on botli source's a.nd UK'dium 
makes it desirable from the standpoint of a logical, systi'inatic 
procedure to develop a mode of description whicli shall, as far as 
possible, distinguish between these two (d’feu'.is. 

In the course of our study we shall find that a (a)mplct(i 
separation of these two effects can be attaiiu'd for i.lu'. c.ase of 
homogeneous media which are large enough so that tlu^ (dT('(d.s of 
the boundaries are negligible at all points at whi(‘b wo. aj’o 
interested in the field. (Under certain conditions th('. l)oun<lari(\s 
produce no effects even if in the immediab'. n'ughbotinxxl of tlic 
field points.) We shall postpone a detaih'd ('xaniimilion of 
boundary effects (Chaps. X and XI) and for tln^ pr(\s(mt {'.oiuxirn 
ourselves only with the case of infinite hom-ogenvoux media, and 
indeed principally with the case of empty space. In so doing, 
we shall be able to introduce a field vector diff(vrent from 
which shall depend only on the strengths and positions of th(^ 
sources. We can then formulate independently the relation 
between the new vector and 6, this lattei- relation leaking into 
account the dependence of the electric intensity on the nuxlium 
in which the charges are immersed. 
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7. Coulomb’s Law; the Electric Displacement Vector. — The 

law of force describing the interaction of electrical charges was 
formulated by Coulomb in 1785 as a result of experiments with a 
torsion balance. Coulomb found that the force of attraction 
or repulsion between two “point” charges was proportional 
to the products of the charges and inversely proportional to 
the square of the distance between them. The validity of 
Coulomb’s law has been established with a high degree of pre- 
cision, the result being obtained deductively from the fact 
that everywhere inside a hollow conductor the electric field is 
zero. The law is very much like Newton’s law of gravitational 
attraction, and the student should constantly draw parallels 
between the laws which we shall examine and those governing 
gravitation. 

In symbols we express the content of Coulomb’s law by 
writing 


( 1 ) 

where r is the separation of the two charges gi and q^. From 
the field standpoint we can write for the intensity of the field 
due to a single 'point charge q 



where r now denotes the distance from q to the point where S is 
measured. In empty space or in most homogeneous insulating 
media €> is directed along the line connecting q and the point 
where 6 is measured, away from or toward q, according to whether 
q is positive or negative. As we have indicated in the intro- 
ductory paragraph, the proportionality factor in relation (2) 
depends on the medium, and we proceed now to define a new field \ 
vector, the so-called electric displace'ment vector^ denoted by D, 
which will depend only on the magnitude and positions of the 
charges which give rise to the field. 

For the case of a single point charge q the vector D at a point P 
located at distance r from q is defined by 



( 3 ) 
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and is directed along the line eoniunding q and llu' fi<'ld })()iiit ? 
either away from or toward q, a(uionUng to wlnd lun- q is positive 
or negative. 

For the case of the field due to a miinlxM- of i>oin( charge's, 
we calculate the contribution to thci nesultjuit: ve'ctor of ('ueh 
charge from Eq. (3) and then find tlu*. resultant, 1) by vvdor 
addition. In symbols we may write 

D = (vendor addition) (4) 

If we have to calculate the field duo to a continuous distribu- 
tion of charge, we use an integral in Eq. (4) inst.('ad of I In; summa- 
tion. Since we are adding vectors, how(ivc!r, W(‘ must, pnxuM'd 
with caution. The method of calculation is tlu' following: 

1. Write an expression for the infinit('sima.l vc'ctor til) at 
a given field point due to an element of (;harg(^ </q in ac<n)rdan(!e 
with Eq. (3). 

2. Resolve this vector into compoiumts (IDj-, dD,,, dl),. 

3. Calculate each component of D by integration, c.j/., 

i>. = jdJh 

4. Find the resultant D from its compoiumt.s. 

We shall illustrate this procedure in detail in a lat.cu- s('(d,ion. 

The relation between the vectors D and 6 is usually writbm 
in the form 


'■ I> = (5) 

This equation is to be looked upon as a definition of e, which 
is called the inductive capacity or permittivity of t,h(^ nualium in 
which we are calculating the field. For homogc'iu'ou.s isoj,ropi(! 
substances e is a constant, so that the vectors 1) and € liavt' tlui 
same direction and differ only in magnitudes In tlu^ cas(^ of 
■ empty space, and this is the only case with which we shall c.onc.cru 
ourselves for the present, we write Eq. (5) as 

I> = eo€ (6) 

where eo denotes the inductive capacity or permittivity of empty 
space. 
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For the special case of a single point charge in empty space, 
we combine Eqs. (6) and (3) to obtain 


e 



(7) 


and this is one analytic formulation of Coulomb’s law for vacuum. 

Before proceeding further, we must stop to consider the ques- 
tion of units. We have complete freedom in our choice of both 
the units and dimensions of eo (or e), and different choices lead 
to different systems of units. As previously indicated, we 
shall confine our attention in this discussion to two sets of 
units. In the electrostatic system of units (e.s.u.), we place 
€0 equal to unity and without dimensions (a pure number). 
Although this procedure has the distinction of being the first 
to be employed, it is not without its disadvantages. All dis- 
tinction between D and S in vacuum is lost, and the vectors 
become identical. This identity does not exist in material media 
although e is dimensionless. If we write Coulomb’s law for the 
force between two point charges in vacuum, we have 


F = 


( 8 ) 


and if eo is the pure number unity, the dimensions of charge can 
be expressed in terms of those of mass, length, and time. This 
is, as we have shown, quite an arbitrary procedure. The unit 
charge in the electrostatic system, the statcoulomb, is defined so 
that two such similar charges separated hy a distance of 1 centimeter 
in vacuum repel each other with a force of 1 dyne. 

The other system of units which we shall employ, the so-called 
m.k.s. system in which mass is measured in kilograms, length in 
meters, and time in seconds, differs from the e.s.u. in two ways: 
(1) the sizes of the units are different and (2) no attempt is 
made to express all quantities in terms of mass, length, and time. 
In fact, we treat electric charge as a new fundamental physical 
quantity having its own dimension, just as mass is introduced 
in mechanics. Thus the units of all quantities are to be expressed 
in terms of units of mass, length, time, and charge. As unit of 
charge in the m.k.s. system we have the coulomb, and at present 
we must content ourselves with the fact that this is equal to 
3 X 10® statcoulombs. The actual definition of the coulomb 
is not based on electrostatic laws, so that we must defer it to a 
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later chapter. We are, howcvei', in a ]H)si1ion i<> (‘nlculato the 
numerical value of eo in the m.k.s. systvin. l^’roiii I'hi. (S) W{i 
see readily that eo has the dinn^nsions of (/-('-/niP. Supposes we 
have two point charges, each 1 statcouloinh, p!a.c('<l 1 <'ni. apart 
in vacuum. The force is 1 dyne, and we can use (S) i o obtain 
60 . Substituting numerical values in lOtp (S), follows 


10-5 = 


I- X 10 - 
C() X ^ 


or 

eo == i X 10“® (coulombs)“(see.)"/kg.“nud('r‘ 

In making this substitution we hav(‘ used t he fa.<‘ls ( hat. t.lu' unit 
force in the m.k.s. system is 10^’ dyiu's, iha.t 1 ein. - 10 - umter 
and that 1 statcoulomb = -g- X lO"-' (louloinb. 

8. Gauss’s Law; Flux of D. — Just, as in th(‘ eas<> of ( lu' inlxmsit.y 
vector 6, one can map the field of t.lu^ vc'ct.or 1), const met ing line's 
of D which give its direction at ev('jy ])oiut. In vacuum (and 
also in isotropic homogeneous media,) tlu' dii-eet ions of I) a,n(l & 
coincide at every point so that a singh' (lia,gi*a.m n'pn'si'ut.s both 
fields. As we have pointed out, t.lu', lira's of inlr'usily or dis- 
placement merely give information a,s i.o t.lx' din'ctions of (.he 
vectors but give no information as to t.lu'ir nia.gnil U(l<‘s. W(! 

can insert this latter information by limiting tin' numb(*r of 
lines which we draw in a definite imintuu'. Tlu' convr'ution to 
be used is that the number of lines pm- unit. a,i-ea. which pass 
through an element of area normal to th('s<^ liiu's shall Ix^ madrr 
equal to the number of units in thci ma,gnit\i<h' of ( In^ ,V('ct,or 
at the point where the element of area, is locai<'d. Thus, for 
example, if we consider a point where tlu^ intc'usity of ( In' ('h'cd.ric, 
field is 10 units, we should (using th(5 (d(Hd,rost.at i<^ syst.r'in of 
units) construct 10 lines crossing 1 cm.'* which is normal to t lussc'. 
lines at the field point. 

Suppose we construct the linos of D diui (,o a singles ])oint 
charge q in empty space according to the abovr^ s(dn'uu'. 'Tlu'.se 
lines are straight lines radiating in all dinud.ions from q. At 
a distance r from q we construct a spluu-ic.al surfac'o of radius r 
and center at q (this is an equipotential), and t,his surfact'. is 
ever 3 rwhere normal to these lines. According to Mep (3), D has 
the same value everywhere on this surface, and luuuu^ t.ln^ numlx'r 
of lines per unit area crossing this surfac(', is tin', sium^ n,t ('V('ry 
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point. Since there are q/r^ lines per unit area and the area 
of the sphere is 47rr®, we see that the total number of lines of D 
crossing the surface is 4x5. The total number of lines crossing 
any surface is called the flux across that surface, and we denote 
it by the symbol Thus we have xp = 4irq. This flux does 
not depend on the radius of the spherical surface enclosing q 
and hence is the same for all such spherical surfaces, no matter 
what their radii. Thus we see that lines of D cannot start 
or stop in empty space but must terminate on charges. It 
is clear from the above that, if any closed surface is constructed 
which completely surrounds q, the total flux of D across it must 

n 


Fig. 7. 

be 4x5. When expressed formally as an equation, this is the 
content of Gauss’s theorem. It follows immediately that the 
flux of S is l/eo times as great as the flux of D in empty space. 

The formal statement of Gauss’s theorem is as follows. The 
surface integral of the normal component of the electric displacement 
taken over any closed surface is equal to 4x5, y^here q is the total 
charge enclosed by the surface. In symbols 

P = fDr^dS = 4fn-q (9) 

•A 

where jD„ is the component of D along the normal n to the sur- 
face. We shall take the direction of the normal as positive if it 
points outward from the closed surface. To obtain a formal proof 
of Eq. (9), we imagine a charge 51 at a given point O surrounded by 
an arbitrary closed surface. Now construct an infinitesimal cone 
with its vertex at O, intersecting the enclosing surface in an 
element of area dS at a distance r from O (Fig. 7). Let dS' 
be the projection of dS on a sphere of radius r. The flux of D 
across dS is 

d\p = Dn dS = D cos 9 dS 
dS cos 6 



using Eq. (3). 
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Since dS' = dS cos e and dti'/r- is llic solid ;iup;l(‘ di> suhtx'ndcU 
at O by dS, we have 

d-i' = f/i dil 

and, if we integrate over the whole; cIos(mI stirfn.e(', \V(' oblaiu 

\p = qijdil — dvr^/i 

since the solid angle subtended by any elostsl surf.-uM' ai a, point 
inside it is 47r. 

If the surface encloses a number t>l ehargt's r/t, r/.., f/a, ■ • • , 
qi, ‘ ‘ ‘ , each charge gives rise to a flux Air(ji, so that the tot.ul 

flux across the surface becomes 2^4-xf/i — ‘Wq, when; q is the 
total enclosed charge. 

Although we have derived Gauss’s law frojn tlu; (hdiiiition 
of D as given by Eq. (3) or by Eq. (4), it is ch'a.r from I lu' prineiph; 
of conservation of charge that it is ])(;rf('<‘t.ly getjeral. On the 
other hand, Eqs. (3) and (4) are; suhjeadr to th(‘ n'sl.rieiions 
discussed in the introductory paragraph, ('/aa.s.s-’.s- Utw Ls one 
of the basic laws of the theory of electricity. 

9. Applications of Gauss’s Law.- -Gauss’s law provid(>s a 
simple means of calculating the field due t.o (an-tain syinimh ricad 

charge distrihiilions. 'ria' pow('r 
of Gauss’s law Th'S in tin* fa.et. t.hat 
we are fre^e t.o apply it. to a.uy sur- 
face whatso(;v(‘r. In lhos(; eas<'H 
where the dinah.ious of t in* limss of 
D are known from (ionsich'rations 
of symmc'try, wo (am construct a 
surface so shap<al t.hat. the (;valu- 
ation of the integral JDn dS become', s miuih simt)lifi(Ml. 

The following examples will illustrate tlu; proeaalun'. 
a. Field of an Infinite Plane Metal Plate, Ihvifornily Charged.- - 
In this case the symmetry requires that t.he lin(\s of I) b<; st raight 
lines normal to the plate and the magnitude of D can (Uqxaul 
only on the distance of the field point from the; chargcal surface;. 
Hence we construct an appropriate Gaussian surfae;e' in the form 
of a cylinder whose axis is normal to the plate;, the; top face; lying 
above the surface and the bottom face lying insidc'. t.he; me'tal 
(Fig. 8). The curved surface has no flux passing i.hrough it, 
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since D is everywhere parallel to the cylinder axis. At the 
bottom face, D is everywhere zero, since no electric .field can 
exist inside the metal. The total flux emerging from the cylinder 
comes through the top face where D is normal to the surface 
and has the same value at all its points. Thus we have 

= fD„dS = Dj'dS = DA 

top 

face 

where A is the area of the top face. By Gauss’s theorem this 
must equal 4:7rq, where q is the total charge inside the cylinder. 
Denoting the charge per unit area by a (the surface-charge density), 
we have q = aA and hence 

xj^ = DA = Atra-A 

D = Aira (10) 

and is constant, independent of the position of the area A. The 
corresponding electric intensity is also constant in free space 
and has the value 



( 11 ) 


This is an example of a uniform field. In practice one cannot 
have an infinite metal sheet, but for a plate of finite size the 
field is practically uniform at points whose distances from the 
plate are small compared to its surface dimensions. 

The field intensity just at the surface of any charged conductor, 
no matter what its shape or size, is given by Eq. (11), where a, 
the surface-charge density, will vary from point to point on the 
conducting surface. The lines of D and 6 leave the surface 
at right angles to it and start out at each point with the magnitude 
given by Eqs. (10) and (11), respectively. The proof of this 
statement is identical with the one we have given, with the single 
modification that one considers a cylinder of infinitesimal cross 
section and altitude, rather than one of finite dimensions. This is 
necessary since the charge is not uniformly distributed over the 
surface and the field is normal to the surface only in the immedi- 
ate neighborhood thereof. 

b. Field of a Long Uniformly Charged Straight Wire. — In 
this case the symmetry is such that the lines of D are all normal 
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to the axis of the wire. At a sivcni field point P llu- valu(‘ of 1) 
cannot depend on the a^-coordinaU' of P (alonf>; (lu‘ win'), siuco the 
wire is very long, nor on the anguhu- i)(>silion of P around tlu' wire 
because of cylindrical symmetry, d'hus the magnitude of D 
can only depend on the dLstane(^ r of tlu' field point from th(‘ axis 

of the wire. W(' t lu'ia'fore const I'uet a. closed 
surface in tlu^ form of a. cylindrical can (Fig. 
9) with radius r a.nd altitmh' h. Xo flux 
jJi crosses tlu^ top or hot tom fa('<‘ of t he cylinder, 

as the normal (component, of l> is Z(‘ro <'V('ry- 
' TTEy-j where on these fa(a‘s. ( )n iJu' eurvc'd surfaces, 
T D has tiverywluua' tlu'saiiu' magtutuih' (siiu'c, 

1 M \ depends only on r) and is normal to tlu^ 

h ^./// ! I surface at all its points. 'Tims tlu' flux 


emei’ging from tlu* cylindei* is 


curvrfi 

,stirra.(M‘ 


27r/7/ 1) 


M where D is t.lu^ va.hu' of tlu' (lispla,c('m('ut 

g vector at a distaiua^ r from the axis of the 

wire. If the charge, per unit leug/h of t lu' wire 
is r, the total charge inside the cyliiuhu' is rh a.nd ( Jauss’s t lu'onuu 
requires that 

J/ = ~ Aar hr 


The corresponding electric intensity in ('tnpty spaet' 1 


x'conu^s 


and we see that the field strength (lro])>s oil in\'('rs('ly a.s tlu; 
distance from the wire. Contrast this with tlu' field of a single 
point charge. 

10. The Field of Fixed Charge Distributions. Wlu'ii oiu^ is 
faced with the problem of determining the field of an arbitrary 
distribution of charge, the direct application of Gauss’s tJuu )r('m 
as given in the preceding section is not convenient, ami one <‘an 
proceed by the method outlined in See. 6. For the cas(‘ of tlu* 
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field due to a number of point charges, the method requires a 
straightforward vector addition of the fields due to the individual 
point charges [utilizing Eq. (4)] and requires no further comment. 
As we have stated, the field due 
to a continuous distribution of 
charge can be calculated by an 
integration, and we shall illu- 
strate the procedure with the 
help of examples. 

Let us calculate the field due 
to a long, uniformly charged 
straight wire by this method. 

Let the plane determined by the 
wire and the point P at which 
we are calculating D be the 
x-y plane, and construct x~y axes, as shown in Fig. 10. The 
contribution to D due the element of charge dq is shown as 
dD in the figure. If the charge per unit length of the wire is t, 
we have 

dq — r dx 

The magnitude of dT> is given according to Eq. (3) as 

(14) 

We must next calculate the components dD^ and dDy of this 
vector before integrating. These are 

- a drc sin (9 
dDx = dD • sin B = r p 

dDy — dD ■ cos 6 = r 



The components D^ and Dy of the resultant field at P are then 



From symmetry we see without calculation that the first integral 
will vanish, so that the vector D is normal to the wire. The 
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integrations are most easily carricul onl using 0 u 
variable. We have (Fig. 10) 


s ( iic iiuh'ju'ndcnt 


X — r tan 0; 
r — I cos 0 ; 


(ix ~ /■ 0 <{() 

1 <'<)S" 0 

-fi ^ 


so that 


dx __ do 

■jx - -- 


and the integrals become 

sin 0 do 
-Z 


cos 0 




0 


and 




2 


2 Y* 

cos d do — ~ 
r 


sin 0 




Thus we have D = 2T/r and €> == 2T/<si(i/‘, (•oinci<ling with the 
results found utilizing Gauss’s theonun and giv<m by M(ih. (12) 
and (13). 



As a second example wo shall calculate tdK^ field dmi t.o a 
uniformly charged circular ring of wir(^ of lu^gligible cross s<‘<*t iou 
at a point on the axis of the ring. Let tlui x-axis IxG h<‘ a,xis of the 
ring and the origin at the center of the ring, as shown in l*'ig. 1 1. 
Consider an element of charge dq on an ohantuit d.s* of Ida; ring. 
This is 


dq = T ds = :~ds 
27rr 

where q is the total charge on the ring and r its radius. 
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At the point P the vector dD due to dq has the direction shown, 
and has the magnitude 


dD 


_ dq _ q ds 
“ 72 “ ^ '12 


(16) 


If we consider all the vectors due to the various elements of 
charge dq on the ring, we see that they form a conical array of 
vectors with the apex at P and furthermore that they all have 
the same magnitude according to Eq. (16). If we resolve these 
vectors into components, it is evident that only the component 
dDx 3 delds anything to the resultant field, the other components 
adding up to zero. Thus we have 

dD* = dD cos B = ^ ' T 

and hence 

n _ ( 3^. §1 = = 23 

* ~ J 27rr 2TrPj ® P 

around 

ring 

since Jds is simply the circumference of the circle. Thus we have 
the resultant field directed along the x-axis at the point P and 
equal to 


with the corresponding value of S as 

Equations (17) and (17a) are valid only for points on the axis Oa;, 
as is clear from the derivation. 

11. The Use of Potential in Field Calculations. — The method 
of the preceding section, although straightforward, is cumbersome 
even in relatively simple problems because of the necessity of 
dealing' with vector summations or integrations. The introduc- 
tion of the electric potential, a scalar quantity, turns out to 
simplify the problem of the calculation of electrostatic fields 
considerably. In this section we shall investigate the use of the 
electric potential in this connection. 
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Our first task is to prove, t hat tlu' ('U'ct rostat ie field consorv 
tive and hence that a potential I'xists. We start by eousidering 
the field of a point charge in empty space. Supp<>st> a test charge 

is mov('<l from one point .4 to 
B another />’ in this tield. Wc 
hav<‘ to shov that tlu' work 
<Um(‘ on this charjite, or that the 
(‘l(‘et romot i\'(‘ i’oret' along the 
path, dt'pends only on tlu' start- 
ing and (‘lid points .1 and /i ami 
not on the path, t 'onsithn' a 
portion of the path f/.v as shown 
in Fig. 12. The electromotive' forec' along this eh'inentary path 
is, by definition, 



(I (c.m.f.) == Ss d.s' 
From the figure it is clear t hat 


(/.S' 


cos 


<f 

V/.S' 


£ f/.s' eos if 

N/.s' 


<ir 


so that we have 


d (e.m.f .) = € dr ~ „ dr 

tor- 


utilizing Eq. (7) for 6. For the whok' pat h from .1 to /#, we have 


e.m.f. 


j 'rjB 
rA 


JL 

eor^ 


dr 



( 18 ) 


as the electromotive force (the work ])er unit, e.harg(') along the, 
path from A to B. Since this depends only on t he* positions of 
A and B (more precisely, on r^ and rji), it, is iiuk'peiuk'ut. of the 
path connecting them. This shows that the field of a i^inglr point 
charge is conservative. It immediately follows t.ha,t. t.lu' field 
of an arbitrary distribution of charge is also eonserva.t.ive, since 
such a field can be obtained by supcr])osing t,he fields of point 
charges and the e.m.f. can be calculated as the sum of the e.m.fs. 
due to each point charge. Since each term of the sum is inde- 
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pendent of the particular path followed, then the whole sum is also 
independent of the path. This completes the proof. 

We now investigate the potential of various charge distributions. 
a. Potential of a Point Charge, — From Eq. (18) and the defini- 
tion of potential difference as given by Eq. (5) of Chap. I, it 
follows that the difference of potential between two points A and 
B in the field of a single point charge q is given by 



Using the convention that the potential at points infinitely far 
from q be taken as zero [compare with Eq. (6) of Chap. I], we 
find for the potential at any point P of the field 

Fp - (20) 

where r is the distance from q to the point P. As stated before, 
this is the work per unit charge we must do on a test charge to 
move it from infinity to the point P against the repulsion of the 
charge q. The points lying on a sphere of radius r all are at 
the same potential and thus form an equipotential surface. The 
lines of Z) or 6 are normal to these surfaces and hence are the radii 
of such spheres. The gradient of the potential at any point is 
directed radially toward or away from q, and we have 

£ - - grad y _ ^ (21) 

which checks Eq. (7). 

One can demonstrate readily, with the help of Gauss’s theorem, 
that for the field of any spherically symmetrical distribution of 
charge, e.g., a uniformly charged metal sphere, Eqs. (20) and (21) 
hold for all points outside the charge. For a proof of this involv- 
ing a direct integration, see Frank “Introduction to Mechanics 
and Heat,” Chap. XII. Thus a spherical charge distribution 
creates a field external to itself which is the same as if the charge 
were concentrated at the center of the sphere. 

6. The Potential and Field of a Dipole. — By a dipole is meant a 
pair of equal and opposite point charges separated by a definite 
distance. We shall investigate the field of a dipole, charges Aq, 
separation 2a. Since there is symmetry about the axis of the 
dipole (the line connecting the charges), it will be sufficient to 
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restrict our attention to th(‘ platu' conjaininiu: t ho field point ? 
and the dipole (Fig. 13). 

The potential at P <hi(; to the charge -j-f/ is 'And thatdiip, 

to the charge —q is ~ . Pinre potrutial is a sraUtr (/uaritity, the 

potential at P is tho algebraic stun of the tico (t'nns. 'Thus wm' havo 
at the point P 

V = Jr - '' .. ' 

€o7*l 

In order to express V in kuans of .r juul //, the (‘oordinates of 
we use the relations 

rf = (x — a)^ + 7/“j /’I " = (.r H" ^O'* “h //“ 

and Eq. (22) becomes 

y _ ^ . ^ 

^o__'\/(a; — a)'- dr ?/“ (•<' h n)’-‘ j y 

The components of S may tluai b<^ obtaiiUMl by <iiiT(‘renlia1ing 
Eq. (23) with respcait to x and y, r(\sp('<div(‘ly. In symbols wo 
have, in accordance with Ikp (8) of (.’•hap. 1, 

dy 

un*al pnx’eduri*: (1) ( laUuilato 
tlu^ pot('nthil as an alg<d)r!u<‘. 
sum of the potenticils of point 
chargt's. I''<>r (continuous dis- 
tribut.ions t his Ix'comes niU ordi- 
nary inti'gra. (. ion. 'This is 
always an ('usier process t.haii 
th('. (correspotuling int (cgratious 
in th<*. nu't.hod of llu' pnevious 
se(ction Ixsaiuscc pot,(mt.ial is a 
scalar (pitndity and ( luoxc is no 
question of taking (compoiucnts. 
(2) When the potential has been found, the intcmsit.y S c.an 
be computed by differentiation in accordancti with the redation 
€ = _ grad V. 


"dx’ 

This example illustrates tluc 
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In the special but very important case where the distance 2a 
between the charges is small compared to rt and r^, we can 
simplify Eq. ( 22 ) as follows. We write: 



where ris the distance fi'om the dipole 
to the field point. (^2 — ri) is the 
difference in distance between the 
ends of the dipole and the point P 
and, if the charges are close together, 
we can write very nearly (Fig. 14) 

— Ti — 2a cos 6 



Fig. 14. 


SO that we obtain for F 


V = 2aq 


cos 6 


(24) 


The expression 2aq is the product of the separation of the charges 
and the magnitude of either of them. This is called the dipole 
'moment of the dipole, and we denote it by p. Using the symbol 
p, Eq. (24) becomes 


p cos 6 


(25) 


as the potential of a tiny dipole of moment p. In terms of the 
X- and ^/-coordinates of the field point P the equation becomes, 
since r® = 4 - and cos 6 = x/r, 


px _ px 
eor® €o(x2 H- 


(26) 


from which 62 and Sy may be conveniently found. Further dis- 
cussion of this field is left to the problems. 

c. Potential of a Circular Ring of Charge . — To illustrate the 
case of fields due to a continuous distribution of charge, we con- 
sider the example of the previous section and calculate the 
potential of a uniformly charged ring at a point on the axis of the 
ring. In general the potential is given by 


F = 1 

eoj r 


( 27 ) 
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where r is the distance hetwe('n df/ :uul the tiehl point, l^ov dq 
we write t ds, (r dS, or p (h\ <l(>p('iulinf>- on tht- prohh'in at hand, 
where t, cr, p arc liinair, sui-race, atul volume ehurji;t‘ <l(‘u.sit,i(',s, 
respectively. 

Referring to Fig. 11, we have, in place of I'hi. (27), 



since Z is the same for all tlu‘ tdc'nu'nis of charpa* di/ on (lu' rinji;. 
This can be writtcui as 


F 




■x/.r 


128) 


Equation (28) givers the variaiion of tlu' potential with the 
coordinates of points on lihe ;r-axis only :ui(l should not !>e appli(>d 
at other points. We e.an, howexaa-, find tho .r-coiupoiu'nt of 6 
from Eq. (28) for a point .such as I\ We have 




dV _ f/.r 

dx <-o(r" -1- x'-'}'^ 


which is identical with Eq. (I7a). 


Problems 

1 . Two equal and oppo.sii.e point, charges nr(‘ h(‘Id I ft.. .n|>,nrf. in empty 
space. What nmst be the inagniUido of each <*h!irge in <“oiilomi»s if iiiry 
attract each other with a force of 1, lb.? 

2. Two equal negative charges, each of niaguitndi* K .statcoulomiw, 
are held fixed with a separation of 4 cm. (tilculate the inlen.sity of the 
field produced by these charges in a pla.nc^ which l)is<'ct.s the line joining 
these charges at right anglo.s, at a point 1(5 cm. from (In' inlenseel ion of the 
plane and line joining the charges. At whii.!. points of the pl.'ine is tiie 
intensity a maximum? What is the nia..ximuni value of the intensity? 

3. Two equal and opposite cha.rge.s +<? a.n(I — f/ are ftehl fi.M'd witti !i. 
separation 2o. Using the line connecting the (‘Inirges as .an .r-.axis with an 
origin halfway between them, calc\ilate; 

а. The intensity of the field produced by this dipoh* .at any point on thc^ 

xi 

б. The intensity of the field at any point on a line, jjerpcaulieul.ar t.o the 
rc-axis and passing through the positive charge. 

c. The intensity due to each charge separately and from this (he re.su I (.an I. 
intensity (magnitude and direction) at any point in the .r-// plant', using a 
perpendicular bisector of the line joining the charges jis ti y-axis. 
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4. Two pith balls, each of mass 0.02 gram, are suspended from a common 
point by threads of length 10 cm. Each is given the same charge, and in 
equilibrium the threads make an angle of 74*^ with each other. 

Compute the charge on each pith ball. 

6. Charges of +40 and —10 statcoulombs are placed along the ar-axis 
at — 10 and 0 cm., respectively. 

а. Make a plot of the potential as a function of x at any point along the 
a:-axis, also at any point on a line perpendicular to the cC'-axis through the 
point X == +10 as a function of distance along this line. 

б. At what points on the a:-axis is the potential 1 statvolt? Is the electric 
intensity the same at all these points? 

c. At what point would a third charge remain in equilibrium? Would it 
be stable equilibrium? 

6. Using Gauss's theorem, prove that the difference between the electric 
intensity vectors on either side of a very large uniform plane sheet of charge 
(not a conductor) is 4x times the surface-charge density. What is the 
intensity at a point outside the plane? 

7, Starting from the fact that for electrostatic equilibrium no electric 
field can exist in the interior of a metallic conductor, show by the use of 
Gauss's law that the charge on a charged metal body of arbitrary shape 
must reside on its surface. 

8- Given a charge q distributed uniformly throughout a sphere of 
radius a with charge density p. 

a. With the help of Gauss's law show that the electric intensity at points 
inside the sphere is proportional to the distance from the center of the 
sphere. 

b. Derive a formula for the intensity at points inside and outside the 
sphere. 

c. Make a plot of the magnitude of the electric intensity against distance 
from the center of the sphere. 

d. Calculate the potential as a function of distance from the center of 
the sphere for points both outside and inside the sphere. 

a. Plot the potential as a function of distance from the center of the 
sphere. 

9 . A thin wire is bent to form the arc of a circle of radius r, subtending 
an angle at the center of the circle. If the wire carries a charge q uniforrhly 
distributed along its length, derive an expression for the intensity of the 
field at the center of the circle. 

10. A spherical drop of water 1 cm. in diameter carries a charge of 5 
statcoulombs. 

a. What is the potential at the surface of the drop? 

b. If two such drops, similarly charged, coalesce to form a single drop, 
what is the potential at the surface of the drop thus formed? 

c. What is the maximum intensity of the field in parts a and 6? Where is 
the intensity maximum? 

11 . A conducting sphere of radius a carries a charge q. If an infinitesimal 
additional charge dq is brought up to the sphere from a distant point, 
calculate the work done in bringing up this charge. What is the total work 
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done in charging the sphere to a. pottnPia! \\ t-oiahtirring t Ite sph<a’<* initially 
uncharged and then chargaal in the manner deserihei! 

12 . One face of a thin circular (li.sk of radius h* iv eharg<'d unifttrndy witli 
a positive surfaco-charg(‘ <h‘nsit y rr. 

a. Derive an expression for the poUmtial at a point on the axis ‘ tiuMlisk 
at a distance rr f roiu the <and.<‘r of tht‘ disk. 

b. From your auswtu* to })a.r(< a <h‘riv<* an (‘xpressidn f<»r the eieelrin 
intensity at this point. Wha,t is its t Una’ (ion? 

c. If the disk is 3 (an, in ra,dius and earrirs a iniai charge n\' ().<) .stuh 
coulomb, calculate tlu^ pottudia-l and intemsity at a p(dnt on the axis 4 cia. 
from the center of the disk. Giv(^ .\a)ur answers iu; volts and volts prr 
centimeter. 

d. Using the data of pa.rt. c, <‘,a.Uuila,t i tlu' pt)teidial at the center oi* the 
disk in volts. 

e. At what point on a,xis is l.lu^ in((‘nsity a maxitnuin? Wliat is thin 
maximum intensity? 

13 . Using the expression V == (p eos for t!u‘ potiudial of a st 

dipole of moment p at a point whost' polar coordinates :ire rpf jlMp (Ofd of 
text], calculate: 

a. The component oilfield intcuisily a-long r at this point. 

h. The component of held intensity p(u-|.>(mdi(’ular to r at this point. 

c. The resultant intensity and its <Ur<'<d.i<m at this p<»int. 

14 . Calculate th() pot/cmllal at a. point outsidt* two neighhoring pandltl 
infinite sheets of charge, one (*arrying a. uniiorin posifix^e Hut*fa<a‘»'(*hargc. 
density +0- and the other atii e(iua.l unilorni n{‘gativ<' isurfa^a* tdm rgt* (haisity 

<T. The planes have <1 scypjrration (/. ('ahadad* tlu* potent l.al at a point* ()U 
the other side of the phines, a.n<l show tiial. tlu' change in p^derdial ns oiu\ 
crosses this so-called dou])ie la.y(^r is e<iual to ‘l7r«(//o). 

ad is known as the dipole moment por unit nn'a. of tin* double layer. 

16 . A hemispherical cup of radiun r (‘.n,rri(xs a (^ha4'g<‘ (/ unif<»rndy dist rihuted 
over its surface. What is the electric inU^nsity at ccmUcu' of tlu^ 

hemisphere? 



CHAPTER III r 
INDUCED CHARGES AND CAPACITY 

Electrostatic problems involving conductors are in general 
much more complicated than those discussed in the last chapter in 
which we considered the fields produced by systems of fixed 
charges. The complication arises from the fact (which we have 
discussed briefly in Chap. I) that, when a conductor is placed in 
an electrostatic field, induced charges distribute themselves in 
such a manner as to make the conductor an equipotential. Not 
only the field but also the distribution of these induced charges 
on conductors must be calculated, and only for comparatively 
simple geometrical configurations have exact solutions been 
obtained. 

12. Induced Charges. — If an uncharged insulated conductor 
is placed in an electrostatic field, the total charge on the con- 
ductor stays equal to zero, positive and negative surface charge 
appearing in equal amounts. Just as many lines terminate on 
negative induced charges as leave from the positive induced 
charges. Suppose we consider the case of an uncharged metallic 
sphere placed in the neighborhood of a positive point charge. 
Some of the lines of D leaving the point charge will terminate on 
the side of the sphere toward the point charge, and an equal 
number will leave from the other side. The magnitude of the 
induced charge of either sign will depend on how much of the field 
is intercepted by the conductor. If a charged body is brought 
inside a hollow metal container (with a small opening), practically 
all the field is intercepted, and there is an induced charge on the 
inside of the container equal to, and of sign opposite to, the charge 
introduced into the container.' On the outside of the container 
one finds a charge equal in sign and magnitude to the charge 
introduced. If the outside of the container is connected to an 
electroscope, the leaves will diverge because of this charge. Upon 
bringing the charged body into contact with the inside of the 
container, no effect is noted on the electroscope, and upon 
removing the originally charged body there is still no change in 

41 
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the electroscope. The ch!U*s<> remjunin.c; on tlu' metal coniaincr 
is thus shown to be (upuil to (h(‘ oripiimil eharu<‘ int roduet'd. Tlu‘ 
above experiment was pcn-fornnMl alotiK with others by Fartuluy^ 
using an ice pail as the nu'bd container, .and tliese .are known as 
the Faraday iee-pail (^xpcaanuails. I’sing this a rratigtaucnt, 
Faraday found ttuit, if t wo l)odi(‘S wta'e ele<-l ritied l>y friction 
inside the pail, no defU'ction ol the I'ha’t rose<i])e was oh.servtHl 
If one of the two bodies wliieh w(a'<‘ robbed w.as reiucocd from tin; 
pail, the leaves of the eha*tro.s(a)p(' divia'ged, tfuis slnnving that 
the bodies were cliargtal. Tltis provid(‘s .an expei-iimait al proof 
of the law of conservation of rhonje, slmwing that the two hodica 
had acquired exactly (Mpud timl oi>positt‘ (diarges. 

In spite of the diffic.oU.it^s of ('xact cahailation, one can obtiiin 
a good idea of the field in the prtsstaua' of (a>ndne1ors by skefcliing 

tlu^ lines of tind f he eqnipohai- 
thils, r(' m (' m b e r i n g that th(' 
sorfjoa' of the (a>n<luetor is an 
('(}nii)ot (ait i.al .and that tlieeijui- 
j)ot.(ait ia.ls ruair this surfa(a> must 
b('a.r.som(‘ re.sianlilama* toil. In 
Fig. 1.5 is shown the held which 
r('S\ilts from ])hveing an insula, tial 
uneha.rg('d sphere in a n'gion 
wlu'n* tlua-e originally w.as a 
uniform h('ld. 'I'ln' solid lint's 
are the lines of displacement (or int.ensity), and tlu' dottt'd ones 
show the cquipotcntials. 

13. Method of Electrical Images.- - d'he dist ribut ion of charge 
induced on a conductor when it is pla,ee<l in an ch'ctric field (am 
be calculated in certain simple cases by the mt'thod of (‘leet riciil 
images, introduced by Lord Kelvin. \Vt* slndl explain the 
method with the help of an exami)le. Supim.st' \\(> bavt' a. la,rgc 
plane conductor placed in the field ^iroduetal by a. point (dmrgc 
+q. Let the distance d of the point ehargt' q from tlu' plant' lio 
small compared to the dimensions of t,he phuu' so tiiat w<' may 
treat the latter as infinite. Furthermore, tlu* eonduetor is 
grounded (connected to the earth) so that, we may ta.ke its 
potential as zero. We now must try to find ji dist rilmt ion of 
charge on the surface of the conductor such fluit its jmtential is 
zero. In the method of images we imagine t in' eondueting plate 
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removed and a point charge —q placed at a distance d in back 
of the plane occupied by the conducting surface, as if it were the 
image of the charge ~{-q in a plane mirror (Fig. 16). The field of 
these two point charges is such that the plane bisecting the line 
Joining them (the position of the conducting surface) is an 
equipotential because every point on this plane is equidistant 
from both charges. Thus at a point P, the potential is 


y = ^ 

ear 


JL 

€or 


0 


The two point charges produce the same effect as the induced 
charge and the original point charge. At any point Q we can 
calculate the field since the potential there is 


V 


= ^(- - -) 
eo\ri rs/ 


' Plane 


and this yields the dipole field discussed in Chap. II. In the real 
problem, we thus have the field at all points to the right of the 
plane, since there is no field in- 
side or to the left of the plate. 

To obtain the distribution of 
induced charge on the plane, we 
make use of the fact that the 
intensity of the electric field at 
the surface of a conductor equals 
4 to-/€o, where a is the surface- 
charge density at the point in 
question [see Eq. (11), Chap. II]. 

The intensity & at an arbitrary 
point P of the plane is the' vector 
sum of the two vectors 6 + and 

as shown in Fig. 16. The vectors € 4 . and are equal in 
magnitude, each being q/e^r'^, and they make equal angles with 
the aj-axis. The resultant is 






\ / 

\ / 



\ ^ / 

V 


/ ^ 


_ _ 


-q d 

0 d +q X 


Fig. 16. 


2qd 




( 3 ) 


the negative sign indicating that it is directed to the left, i.e., 
toward the surface. The induced surface-charge density at this 
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point is thus 


__ eo6 _ , __ <i<i 

^ Att 


( 2 ) 


and vg-ries inversely as the cub(' of tlu* disfauec from the point 
charge. One can readily slum’ that lh<' (oial iiulueod charge' is 
just equal to —g, equal and opposite i<> lh<‘ poiid charge' eeutsido 
the plane. The proof of this is le'ft <e) a pre)hle'm. 'The' fe^rce' 
with which the conducting plane' a,nel the' point e-harge' attract 
each other is equal to the force: w'ith which e/ atlrae-ts its mirror 
image. Note that, although the’: ce)nelue'te>r is grenuule'el tits 
potential is zero), it carries a charge. It is a. e'emunem ('rre)r to 
suppose that a grounded condu(d.or eaui ne'vcr e-arry an e'lcctric 
charge. 

14. Capacity Coefficients; Condensers. If an isolaie>el e-on- 
ducting body, such as a ined.a,! sphe':re\ is e'hai'ge'el, its peete'utial 
(with respect to an infinitely dist.ant. poiid) is raise'el or ieiwe'rcel 
depending on the magnitueh^ a,nel sign of the' e*harge' imparted ft) 
it. In fact, the potential is pr<)pe)rtie)nal tee the* e-harge* ein tlui 
sphere. If the body is not alone, howe've'r, anel the*r<' are' othe'r 
conducting bodies in its neighborlie)e>el, the' i>e)le*nlial eif the' first 
body will depend not only on its own e‘ha.rgei hut alsei em the 
charges and positions of all its n('ighl)e>rs. It e'an Ix' sheiwn 
(although we shall not give a proof hea-e') t hat , fen- a. sysle'in eif 
conducting bodies, the potential of eaiedi is a iinvdr fune'tieni 
of the charges carried both by itself anel ah t he^ eitlu'rs. ( lem- 
versely, the charge on each condueetor is a. line^ar fune-tion of (he 
potentials of all the bodies, itself ine'lude'el. 'Phe! eeonstaid) 
coefficients appearing in these relations (e'harge's in (e'rms eif 
potentials) depend only on the geometry eif t he' systeun, not- on its 
electrical state, and are called tlui c.apacUy <u)('£l(-i<'riis of t-lu', 
system. In our work we shall restrict our at-l.<adion to (.h<i (aise 
of two-body systems for which the above ndations Ix'coinc: com- 
paratively simple. 

Let us consider two uncharged metallic bodic's, insulahxl from 
each other and far removed from other conductors or from 
charged bodies. If we transfer a quantity of (dia,rg (5 from, on<! 
body to the other, as can be done by comuicting thmn for a 
moment to opposite terminals of a battery or pow(U' line, one 
of the bodies will carry a charge +g, the other a chargcj — q, a, ml 
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there will exist a potential dijfference between the bodies. Such 
a two-body system is called an electrical condenser or capacitor. 
The potential difference between the two so-called plates of a 
condenser is proportional to the charge transferred from one 
plate to the other and the ratio of the charge on either plate to the 
potential difference between them is called the electrical capacity or 
capacitance of the condenser. If q is the magnitude of the charge 
on either plate and V 2 — Vi denotes the potential difference 
between the plates, the capacity C is given by 

The capacity C of a condenser is defined as a positive quantity, 
and its value depends only on the geometry of the system and the 
medium in which the field produced by the charges on its plates 
exists. We shall, in this discussion, confine our attention to the 
case of empty space (or air, since the value of e for air is practically 
the same as for vacuum). In the electrostatic system of units, 
the dimensions of C can be readily shown to be those of length, 
so that the unit capacity in this system of units is the centi- 
meter, sometimes called a statfarad. In the m.k.s. system, the 
unit capacity, 1 coulomb/volt, is given the name 1 farad. One 
farad is equivalent to 9 X 10^^ cm. 

All the lines of D which leave the positively charged plate of a 
condenser must terminate on the negative plate because the 
charges on the plates are equal and opposite. The general 
problem of determining this field for arbitrary bodies (in order 
that the potential difference may be calculated) is virtually 
impossible, so that capacities are usually determined experi- 
mentally. There are, however, several simple and important 
geometrical configurations for which a theoretical calculation 
can be made without difficulty and we shall examine a few of 
these. 

a. The Parallel-plate Condenser. — The condenser consists of 
two parallel metal plates, each of area A , separated by a distance 
d which is small compared to the surface dimensions of the plates 
(Fig. 17). If the left-hand plate carries a charge 4-^' and the 
other plate a charge —q, the field due to these charges will 
exist practically only in the region between the plates. There 
will be a slight fringing at the ends, but this can be neglected if 
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the plates are largo oimiigh. In the figure :ire iudienliMl the lines 
of D originating at f.h(^ ])osi{iv<' ehargf's, which arc uniformly 
distributed on l.ln^ insid(‘ surhu'c of the left-hand phih', and 
terminating on corresponding negati\'c (dtarges on the oppodte 
plate. The fi<^ld b(d,W(H‘n th(> plates is a tmifoi-in field, a,nd, from 
hlq. (10) of Chap. II, wt'. ha.ve for (lu- magtuduU' of 1) 

I) 47r<r (4) 

By definition, the pot(mt.ia.l dirf<>rence hetweam l h<' plaies is equal 
to the work pen* unit chargii which nitisf b<‘ doiu^ in moving a 
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charge from one plate to the otlu'r. Siiuu'. l.h<^ fu'.ld is uniform, 
this i.s 

J' 6a dti = 6(1 

so that we may write 

To - = Sd (5) 

To calculate the capacity of the coiuhmstu-, W(^ must have an 
expression for q, the charge on either platxn From I<lq. (4) we 
find 


q = Aa = 


AD 
4x . 


( 6 ) 


Using the definition Eq. (3) of capacity, tlusre foUow.s for the 
capacity of a parallel-plate condenser (nogk'.cting fringing) in 
vacuum or air, 


g P _A_ _ A. 

T 2 — Ti 6 4fird ^''47rd 


( 7 ) 
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Equation (7) shows that the capacity increases with increasing 
area and with decreasing separation of the plates. 

b. The Spherical Condenser . — The condenser consists of a 
metallic sphere of radius a (let us say) and a hollow concentric 
metallic sphere of inner radius h surrounding the first (Fig. 18). 
The spherical symmetry of the condenser demands that the 
charges on the inner and outer spheres be distributed uniformly 
over the surfaces. 

At any point (between the spheres) at a distance r from O, 
the displacement field points out along r and has a value 

^ p (8) 

with a corresponding intensity in vacuum 


e = 


g 

eor^ 


(9) 


since the field is the same as if the charge q were concentrated 
at the center O. The difference of potential between the plates is 





dr = — 


1 

eojft 



and from Eq. (3) the capacity of the condenser is 


C = 



(1/a) - (1/6) 


eoa6 
h — a 


( 10 ) 


( 11 ) 


If the radius 6 of the outer sphere is very large compared to a, 
we have 


C = €oa (12) 

as the capacity of an isolated sphere of radius a. We can give a 
simple interpretation to the unit of capacitance in the electro- 
static system of units. In this system €o = 1, and the unit of 
capacity is the capacity of an isolated sphere of radius 1 cm. 

c. The Cylindrical Condenser . — The condenser consists of a 
metallic cylinder of radius a and a concentric hollow metallic 
cylinder of inner radius 6 surrounding the first cylinder. If the 
length I of the cylinder is very large compared to the separation, 
the field between the cylinders is essentially that produced by an 
infinitely long straight wire, uniformly charged. For this case a 
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calculation similar to those of (he in-eeediiifi; (‘xarn])les yields as 
the capacity per unit length of such a condenser, 

a 

/ 2 In {b/a) 

The proof of this is loft as a problem for (In' r<‘ad('r. 

16. Condensers in Parallel and Series. In many practical 
eases one is interested in tlu^ capacity of systcmis of coiuienscrs 
when they are connected to one .another in various manners by 
metallic wires. At first sight, it might secmi t hat. would have 

to employ tla^ g('ne!ral theoiy 
of ca.pa.ci(y co('fiicienls to carry 
through su(‘h .a. calculation. We 
have warn, howi'ver, t hat the field 
du(! to lh(' charge's on the plates 
of a eomh'user is <'onfmed practi- 
cally ('utin'ly to tlu^ region he- 
two(m th(^ p]al.('S, d’lK' presence 
of other conductors in the ncighborlmod of a. (amd<'ns(*.r makes 
no difference, provided only that th(\y a,r(' outside' the field 
produced by the condenser. This is the c.ase in juvud icc!, and wo 
shall proceed with the calculation on t.his l)a.sis. 

Suppose a number n of condensers an* (a)nm'c(<Hl in parallel, 
as shown in Fig. 19. The differemu^ of potont ial is tin ^ same 
for all the condensers Ci, C®, ■ • • , C,, by virt.in^ of the connec- 
tion, and the total charge on the concUmscu's is tlui sum of the 
charges on the individual condensers. For the individual 
condensers we have 

qi = CiFobJ qi = C2Vab- ■ ■ • ; r/,, = C„Vab 

If we add all these equations, there follows 

qi + q2 + ■ ■ ■ + q„ = Q== V.b{Ci + C, -f - • • + (}») 

and, since a single condenser which is equivalent to this combina- 
tion would take the same charge when its plates have a potential 
difference between them, its capacity would be 



Fig. 19. 


c = 


Q 


= Cl + C 2 + • • • 4- 


(14) 
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Thus the capacity of a single condenser equivalent to a number of 
condensers in parallel is equal to the sum of the individual 
capacities. 

If we connect the condensers in series, we obtain the arrange- 
ment shown in Fig. 20. Suppose we establish a definite potential 
difference Va.b between the terminals a and h by connecting them 
to a battei-y. Let the positive charge on plate I be -f-g. There 
must be an equal negative charge — g on plate II since all the 
lines of D starting from plate I terminate on plate II. Since 
the plates II and III are connected together and are originally 
uncharged, there must be an equal charge +g on plate III. 

C| C2 C3 Cn 



Thus we see that the charges on the condensers are equal in 
series connection. If V\, V 2 , ' ' ' , Fn denote the potential 
differences between the plates of the various condensers, we 
see that 

+ Fa + • • • -h F,. 

since the work one must do to move a charge from 6 to a is equal 
to the sum of the works done in moving through the fields of the 
individual condensers. 

For the individual condensers we have (since the charges are 
all equal) 


Fi 




Adding these equations, there follows 



- 1 _ i i + ■ . ■ + i) 

where C is the capacity of a single equivalent condenser, 
we have 


— = \ |_ . . . _i L 

C Cl ^ Ca ^ ^ Cn 


Hence 


( 15 ) 


as the formula for calculating the capacity of a single condenser 
which is equivalent to a number of condensers in series. 
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16. Energy Stored in a Condenser; Energy in the Electrostatic 
Field. — ^Let us calculate the work which luusi, Ix' done in charging 
a condenser. To do so, we imagine the charges brought from one 
plate to the other in successive steps, an infinit t^sinial amount dg 
in each step. Suppose at som<^ ]K)ijit in llx^ ])roc('ss t.lui charge 
on the plates is q and the potential difhu-cuuu^ V''. Tlu^ work we 
have to do in bringing an additional charge', dr/ from one plate 
to the other is 

■ dW = V dq (16) 

since V is the work per unit ehargr^ whicli oiu^ must do t.o transfer 
a charge from one plate to the other. By delinit.ion wc’i have 


where C is the capacity of the condrmsm-. Substituting in Eq. 
(16), there follows 

dW — dq 


and the total work in charging the condenser (,<> a final charge 

Qis 

1 

If the final difference of potential is F, this <!an bo written as 


W = iCV'^ 


(18a) 


This energy can be thought of as stored up as potmitial energy in 
I I the condenser since it can all b(i regainr^d. For 

{ example, in a parallel-plate condensru' one could 

I allow the plates to come together undcir the action 




of their attraction for each otluu' and thereby 
raise a weight. We can use this typo of argu- 
ment to calculate the force of attraction between 
two condenser plates. Let the condcms(m plates 
have a separation x, and let us imagine the con- 
^ denser charged with charges ± Q on its plates and 

insulated so that the charge cannot escape. If we separate the 
plates by an additional amount dz (Fig. 21), we must do an 
amount of work 


Fig. 21. 


dW = Fdx 


(19) 
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where F is the magnitude of the force of attraction between the 
plates. This work must be stored up in the condenser. We can 
calculate the increase of energy stored in the condenser by noting 
that we have decreased the capacity of the condenser, and hence 
from Eq. (18) the energy increases. We write for the energy 
U, in accordance with Eqs. (18) and (7), 


_ Q2 ^ 2-irQ^ 
2C e„A * 


( 20 ) 


and if x is increased by dx, the increase of XJ is 

2x^2 


dU 


6o.d. 


dx 


( 21 ) 


and, equating (21) and (19), there follows for the attractive force 


F = 


2nrQ^ 27rcr2 

6oA Co 


( 22 ) 


where cr is the surface-charge density on either plate. From this 
we find for the force per unit area (a normal stress) acting on the 
charged surfaces 


F 2-7r<r2 

A 6o 


(23) 


This expression turns out to bo correct for any charged surface, 
although w’-e have derived it only for a special case. Note that 
in the derivation we have considered the charge on the condenser 
plates constant while the plates are moved. One might ask, 
“Why not calculate the work done during a motion dx of one of 
the plates, keeping the potential constant?” Such a calculation 
would not yield the correct value for the force because one would 
have to maintain a constant difference of potential with an 
external device, such as a battery. The battery would then 
deliver energy to or absorb it from the condenser when the 
separation of the plates is changed. Hence we could not cor- 
rectly identify the mechanical work done with the increase of 
electrostatic energy in the condenser. 

Let us return to the question of the energy stored in a parallel- 
plate condenser. From Eq. (18), this can be written as 

jj o’^A'^ 4:ircr^Ad 

2C ~ 2C 2^ 


( 24 ) 
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using the fact that the capacity C = eo.-1/47r^/. fl, is inh'n^stmg 
to write this expression in terms of tiie field vcnd.ors 6 and D. Wo 
have D = 47rcr and 6 = for tlic uniform fu'ld of parallel- 

plate condenser, so that Eq. (24) tak(\s the form 

11 = ( 25 ) 

Now Ad is just the volume of space in wlu(4i l>lu^ field is different 
from zero, and the energy is proportional to t his \-olume. Thus 
for this case we can think of the (uuu'gy as stoi-(Hl in tlu^ ('Uv'tro- 
static field with an energy density ((uun-gy p(u- unit, volume) 

equal to ~€D. One can prove in gcuun-al (using nudhods which 

OT 

would take us beyond the scope of this book) that, tlu^ above 
interpretation is possible for any arbit.rary (d(ud;rostati(*. field. 
It takes work to establish such a field, and we can think of this 
work as being stored up in the field, distribut,(ul th roughout space 
with a density given, as above, by 

where 6 and D represent the magnitudes of th(^ int.cmsity and 
displacement vectors at the point where the energy demsity is 
being calculated. Equation (26) holds only for empty space as 
written with the factor eo, but wo shall later scio that a v(n-y similar 
relation holds in material media. For a given fi(dd one (uxn com- 
pute the total electrostatic energy by integrating over all space, 
so that 


all 

space 

where dv is an element of volume. 

Problems 

!• Prove by direct integration that the total charge induced on an 
infimte conducting plane by a point charge is equal to and of opposite sign 
to the point charge. [Use Eq. (2) for the surface density of induced charge.] 
2. In the preceding problem, derive an expression for the fraction of the 
total induced charge on the plane which lies inside a circle whose radius 
equals the distance of the charge from the plane, the center of the circle 
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being the point of intersection of a perpendicular from the point charge 
with the plane. 

3. An electron is located at a distance of 10*“® cm. in front of a large 
plane metallic plate. 

а. Calculate the force exerted by the plate on the electron when in the 
above position. 

б. When the electron is at a distance x from the plate, calculate the attrac- 
tive force. 

c. How much work (in ergs) would it take to pull the electron to infinity 
starting at the point x = 10“® cm,? 

d. Through what difference of potential in volts would an electron have 
to move to gain the amount of energy calculated in part c? 

4 . A parallel-plate condenser has plates of lOO-cm.^ area separated by a 
distance of 1 mm. 

a. Calculate the capacity of this condenser in e.s.u. and in microfarads. 

h. If the plates of the condenser are connected to the terminals of a 100- 
volt battery, what charge resides on the plates? 

6. Considering the earth as an isolated spherical conductor, calculate its 
capacity in microfarads. The radius of the earth is 4,000 miles. 

6. Derive Eq. (13) for the capacity per unit length of a long cylindrical 
condenser. 

7 . Derive an expression for the capacity of thq condenser formed by two 
spheres, each of radius a, separated on centers by a distance 5, h being so 
much larger than a that the distribution of charge on either sphere may be 
taken as very nearly unaffected by the presence of the other sphere. 

8. Three condensers of capacities 2, 4, and 6 /xf, respectively, are con- 
nected in series, and a potential difference of 200 volts is established across 
the whole combination by connecting the free terminals to a battery. 

а. Calculate the charge on each condenser. 

б. Find the potential difference across each condenser. 

c. What is the energy stored in each condenser? 

9. The three condensers of the preceding problem are connected in 
parallel and then connected to the same battery as before. 

a. What is the total charge on all three condensers? 

h. What is the total energy stored in all three condensers? 

10 . The 4- and G-^f condensers of the preceding problems are connected 
in parallel and the combination then connected in series with the 2-Atf 
condenser. The potential difference across the system so formed is main- 
tained at 200 volts. Calculate the total energy stored in the condensers and 
the charges on each. 

11 . A 0.01-/xf condenser is alternately charged to a potential difference of 
5,000 volts and discharged through a spark gap, 500 times per second. 
What is the energy dissipated per discharge? What is the average rate of 
power dissipation? 

12. Suppose two condensers, one charged and the other uncharged, are 
connected together in parallel. Prove that, when equilibrium is reached, 
each condenser carries a fraction of the initial charge equal to the ratio of 
its capacity to the sum of the two capacities. Show that the final energy 
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in the system is always loss than th<* initial oiu'rgy and tlorivt' a. rontmlafor 
this difference in terms of the initial charge aiul tin* capacities of the 
condensers. 

13. Two condensers of capacities 5 a.nd 10 Ad' an' ('a.ch <’.ha,rgc(l with a 
potential difference of 100 volts and t.he neg.-vtive plat(' of tin* fj-Atf ('ondenser 
is connected to the positive phite of t la^ lO-Aif condenstw. 

a. What is the total charge on tln^ two ])la,ti'H wlu<'h an^ connected 
together? 

h. If the other two plat.es are then conneeft'd iogt'tlu'r, what is the 
potential difference across ea.ch (^onihinstu- al'f.tn- ecpiilihriuni is (wtablished? 

14. Show that the force of attra<‘l.i()n ])er iinit, area l>e|,w«'(Mi two parallel 

condenser plates can be wiittcu as "7 — when" S is (lie iii(.("usity of tho 

A hir 

field between the plates. From this show (Juii, if (he poit^idial difference 
between the plates is maintamed const.aut (by c.oiuuM^.t.iuf^ the cou<l<niser to a 
battery), the force varies inversely as Uu". scpian^ of ihe st"pa.ratlon of the 
plates, 

16. A parallel-plate condenser having plnU^ a,r("a,s of 100 and a 

separation of 2 mm. is permanently connect,e<.l to a 100 - voU. hatt.ery. Using 
the results of the preceding problem, caleulah^ how nnieh work is done in 
separating the plates to a distance of 4 mm., inahitaining the potential 
difference constant during the process. Dexss ilu) energy stored in the 
condenser increase or decrease, and by how nundi? (lornpan^ this with the 
mechanical work done in elfecting the plate s("i)aratiou. 

16. Assuming the validity of the expression 2'rcr"/€() as lh<^ force p(n* unit 
area acting outward on any charged condued-ing surfa.tu^ (cr tfu^ surface- 
charge density), calculate the maximum charge wdiich (*.a.u put on the 
surface of a water drop 2 cm. in diameter. The siirfa.ee icmslori of water is 
72 dynes/cm. What is the potential at the surfaces of the drop under ttiese 
conditions? 

Hint: The maximum charge is that for which the outward (d(ad.rical force 
just balances the surface-tension force. 

17. For the problem of the point charge and condmd ing phme, calculate 
the force of attraction between charge and plane by int-i^grating expres- 
sion 27rcr2/€o over the area of the plane. Show that this is just, the sa.mo as 
the attraction of the point charge for its image. 

18. Show that the expression Q-/2C gives the cmu’gy stonxl in a spherical 

condenser by integrating the energy density u = over region of 

Stt 

space between the plates. Take as volume clement the volume between 
two spheres of radii r and r dr^ respectively. 

19. Assuming that an electron is a uniformly charged sphere of radius a, 
calculate an expression for the total electrostatic energy in the field produced 
by a single electron. 

Assuming further that this energy is equal to m> the mass of an elec- 
tron, c the velocity of light (3 X 10^° cm. /sec.), calculate the radius of an 
electron in centimeters* 



CHAPTER IV 

STEADY ELECTRIC CURRENTS 

The fundamental laws of the equilibrium behavior of con- 
ductors in electrostatic fields are changed radically when equilib- 
rium is disturbed, i.e., when there is “flow” or motion of electric 
charges. When the charges in a conductor are not at rest, 
the intensity of the field at the surface need not be normal to 
the surface. Hence the conducting body is not an equipotential, 
and there will exist an electric field inside the conductor. As an 
example let us consider a charged condenser in electrostatic 
equilibrium. If we connect the two plates by a metallic wire, 
w^e have, at the instant of contact, a single conducting system 
(the two plates and the wire) with a difference of potential 
betw’een two of its parts. Since this is not a possible equilibrium 
state, electric charge flows from one plate to the other until all 
points of the system attain the same potential. We say that an 
electric current flows in the wire connecting the plates and in this 
example the flow is transient or nonsteady, equilibrium being 
reestablished in a very short time. One can say that positive 
charge flows from the plate of higher potential to that of lower 
potential, or that negative charge flows in the opposite direction, 
or both. No matter what picture one has, it is necessary to adopt 
a convention as to the direction of current flow, and we do so by 
calling the direction of flow of 'positive charge the direction of flow 
of the electric current. When electric current flows in a material 
medium, such as a conductor, it is usual to denote the current 
as conduction current, w^hereas, if charged masses such as electrons 
or ions transport the charge directly from one point to another, 
the current is called convection current. The essential point is 
that charge is transferred from one point to another, the whole 
situation being analogous to the mode of desQription of heat flow. 
In fact, the analogy is so close that the student should constantly 
draw parallels between the two phenomena. 

17. Definitions of Current and Current Density.— We shall 
define the electric current flowing across a definite surface as 

56 
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the charge per unit time croHsing ihi,s surr:u-(‘. In symbols 

where dq is the charge passing ac.ross the surface' in time dt 
For many problems it bccoinos luau^ssavy lo int nKluc.o the idea of 
cuTvent density. Considc'-r an infinitc'simal area at' a point of 
a medium carrying current, and kd us c.lioost^ l lu' ('Icmu'iitaiy area 
so that it is perpendicular to th(^ dinadion of (uirnmt flow, 
If we denote this area by dSn and the current crossing it by di, 
then the current density j at this point is lUifimal by 


The subscript n is to indicate that dSn is normal to the direction 
of current. If j is known (magnitude', and dir<'c!ion) at every 



Flo. 22. 


point of a surface, we can obtain the total current crossing ca 
finite area by the following scheme: The current crossing an 
element dS of the area is j„ dS, since only thc^ component of j 
normal to dS contributes to the charge c.rossing this ania. The 
total current is then the sum of the contributions from all the 
elements of the area under consideration. Thus we have 
(Fig. 22) 

i — JjndS = Jj cos d dS (3) 

area 

In the electrostatic system of units, the unit of current is 1 
statcoulomb/sec. and is called a statampere. The unit of current 
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density is thus 1 statampere/cm.^ In the m.k.s. system the unit 
current of 1 coulomb/sec. is called 1 ampere and the corresponding 
unit of current density is 1 ampere per square meter. 

18. The Steady State : Equation of Continuity. — Consider a 
conducting medium in which electric current is flowing, and let 
us imagine that at each point we construct the vector j. The 
totality of such vectors forms a vector field of flow just as in 
the case of flow of fluids. One can construct “lines of flow” 
which give the direction of the current at each point of space and 
also tubes of flow just as in the hydrodynamical case. In this 
chapter we restrict our attention to the case of the steady or 
stationary state in which the pattern of lines of flow stays fixed. 
The current density maintains a definite value at each point 
of the medium although it may vary from point to point. In 


^ 2 - 



the applications with which we shall concern ourselves, we will 
have to do largely with the flow of currents in metallic wires. 
In this case we have a bundle of stream lines within the wire 
(the current flomng along the length of the wire) which we con- 
sider to form a single tube of flow. 

The law of conservation of electric charge places a definite 
restriction on the pattern of flow lines, and this is called the 
equation of continuity. We shall derive this law for the steady 
state. Consider a single tube of flow, as shown in Fig. 23, and 
let the cross sections at points Pi and P 2 normal to the direction 
of current flow be A\ and A 2 , as shown. We shall assume that 
the current density j is constant at all points of either area. 
This involves no loss of generality, since we can make these areas 
as small as we please. In the steady state, the charge entering 
the volume of the tube between the areas Ai and A 2 across A-i 
per unit time must be just equal to the charge leaving per unit 
time across A 2 . Otheirwise the charge in this volume would 
keep increasing (or decreasing) indefinitely, contradicting the 
assumption of a steady state. From the law of conservation of 
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charge we know that no n(‘t ('luirg(' <*n.n 1 h‘ civaii^il or doHiroyod 
inside this volume. 

The current across d i is u 1M(|. (:?)|, niul a, cross da 

itis ^2 == ^0 that ilu' eciuation of (U)nliimity iak(\s ilu'. forni 

U /:i 

or 

jiA I ;/h.T> 

where 1 and 2 refer to ariy \)ii\v of ])oinl,s on {lu‘ lul)(‘ of flo^v, 
This equation may readily be (‘xUmdcMl to (h<‘ (uis{' where a 
tube of flow branches into two or mon^ tulxss of How, as in the case 
of linear metallic circuits wheuv. .more: thaii two wir(‘s con- 



nected at a single point (a so-called branch point). Iti l^dg. 24 
we show the case oi three conductors (H)nn(‘ct{ai at a. bra^mdi point 
P. Choosing areas A\, Ao, and yl,^ as shown, oiU‘< finds easily 
that the equation of continuity becomes 

== iz + '^3 

or 

jiAi — ^2^2 +yVl3 (5) 

The extension to the case of more than threes condiudjors nKHding 
at a point is obvious. 

The law of conservation of charge requires that, in the st(^ady 
state, the lines of current flow (and hence tlu^ tnlxvs of (low) 
form closed curves and cannot start or stop anywluun in the 
medium where current is flowing. This fact can be easily 
ormu ate mathematically to give a somewhat more general 
orm 0 the equation of continuity than we have written. Con- 
er any closed surface. From the above wc see that there can 
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be no net current entering or leaving the volume enclosed by 
this surface, and hence we can write 

= 0 (6) 

closed 

surface 

This is the general form for the equation of continuity for the 
steady state. Equations (4) and (5) can be obtained immedi- 
ately by applying Eq. (6) to the particular cases described by 
them. 

19. Sources of E.m.f. — Thus far we have considered only the 
geometrical description of the flow of electric currents, and now 
we must investigate the methods by which such flow can be set 
up and maintained. Let us start with the simplest case of a 
single metallic wire. If we maintain a constant difference of 
potential between the ends of the wire, it is found that a steady 
state is established in which a constant current flows in the wire 
and a steady evolution of heat is observed. This generation of 
heat corresponds to a continual dissipation of energy, and this 
energy must be supplied by the device which maintains the differ- / 
ence of potential between the ends of the wire. Any device which 
maintains a definite difference of potential between two points, 
which we call the terminals, shall be called a seat of electromotive 
force. If a wii*e is connected between the terminals of a seat of 
e.m.f., a steady current will be set up and a definite potential 
difference will be maintained between the terminals. This 
potential difference will in general be different for different cur- 
rents, but in any given case it will be constant, and the seat of 
e.m.f. vdll continually supply energy to the electrical circuit 
thus formed, forcing charge internally from its low potential 
to its high potential terminal. One important characteristic of 
steady currents must be always kept in mind: Although the charges 
are not at rest in the system, there is a static distribution of potential 
and of electric field which is maintained by the seat of e.m.f. 

Let us examine the situation in the case of a typical seat 
of e.m.f., a battery. First, let us suppose that we have a charged 
parallel-plate condenser with the plates made of copper. If 
the charged plates are dipped into a dilute sulphuric acid solution 
(a conducting medium), the electric field between the plates 
sets the charged ions in the solution into motion; a current 
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flows discharging the condenser. When ('(jnilibriuiu is reached, 
the plates are at the same pottuitial. \V(‘r(‘ \v(' to ixu-form the 
above experiment with the coiuhMisc'r initially unehai-ged, nothing 
would happen when the plates wwi' dippcal into the solution. 

If we substitute a zinc plate for one. of t in' eopp<'r plate's and dip 
the uncharged condenser into the sulphiirie aedd .solution, we find 
the surprising result that a dith'rt'nec' of pott'ut ial a,p{)ears and 
is maintained between the platc'S, the coppc'r Ix'ing at a higher 
potential than the zinc. Tlu', (dectric fu'ld in.si<i(' this so-called 
cell tends to send current from tlun c.oppr'r to t lu' ziiu^ and destroy 
the difference of potential. Sinei^, howc'vc'r, t his dot's not occur, 
we must assume the existence of fore.es insidt' tht' ct'll which are 
J not due to the electric flield and which wt^ shah dtuiot.e as non- 
electrical or chemical forces. In etiuilibriuin, tlu'n, tlu^ chemical 
force tending to drive an ion from ont^ platt' to tlu^ other is just 
equal and opposite to the force on thc^ ion dut' to tht'. ju'tvsencc 
of the electric field. If wo imagint^ tluit wt^ wt'rt' to move an 
ion inside the cell from the negative platt'. t.o tlu^ pt)sitiv('. plate, 
the work done by the electric field must bt^ just, tupial and 
opposite to the work done by the chemic.a.1 ft>rtx's. ddius the 
work done per unit charge by the chemitail ft)rc.('s in t.ht'. above 
motion is just equal to tht'. pt)t(intial ^liffer(Ulct^ btdAveen the 
terminals (this is only true on oi>on circaiit, i.e., vvht'n no current 
is being sent around a circuit containing the ct'll) anti is called 
the electromotive force of the cell. It is in this manner that 
we can utilize the idea of electromotive fort!t> tt> moasurt^ the work 
per unit charge done by nonelectrical forctss which must act in 
any seat of e.m.f. 

There is another method of describing tht'. al)ovt'. situation 
which is often employed, in which one ustvs tlu^ ttu-minology 
e.m.f. to denote the work done per unit tdiargt^ by both non- 
electrical and electrical forces on a charge tjari’icKl around a 
closed path, part of which lies inside the scat of e.m.f. Although 
there is no essential difference between the two modes of descrip- 
tion, it often causes confusion. Let us imagine that we have a 
cell on open circuit and that we carry a charge around a closed 
path, as shown in Fig. 25. The work done per unit charge in 
the part of the closed path AB external to the cell is just V ad, 
the difference of potential between the plates. Inside the cell 
we have equal and opposite electrical and nonelectrical forces. 
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so that the net work done by all the forces for the path BA inside 
the cell is zero. In either mode of description we have the 
fundamental result that the electromotive force of a seat of e.m.f. is 
measured by the potential difference be- 
tween its terminals on open circuit. In 
symbols we write 


^ Closed pafh 


E = V, 


(open circuit) (7) 


/ 

t 

\ 


B 


Fig. 25. 


One more fundamental point must 
be insisted upon. Since we have a 
static electric field maintained by vir- 
tue of the action of the seat of e.m.f., we can still write the 
fundamental law of electrostatics for S(= — grad F) 


ds = 0 (8) 

closed 

path 

or, in words, the work done by the electrical forces per unit 
charge around any closed path must be zero. This is just another 
way of stating that the field is conservative and that a potential 
exists. 

20. Ohm’s Law for Linear Conductors. — ^Let us return to the 
case of a simple series circuit, a single metallic wire of uniform 
cross section connected to the terminals of a seat of e.m.f. Since 
a constant potential difference is maintained between the ends of 
the wire, there must be an electrostatic field within the wire. 
Under the influence of this field a steady unidirectional current i 
is maintained. If we change the potential difference between 
the ends of the conductor, the steady current also changes, and 
it turns out that the ratio of potential difference to current is 
constant, independent of the current, provided the temperature 
of the conductor is maintained at a constant value. This is 
the essence of Ohm’s law. Denoting the potential difference by 
Vab, a and 6 referring to the ends of the wire, then Ohm’s law 
states that 

Vnh 

= constant (9) 

This constant ratio is called the electrical resistance of the con- 
ductor for this type of current flow. Note that Ohm’s law is a 
statement of the behavior of conducting bodies and in this sense 
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should be looked upon as d(\s(n‘ibinf^ a. propiai y of niattcu- rather 
than as a fundamental cleetrieal prineiph'. If we denote this 
constant resistance by Mq. (6) Ix'fonies 


V 

I 


nb 


H 


nh 


(10) 


The unit of resistance in e.s.u. is 1 st.atvolt/staitimp(‘ve and is 
called a statohni. In the m.k.s. sysitan t lu' unit n'sistanco is 
1 volt/amp. and is called 1 oh.vt,. Ohm’s htw ns ('xpn'ssed by 
Eq. (9) or (10) holds for any portion of a. linear (arnductor, 
a and b then referring to any two c.ross sradions of l.lu^ uniform 
wire. For a homogeneous straiglit win^ of uniform cross s(H!tion, 
the equipotcntial surfaces arc", cross-serd.iona.! a,r(‘a,s of the wire 
normal to the direction of tlui liiu^s of curix'nl, flow, and the 
electric field inside the wire is uniform a.nd direrdial along the 
lines of flow. We return to this point in t lu^ lU'xt. siadion. 

Since heat is evolved as long as current, Hows, we t.hink of 
P the expression iJiub as tlu^ work dom^ per unit 

(3 charge on the moving (dnu‘g(\s by fore.r^s which 

^ I have the natrm^ of fric.t.ion fonuis and arc^ direct- 

ed opposite to tlu', (linxition of tlu^ current. 
Thus we can intc'.rpnd, tlu^ ('.xprc'ssion iRai, as 
'-AAAAA/VV-* the work done per unit charge' againM t,h(^ resist- 
Fig^'^o ance forces in moving <duirg(\s from a and b, and 

it is often called the iR drop along t.ln^ wire. 

A schematic diagram of a simple series circuiit is shown in 
Fig. 26. Let the e.m.f. of the battery bc^ E and hd. us suppose 
that the internal resistance of the batt(;ry (tdn^ n^sistance of 
the path carrying current betwecin thc^ tcnnninals) is so small 
compared to the resistance R of the wire that w(^ can m^glect it. 
The current i flows in the external circuit from the positive 
to the negative terminal. Let us calculatci the work (k)n(i by the 
electric field in moving a charge completely around thci (dosed 
circuit. From Eq. (8) this must bo zero. Thus we have 

Fab + F6a = 0 (11) 

(external) (internal) 

where the first term is taken along the external circuit and the 
second inside the seat of e.m.f. From Eq. (10) the first term 
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is iR and from Eq. (7) we see that the second term xb —E (using 
the facts that inside the cell 

Via = Vi - Va= -(Va- Vi) = - Vai 

and that there is no internal resistance). Thus Eq. (11) becomes 

iR — E = 0 


or 

E = iR (12) 

Now let us drop the restriction of no internal resistance, and let 
us assume that there is an ohmic resistance Rb between the ter- 
minals of the battery. When a current flows through a battery, 
the e.m.f. no longer equals the potential difference between its 
terminals. If current flows inside the battery from the nega- 
tive to the positive terminal (the case of Fig. 22), then some 
of the work done per unit charge by the nonelectrical forces 
in driving charge through the battery is used in overcoming 
the friction forces (ohmic resistance), and the remaining work 
is available to do work against the electrical forces. Thus the 
potential difference between the terminals is less than that on 
open circuit, and we have 

Vai = E - iRs ' (13) 

The terminal potential difference is thus the e.m.f. minus the 
iR drop through the battery. 

If current is forced through the battery from the positive 
to the negative terminal (this can only be done with the help 
of additional seats of e.m.f.), then the electric forces inside 
the battery must be larger than the chemical forces. Indeed 
the work done by the electrical field in moving a charge in this 
manner between the terminals must be equal and opposite to 
the sum of the works done by the chemical and friction forces 
acting on the charge. Expressing this per unit charge, we have 
in contrast to Eq. (13) 

V ai = E iRs (14) 

Equation (14) holds, for example, in the case of the charging of a 
storage battery, whereas Eq. (13) holds when the same battery 
is discharging. 
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Equation (12) is no longor corvoct for t,lu* <*ircuii, of Fig. 22 
when the internal resistance R„ is inc.ludetl, l)uf. E(i. (11) is of 
course still valid. The second tcinn in Eci. (11), referring to 
the portion of the path inside the battery, is again 

Via = = -E + m„ 

using Eq. (13). The first term, is ilt, so that we obtain 

iR - E iR„ = 0 
or 

E = i{R + H,;) (15) 

as the relation between e.m.f., current, and resistances which 
is to replace Eq. (12). Note that Eqs. (12) and (15) become 
identical when Rb — 0. We see from tlu': forc^going (example that 
Ohm's law in the form of Eq. (10) holds only for a portion of 
circuit in which there are no seats of (Mn.f. 

Equation (15) no longer contains any term nderring to the work 
done by purely electrostatic forces. This is diu' to the fact 
that it refers to work done in a cloned path, and a.cc:ording to 
Eq. (8) the electrostatic forces yield no contribution. The 
electromotive force of the battery (E), whi(d). is i.he work done 
per unit charge in moving a charge through the (udl, is equal to 
the work done per unit charge against the dissipative forces in 
the conducting path. 

Resistances in Series and in Parallel . — Ijot us suppose we have 
a number n of resistances connected in scries as shown in Fig. 27. 



Fio. 27. 


From the equation of continuity we see that tluj current flowing 
in any resistance is the same as that in any other. 'Thus we have 
a common current t in a series circuit. If tlui pot{mtial drops 
across the individual resistances are Fi, Fa, • - ■ , F„, Ohm's 
law sdelds 

Fi = iR^] Fa = iR^-, ' - • ; F„ = iRn 

and, since the potential difference F„6 between the outside ter- 
minals a and 6 is equal to the sum of the potential differences 
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across the individual resistances, there follows 

F.6 = + Fs + • ■ • + = i{Rx Rn) 

Thus the series combination of resistances behaves just like a 
single resistance R, where 

R = Rx + R 2 + ■ ■ ■ Rn (16) 

If the resistances are connected in 
parallel, we have the arrangement 
shown in Fig. 28. If a constant poten- 
tial difference Vab is maintained be- 
tween terminals ah, the potential 
difference between the ends of any one 
of the resistances is equal to Vab by 
\’irtue of the connection. From Ohm’s law 



lb 

Fig. 28. 


or 


"F ab “■ — — 't^R^ “ * - • 




in 


Vab 



The equation ■ of continuity requires that the total current i 
entering at a be equal to the sum of the currents ii • ■ ■ in- 

i = + «2 + ■ ■ ■ in = ^ + • ■ ■ 4- 

Thus the parallel combination of resistances behaves as a single; 
resistance R, where 


J: = I 3:: |_ . . . _j L 

R Rx^ Rz^ ^ Rn 


(17) 


This shows that the equivalent resistance of a parallel com- 
bination is always smaller than the smallest resistance in the 
combination. 


Examples 

1. Two batteries of e.m.fs. 6 and 8 volts are connected in series as shown 
in Fig. 29, and a parallel-series combination of resistances is connected to 
the battery terminals as shown. The internal resistance of the 6-volt battery 
is 0.4 ohm and that of the 8-volt battery is 0.6 ohm. Required are the 
currents flowing through the individual resistances, and the potential 
differences between the battery terminals. 



Wr 


■ -lAV; 

■Ijet the etirreaf.s he ? ^ i • 

* - *i -I- /, 


^('HAp. ly 


"oiTniuon]!'™///'';"'' 



1 I I 


^ + 7 .’, 



so that 


6+8 


('•'5) l,c,-,>n>rs ^‘once Eq, 

or 

'/ =--4: + A ^2 

„ ++■ 4 : 74 

J'or /i' «•„ l,,„,, 

‘ I I r 

"^“jo+.r 5 - + 

A -= 2 < 7 hniH 


14 


rr, - 2 + 4 ^ Q_^ ^ - .. __ 2 ,,,,j,p 

<“in \vrit<‘ 

the potential dr''"‘ 

*0P^«t.e„n point. „„„„„ 

1' ^ ^ 2^5 I 

TWs, together With the ^ ^ 

o' oohtinnit,, f - 2 - . a 

rr, = 0.4 amn - ■ ' ' + *2, gives 

To find the potential ^ ' Td axnp. 

1^6 = ~ ^ Tor the 6- volt battery 

and for the other ' 2 X 0.4 = 5.2 

^ 0.6 = 6.8 volts 
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This problem may also be solved by applying Eq. (8) which may be stated 
in words as follows; The algebraic sum of the potential drops around any 
closed loop is zero. In applying this rule, the potential drops iR are positive 
if one moves in the direction of current flow, and potential rises are treated 
as negative potential drops. The student should work the above problem 
by this method. We shall return to a detailed consideration of this scheme 
in a later section. 

2. As a second example, let us consider the problem of determining the 
value of a resistance by the so-called ammeter- voltmeter method. For our 
purposes it is only necessary to state that an ammeter connected in a circuit 
reads the current flowing through it and acts only as a small resistance. 
The voltmeter is a similar instrument which, when connected between any 
two points of a circuit, reads the potential difference between these points. 
For reasons which will become evident from our problem, voltmeters have 
relatively high resistances. 

One possible method of connection 
a and b are maintained at a definite 
potential difference Vat by some sort 
of battery or d.c. generator. The 
voltmeter of resistance Rv is connect- 
ed directly across the terminals of the 
unknown resistance 22, and the am- 
meter A is connected in series with the 
combination. Let the currents flow- 
ing through ammeter, resistance, and 
voltmeter be i, ir and ivj respectively, 
as shown. The reading of the am- 
meter gives ij that of the voltmeter gives F 12 , the potential drop across the 
resistor; and let us suppose that Rv is known. 

At the branch point 1 we have 


is shown in Fig. 30, The teriniiials 





and from Ohm’s law 


i = ir + iv 


or 


'Yx2 ir'Rf — %vR>v 


SO that 




from which R may be readily found. 

If we write the above equation in the form 


R = 



( 18 ) 
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we see that, if tiui vol(.me(,er rt'KisiniH'O /»%. is vf'r.v larfic eoiupanHl to the 
unknown resistaiuje R, one nuiy obtain the vahu' of R very lu'arly i).V writing 
Vis/i. If, however, R,. is not la.rfj;('. eonipan'd to /i’, one nmst use the com- 

plete fortiHila, and thus eorre.et for the 
presenei' of t lu' nu'asuriJiK inst.rument. 

()n<* rnifjild suppos(> t.lia,t. the difficulty 
niigiit Ih‘ avoided i>y <'onnee.f.ing the 
ehunents as shown in Fig. 31. This 
does not. eliininaU' t lu' (list urbing effect 
of Mu> instruments. Let t.he (iurrent 
t.hrough the nssislsuiee R and ammeter 
be i a.s shown jind ( Ih' a.ninu't(^r resist- 
a.ne.(' la* ''riu^ volt nHd('r reading is 

just V„i., .simu^ its b'rtninaLs n.re eonnect- 
ed to the points a and b. Since tlu* potential drop a.(u-o.s.s ammeter and 
resistance in series is also Vah, we hav(i from Ohm’s law 

Vah = i{R + Ra) 
or 




(19) 


as the correct formula for R, requiring a knowledges of l.lu* amm<i(.<ir nwistancc. 
If we write this relation in the form 


R 



we see that again an approximate value of R may be obtairu'd from Vah/i 
provided Ra R. Ammeters arc consti'uctod so ns to ba.ve very small 
resistances in order that instrument corrections ma.y be n(*gh((*.t(Hl in most 
practical work. 

21, Resistivity and Conductivity; Ohm’s Law for Extended 
Media. In order to extend the considerations of the Iasi, section 
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faces is proportional to the length I and inversely proportional to 
the cross section A. Writing this as an equation, we have 



1 J_ 
cr A 


( 20 ) 


where the proportionality constants p and cr are known as the 
resistivity and conductivity of the material of which the conductor 
is composed, and obviously we have p = 1/cr. 

The unit of resistivity in the electrostatic system of units 
is 1 statohm-cm., and the student can easily show that this is 
equal to 1 sec., so that the dimensions of resistivity in e.s.u. 
are those of time. In the m.k.s. system the unit resistivity is, 
strictly speaking, 1 ohm-meter. In engineering practice, how-' 
ever, there has grown a custom of specifying resistivity as “ohms 
per mil-foot,” and this needs explanation. This mixed unit has 
come from the practice of specifying the lengths of wires in feet 
and the cross section in so-called “circular mils.” One mil is 
Y do T f inch and 1 circular mil is the area of a circle of diameter 
equal to 1 mil. Thus the cross-sectional area of a wire of diam- 
eter d mils is equal to circular mils. In using the “ohm per 
mil-foot” unit of resistivity, one must be careful in employing 
Eq. (20) to specify Z in feet and A in circular mils to obtain the 
resistance R in ohms. 

The resistivity of copper is about 10 “ohms per mil-foot,” 
2 X 10~® ohm-meter, or about 2 X 10~^® e.s.u. In changing 
from one system of units to another a convenient relation to 
remember is 1 statohm = 9 X 10^^ ohms. The resistivity of a 
metal varies markedly with temperature, increasing with increas- 
ing temperature. For moderate temperature ranges the resis- 
tivity can be represented by a linear function of temperature 
(in a manner exactly like the expansion of a solid) 

P = po(l “b aZ) (21) 

where a., the temperature coefficient of resistivity (referred to 
0°C.), is of the order of magnitude of 0.5 per cent per degree 
centigrade for ordinary metals, po is the resistivity at 0°C. 

Returning to our original problem, we now apply Ohm’s law to 
an infinitesimal volume element inside a conducting medium. 
At an arbitrary point O we construct the tiny cube dx dy dz, as 
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shown in Fig. 33. If there is no scat of c.m.f. at the })oint where 
the volume element is located, Ohm’s law in tlu^ form of Eq. (10) 
yields 

Fs„o — Yx^dx = —dV — iR (22) 


where —dV is the negative incrc^ase (the drop) in potential 
between the left- and right-hand faces of tlu', volunu^ ('l(mient, 

i is the c.nrnmt flowing normally 
to the faces d.y dz, and R is the 
resistance between th(;s(i faces. 
From Eq. (3) wc; have i — jx dy dz, 

(Ht 

and from J^q. (20) Ji — — j— r- 

cr ay dz 

Substituting these values in Eq. 
(22), there follows 

dx 

V dy dz 

Now —{dV/dx) = €x, the nega- 
tive x-component of the gradient of the potential, so that 



—dV =jxdydz- 


’ dx 



or 

jx — cr6x (23) 

In words, the a:-component of the current density at a point of 
a conducting medium is equal to the conductivity of the medium 
times the a;-component of the intensity of the field at that 
point. It is clear that Eq. (23) holds for any component (x, y, 
or 2 ), and hence, if the medium is isotropic, we can write a single 
vector equation 


j = <Te (24) 

This is Ohm’s law in a form which holds at each point of the 
medium. Equation (24) implies that, for isotropic media obey- 
ing Ohm’s law, the direction of current flow (for steady currents) 
coincides with the direction of the electric field intensity at 
every point. Thus the lines of current flow coincide with the 
lines of electric intensity and are perpendicular to the equi- 
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potential surfaces. This is by no means an evident fact as one 
can see by considering the steady flow of current between 
two electrodes in vacuum where the current is carried by moving- 
electrons. Here the electrons obey Newton’s laws of motion. 
In general the motion of a body is not in the direction of the 
resultant force acting on it. If the lines of 6 are not straight 
lines, then the electron trajectories will certainly not coincide 
with the lines of 6. 

22. Eurchlioff’s Rules. — Problems involving the steady flow of 
currents (direct currents) in networks of linear conductors can 
be solved by a straightforv/ard application of the methods devel- 
oped in Secs. 18 to 20, but in complex cases it is convenient to 



follow a systematic procedure which is embodied in Kirchhoff’s 
rules. At the outset we wish to emphasize the fact that these 
rules provide no new principle beyond those already presented. 
By a network one means a system of linear conductors and seats 
of e.m.f. interconnected in some arbitrary fashion. A typical 
network is shown in Fig. 34. In this network there are four 
branch points labeled ©, ®, ®, and ®. Kirchhoff’s first rule 
states: At any branch point the sum of the currents entering equals 
the sum of the currents leaving the junction. This is simply a 
statement of the equation of continuity as we have formulated 

It in Eqs. (4) and (5). For example, at branch point © we have 
the equation 

ii = ii is 

If there are n branch points, there will be n - 1 independent 
current relations of the type given abo\ f. 
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Kirchhoff’s second rule is a statement of the content of Eq. 
(8). The sum of the potential drops arownd. any dosed loop of the 
network equals zero. In applying this rule onci must remember 
that the potential drop across a resistance is positive', if one 
moves in the direction of current flow and that potcuitial rises 
are to be handled as negative drops of potent, ial. Thus in the 
case of the network of Fig. 34, if we apply this rule to the loop 
(or mesh) containing Ei, Ri, R^, Rji, and /is, wo have (starting 
at point 0 and proceeding clockwise) 


—El + Riii + Rzi'z + RiU + RhU = 0 


The directions of the currents in the various branches are 
assumed, and negative answers for the currents indicate that the 
corresponding directions must be reversed. In applying Kirch- 
hoff’s rules it is necessary to write down a number of independent 
equations equal to the number of unknowns. It i,s a common 
failing to formulate a perfectly correct equation which may be 
obtained, let us say, by adding two equations already formulated. 
Clearly this yields no more information than the fiivst two, and 
it becomes necessary to adopt a systematic mode of procc^dure. 
We can describe this best by an example. In Fig. 34 there are 
four branch points and the equation of continuity demands 
that 

® fi = i% + fs 

(5) iz ”h *3 = iit 

® ii = fs + fc 

0 ii + ie = ii 

The last equation is not independent of the preceding three, 
and in fact one can obtain it by adding the first three equations. 
Thus there are three independent current relations. Since 
there are six unknown currents (assuming that the E’b and R’s 
are known), we need three more equations to effect a solution. 
Let us start with the mesh equation already written 



—El -f- Riii ■+■ Rsii + Rdi + Rd^ = 0 (26) 

If now we choose a second closed path not containing Ei, for 
example, then we are sure that the resulting equation will be 
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independent of Eq. (26). Thus in the mesh containing R 2 , 
and Rz, we have 

—E 2 ”t“ izRs — “ 6 (27) 

Finally the mesh containing Ez^ R^, and Rz contains neither 
El nor Eo ; hence the equation relating to it must be independent 
of the two already written. There follows 

izRz - Ez- i,R, - 0 (28) 

This completes the task of finding three independent loop equa- 
tions and illustrates the procedure to be followed. Any other 
equation, as for example the one obtained by proceeding through 
El, Ri, R 2 , R 4 , Rqj Ez, and back to Ei, yields 


— El d” iiRi "k i^R^ "d” ^*4-R4 H” ieRz — Ez = 0 

and this is simply the sum of Eqs. (26) and (28). 

Examples 

1. Consider the network of Fig. 35 with Ei ^ 6 volts, E 2 = 12 volts, 
Bi = 10 ohms, i ?2 = 20 ohms, and 
= 8 ohms. Required are the cur- 
rents in each resistance. Let the cur- 
rents be as showm in the figure. Since 
there are but two branch points a and 
bj there is only one current relation, 
namely, 

ix = 12 + is (29) 

and we need two mesh equations. 

Consider the mesh cdabc. The second 
Kirchhoff rule yields 

— El -j- Riii nh izRz = 0 (30) 

and for the mesh aefha (not containing Ei) we obtain 

^ 2^2 — E 2 — isRz = 0 (31) 

Substituting for ii in Eq. (30) its value from Eq. (29) there follows: 


- I + 






^3 

_/S//vVWWWV- 


E2 




-AWWWV- 

^“2 : : 


Fig. 35. 


—El “h Rii2 + (Ri + Rs)i3 = 0 

and inserting numerical values into this equation and Eq. (31) we obtain 
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20^2 “ 82a = 12 


and 

1 02*2 “f" 1 S^a = (> 

from which one obtains readily 2*3 = 0;?^J = 0.() amp. a,n(l llms 2 i = 0.6 amp. 
In this case no current flows througli and points a jind b an' a.t fJu* .same 
potential. 

2. The Wheatstone Bridge. — The Whoatston<' is a, md-work utilized 

to measure resistances and is shown in Fig. 36 . M a.iul N ar(^ fixed resist- 
ances, P a variable resistance, and X the iiidcnown. t/ r(‘pr{‘S(uits the 
resistance of a galvanometer and Rn is the intermil resistaiiei' of tlui battery 
of e.m.f. E. Let the currents be as shown. Tlir(‘.e iiul(‘p('ii<lent. current 
relations are 


i = im + ip (branc.h point a) (32) 

im = in + io (branc-h poinl, h) (33) 

ip + ig — ix (branc.h point d) (34) 

and three independent mesh equations arc 

Mim + Nin + iRB ■— E = 0 (mesh abcen) (35) 

Mini + Nin — Xix — Pip = 0 (mesh abeda) (36; 

Mim + Gif, — Pip = 0 (mesli ahda) (37) 


The solution of these six equations yields the curnmt i„ t.hrougli iJio galva- 
nometer. The bridge is said to bo in balance when tlu^ galva^iomctcr 

current i„ is zkwo. Umhu’ these con- 
ditions we hav('- [F(is. (33) and (34)] 

im in 

and 

ip = ix ^ 

so that Eqs. (35) to (37) bcajiome 

(M + N)im + iRa - E = 0 
(M + N)im - (X + P)ip = 0 
Mim Pip "0 

Dividing the second of those equa- 
tions by the third, one gets 

M + N __ X +P N X 

M ~ p ’ ^ +M =p + 1 

or 



X JV N 

P M’ ^ ~ ^ M 


con(^tion which must be satisfied to balance a Wheat- 

bv of X to M this may always be accomplished 

by adjusting P and hence obtaining the value of X. 
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23. Joule’s Law; Power in D.C. Circuits. — ^Let us consider any 
d.c. network S, and let a and 6 represent the terminals of the 
system across which a definite potential difference Vab ia main- 
tained by an external seat of e.m.f. Let 
the steady current flowing into and out of ^ 
the system be i (Fig. 37). No detailed 
knowledge is assumed about the system. 

Since, by definition, Vab = Va — Vb is 
the work done per unit charge (the drop b 
in potential) in moving a charge from a 
to h and since the charge transported per 
unit time from a to & is z, it follows that the work done per unit 
time on S (the power absorbed by the system S) is given by 

-P = • i (39) 

This is the general expression for the power input to a d.c. systcun 
when a current i is supplied to it and a potential difference Vai is 
maintained across its terminals. Power in the olcctrostati(! 
system of units is measured in ergs per second and in the m.k.s. 
system in joules per second = watts. (1 watt = 1 volt-amporc.) 

Just what happens to the energy absorbed by the system S does 
depend on the make-up of the system. Let us examine sonu^ 
typical cases. Suppose the system 8 consists solely of a resist- 
ance R obeying Ohm’s law. In this case Eq. (39) can be extended 



P — Vab' i = Ri^ (40) 

since by Oiim’s law Vab = Rt. The term i^R is the rate at which 
heat ts evolved in the resistance, and the statement that the rate; 

r~~ 1 heating of a conductor is equal 

a • J i [♦AAAA/WWw 1 j to P'R is known as Joule’s law. As 

i I the above, it is totally 

I \ equivalent to Ohm’s law. The 

^ . i i I I equality between power input 1o 

I I ^ system and the rate of heating 

Fig. valid only if there arc no seats 

of e.m.f. in the system which ac(. 
as sources of, or as sinks for, energy. To illustrate this k^t 
us suppose that system 8 consists of a resistance and a Htokig(' 
battery which is being charged (Fig. 38). Let E bo the e.ni.f. 
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of the battery and R ih(^ scric's resist anec (ineludiii.i-- tlu' internal 
resistance of the bati.ery). Var this circuit \vc have, applying 
Kirchhoff’s rules 

iR + R -- r..6 ■ 0 

or 

b - R 4 - I'R 

so that the power input to this system is 

P - / - Rf f- PR (41) 

We see that only a fraction of t lu* input power into lu'atand 
the remaining tciriu Ri r(^pr<‘S(‘nts tin* j>o\ver absorbed by tha 
battery which continually st.ores up chemical <‘nergy (the process 
of charging). Let us exaniiiu^ this t(*rm more closely. Tb 
e.m.f. of the battery R was d(din<'<l a,s t.lu* work done in/ t lu* chemi- 
cal forces per unit c.hargx^ in moving a, cha!'g<* from tlm plate 
of lower to that of higlun* p<)t.(‘nli!d inside ilie battt‘ry. In 
the above case in which the (nirr<*nt. is forced to flou’ from high to 
low potential terminal inside, the ba.tl(‘ry, work is dotu* by tho 
external source against thc^s<‘. (du‘mica.l forces, sn t hat Ri (tlu^ rate, 
of doing work) is tlu^ pow(u' al)s<>rh('<l by tlu* ba(t<*ry. W<‘r(* tho 
battery discharging, tlum tlu*. expn'ssion Ri is tlu* pow<‘r (h'livc'Wid 
by a battery to tho circuit of whi<*h it is a part. To clarify this 
statement, consider a sim})l(i s(*ri<*s cir<*ui( of a batt<*ry of ('.m.f. ■ 
E, internal resistance Ru ami cvxt.ernn.l n'sistauce R. h'or su<4i a 
circuit we have 

R - iR ■+ iR„ 

and multiplying by i, 

Ei = PR + PRu (42) 

The term PR is the rate of heating in the external resistance; 
PRb is the rate of heating inside tlu) bat t<*ry, so t ha.t Ri u'pn'scntH 
the total power developed by tlu^ ])al t(*ry. d’o be sun* only a 
fraction {PR) is delivered to the cinniit external to llu^ battery, 
but that is of no import in this argum(*nt . 

Returning to Eq. (41), which is oft(*n writttm in t lu* form 

(E„, - E)i = PR 

The term —E is called tho “back tdeudromotivt^ force” in the 
system 8, One often speak, s ot tlu^ lud. voltag<* a.va.ilablc for 
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maintaining a current i through the resistance R as the difference 
between the “applied” voltage Vab and the back e.m.f. E. This 
terminology is common in discussing motor action in which the 
rotating armature becomes a seat of “back” e.m.f. In such a 
case the term Ei represents the mechanical power developed 
by the motor. 

In passing we may point out that we might have logically made 
Joule’s law (rate of heating = i^R) the basis of our discussion of 
steady currents and derived Ohm’s law from it. Resistance 
would then have been defined by 

— power dissipated 

and for direct steady currents the two definitions are identical. 
In the case of alternating currents, which we shall encounter 
later, the two definitions cease to coincide. It is then usual to 
refer to resistance as defined by Eq. (43) as effective resistance 
(R^ii) in contrast to the d.c. or “ohmic” resistance. 

Problems 

1. Two cells of e.m.f. and internal resistance 2 volts, 0.2 ohm and 4 volts, 
0.4 ohm are connected in series and the combination is connected to form a 
simple series circuit with an external resistance of H.4 ohms. 

a. What is the ratio of currents for the two possible connections? 

b. What current flows in each case? 

2. Sixteen cells, each of e.m.f. E and internal resistance Rb, are con- 
nected in a series-parallel arrangement (s cells in series and p of these series 
combinations in parallel). The whole combination is connected in series 
with a single external resistance R = Rb- Prove that the maximum 
current which can be sent through the external resistance is four times the 
current which a single cell would send through it. How many cells are in 
series for this to happen? 

3. Given two batteries, one of e.m.f. 10 volts and internal resistance 
0.9 ohm, the other of e.m.f. 3 volts and internal resistance 0.4 ohm. 

How must these batteries be connected to give the largest possible 
current through a resistance jR, and what is this current for 

a. R = 0.3 ohm? 

b. R = 0.4 ohm? 

c. R = 0.5 ohm? 

4. A storage battery of e.m.f. 24.0 volts and internal resistance 0.5 ohm, 
is to be charged with a current of 10 amp. The battery in series with a 
resistance jR is connected to a 110- volt power line. 

a. Draw a diagram showing the proper connections and mark the 
polarities. 


(43) 
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6, WImt rewiHtaiKM^ A* is ihhmAmI? 

c. What is ih(^ p<>t<‘nt iai ;irr(»: ■'- tin* i*aft^‘ry ^^aafunals during tho 

charging process? 

6. Plow Iiirg(‘ n n‘Hisi.Hru’<‘ imisl he placed iu • htuit m pnrnlle!) witha 
resistance of 3,000 olinis i,o nalina* its resistaiua* lis An p^r ciud uf ilsorigliml 
value? 

6. A long uni form wire is eut. into n tapial iengflr; u Inch are tlnui umdto 
form an. n-strand (\nJ)l(u d'ho nssistanee uf Iht^ ealde i:, h\ What wuh tk 
resistance of th(^ oi’iginal wire? 

7. A uJiiforni droi) wire of total resistarn’e lyjnn tdtin . is eenncctcd io 
power mains wliic-h inniiitain ;i |)ot<’ntial ditTtaaaiee of 120 vnlts acroKH it 
A voltmeter coimect(*d Ixd.waam (»n«' eml of the dri>p wire am! its luid-jjoint 
reads 50 volts. Wluit is tiu‘ rc'sistanee of the voltnieter? 

8. A unit’orni dro]) win^ of 1,(100 ohms nvd.stanee is ecomradiai ntuuss a 
100-volt line a,ud a, voltnK'Uu^ of 500 olims internal resi-Uanee is used ta 
measure the poteni-iai dilTtuauua^ across a portion t)f the drop w in* of rasist- 
ance R, 

Make a plot of Mk^ voltiu(d.(U* nai.ding against /? for all pos: aide values of it 

9. A voltmeter is (umst ru<d(Mi of a galvanometer of 2.000 ohms rtssLshinri! 
and two resistance's of 2,000 aiul (>,000 ohms, as shown in h'ig. 50. Tim 
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6000^"’ 

aaaaww- 
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b c 

Fici. 30. 
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galvanometer gives full-Hcalc^ defhadion when a eurnud of 2.5 Tua,* flowH 
through it. What v()ltag<%s a.<*.rosvS (he* terminals uA, tn\ and tui will give, 
full-scale deflections? Woid<l (Jus inst.ruin<*nt .sinwe as a .‘•adt .a!>h* animct(*r? 
Explain. 


-(g)- 


10- An aiTiinctcr (a>nsists ol a.n 8-ohm galvanortu*! er and thre<* re'sistaiUM'H 
El, R^j and/^3, all coniuah.cal in ])a.rall(*l as .shown ifi Mg. 10. Hv [invuisofi 

swit.<‘h /?•>, Ahi, or A*v. ami R\u nar 
h<* (iiseomuad (sL A etirnud. <»[ 1 
ina.. through I h<* ga 1 vanom(*t(U' givri 
1 ull-.‘<<’ah‘ d<dle<U ion. 

Wha.t r(*sistan<M‘s must, la* us(hI i 
the amnn^ter Is to have dti”j 1- 
1 0-amp. s(*ah*s? 

Do th<* shunts ehatige th<* |)<U’cent 
A 1 it.C(Ujra(*y of the inst nuiumt? 

ii. A 10-ohm galvanometer with a 90-ohm resislama* perm/tnonili 
connected across its terminals is nsod as a galvanometer, 'rtm imstriimwi 
may be n^d with a choice of connect, ion.s ah, ac, ad, <n- nr. a.s hIiowi. it 
i^ig. 41. How should the 90-ohm resistance l,c diviihsl so that the .sensi 


J-WW/VVjAAMA^t^AAAVWVVjAAA^^ 

a b c d 

Fig. 41. 
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tivity (the reciprocal of the current causing full-scale reading) of the instru- 
ment should change by a factor of 10 for each successive connection db^ ac^ 
Qfdy and etc ? 

12. Calculate the resistance of a seven-strand copper cable 2 miles long, 
each strand being of circular cross section and diameter 0.020 in. The 
resistivity of copper is 10.4 ohms ^'per mil-foot/’ 

13. A cylindrical rod of copper of diameter 0.2 in. is drawn into a wire 
of 10 mils diameter. The resistance of the rod is 0.001 ohm. Calculate the 
resistance of the wire, assuming that the drawing has no effect on the resistiv- 
ity of the copper. 

14 . A cable consists of a central core of steel wire 500 mils in diameter 
surrounded by a tightly fitting sheath of copper 0.10 in. thick. Calculate 
the resistance of 1 mile of this cable. What fraction of the current carried 
in the cable is in the copper? The resistivities of copper and steel on the 
mil-foot basis are 10.4 and 90 ohms, respectively. 

16 . How constant must the temperature of a coil of wire be maintained if 
its resistance is to be constant within 0.1 per cent? The temperature 
coefficient of resistivity of the metal is 0.004 per degree centigrade. 

16 . The resistivity of platinum at 0°C. is 54.0 ohms ^per mil-foot.^^ 
Calculate its conductivity in e.s.u. and in the m.k.s. system at O^^C. and at 
20'^C. The temperature coefficient of resistance of platinum is 0.00354 per 
degree centigrade. 

17 . The electrodes of a cell consist of a metal rod 5 cm. in diameter and a 
coaxial hollow cylinder of inside diameter 25 cm. The electrodes stand on a 
glass plate in an electrolyte (a conducting solution) which is 20 cm. deep 
over the glass plate. A current of 5 amp. flows through the cell. Calculate 
the current density at the surface of each electrode and at any point in the 
solution. 

18 . The conducting solution in Prob. 17 has a resistivity of 4.8 X lO'"^ 
ohm-meter (m.k.s.). What is the internal resistance of the cell? 

Hint; This problem is analogous to the problem of steady heat flow 
between coaxial cylindrical surfaces. 

19 . A current i flows steadily between two concentric spherical electrodes 
(the spherical condenser), the radius of the inner electrode being ri and that 
of the surrounding spherical surface being ro. 

The medium between the spheres has a con-' ^ Ei=2'^ 

ductivity cr. 

a. Derive an expression for the current 
density in terms of i at any point between the 
electrodes. 

b. Derive an expression for the resistance 
between the electrodes. 

20 . Using Eqs. (32) to (37) of Chap. IV, 

derive an expression for the galvanometer cur- 
rent ig when the Wheatstone bridge is not Fig. 42. 

balanced. 

21. In the network shown in Fig. 42 find the currents in the three resist- 
ances. The battery resistances are included in the values of iSi and R^- 
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22. If tho 4-V()U baf icry is ivv.tmmI in Pn-b. 21, b.ui shr c.im.nt^ i.. 
Ra, and Rs. 

23. The awoinpatiyinK diiinnuu U' lin ita! 


Ei>Rb, 



ljWWWW\AAAAA/YWWW^AMAA^ 

ip 


ir*', u 

thr \\ irv niu:;l I ho otii 

h(* iiK^votl in tuuinr iha Vii- 

^ tk 

pnlrntial dilTormor hotwoou tk 
^ points /' and tj w hon tho nhovd 
a<ljnstinont is ma<h*? 

24. In thr (’irruit of Kip;. 44 find 
tln^ pntnnlial difiVroma^ hotwotmtk 
pi ‘ its a .and h. Wliioh k at tk 
hip^lH'r p{>tont i:d? Ihittory A \mu 


.Kkj. 4 :j. 

c.iu.f. of 12 volts {uul a.n iniinaial n‘sistnn<'<Mjf O.ldniun and faUtory Bhanan 
c.m.f. of ().0 volts and an in((naiai nssistama^ of O.do ohm. 



26. An electric heater innnersed in wftUa* rais(*s the tmnperaiun^ of 5,000 
grams of water from 0 to 40'^Ch in 5 min. wlnm a eurnmt of 25 amp, flowB 
through the heater. What is t.ho resistaiH'e of the luaiter? 

26. A 10“hp, electric tnotor op(n*ates on I 10 volts and has an (dfadcaicy of 
85 per cent. The generator supplying the powm* has a tmaninul voltago of 
125 volts and is 2,000 ft. from the motor. What diaimdi^r eopp(‘r wire 
(p = 10.4 ohms ^^por mihfoot^O iuhhUmI t-o ihdivm* eurnmt io the, motor 
at its rated voltage? 

27. A 72-volt storage battery of 0.33-ohm initamal r<\sistnne<» is (diargod 
from 110-volt supply mains with a 0-ohni r('.sistaae<^ in s(u4<‘S witli it. 

a. How much power is drawn from th(^ mains? 

h. What is the rate of heating in ilui <are.nit? 

c. What is the efficiency of th(i charging pnaa^ss? 

28. A factory draws an amount of pow(H' P from a- d.<*. transmission lin^ 
at a terminal voltage (at the factory) V, The resist<aiu‘<^ of 1 lus t ransrniHBion 
line (both wires) is R, 

a. Write an expression for the curr(‘,nt drawn aaul for ihv> gcunmitor 
terminal voltage (in terms of P, 7, and /£). 

b. From the above obtain an expression for tlu'. power out.pnt of 
generating station and also for the percentages (d tins output, thdivered to 
the factory. 



CHAPTER V 

THE MAGNETIC FIELD OF STEADY CURRENTS 


In addition to the heating effects of steady currents which 
we have studied in the last chapter, there appear rdechanical 
forces of a type quite different from electrostatic forces which 
are known as “magnetic” forces. It is assumed that the reader 
is acquainted with the elementary facts concerning the forces 
which permanent magnets exert on each other. We shall not 
follow the customary historical treatment of magnetism utilizing 
permanent magnets as the basis for the discussion because, in 
spite of the apparent simplicity of the idea of magnetic poles, 
magnetic phenomena are in fact very different from electro- 
static phenomena and the usual analogies drawn between these 
subjects are apt to lead to serious confusion. We delay a detailed 
discussion of permanent magnets to a later chapter in which we 
shall study the magnetic properties of matter and shall introduce 
the idea of a magnetic field as a field produced by moving charges 
or electric currents. It is undeniably convenient to visualize 
a magnetic field existing in a given region of space if a small 
compass needle freely suspended at its center orients itself in a 
definite direction (and returns to this orientation if disturbed) 
and to think of this simple experiment as a practical method of 
determining the direction of the field at the point where the 
compass needle is located. Indeed it was as late as 1820 that 
Oersted discovered that an electric current exerts mechanical 
forces on a magnet. Immediately thereafter Ampere observed 
forces of a similar nature between current-carr 5 dng conductors 
and performed a series of fundamental experiments from which 
the laws of force between currents were derived. Ampere’s 
experiments were performed with currents in conductors, but 
it was shown later by Rowland that moving charges produce 
magnetic effects similar to conduction currents and are acted on 
by forces when in the vicinity of current-carr 3 dng circuits or 
magnets. 

24. The Magnetic Induction Vector B. — As stated above, we 
shall start from the results of the experiments of Ampere, or 

81 
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thoir equivaloni , lo <l('vi‘!u]i (lit- uh*;! of a if fit'ld. {\ 

of the fuudaiiuaiial facts ohserveti is i Itat t he force oil an (‘iemat 
ds of a conductor carryinii: a. lairnait / dm- to the iircsciuiR ofj 
ncigliboriiig current -can-yinii: cii-cuit l or a inaiiiU't ) acts at rijlj 
angles to tlui lcn;i;lli (/.s. Stated in terms of mo'kinii; charges, nt 
can say that such a, force acts on a mo\ iisy <'iiariae at rijj;htaii^fe 
to the dircu^t.ion of its motion. Any reejon of space wIkuh' moviiif 
charges (or (uirn'iits) <'xp<'rience a force of the al)o\'e typeissaid 
to have a magiudic. fii'ld ('xisting in it. 'i’liis iielil is of coiirsoib 
to the pres('nc.(^ of oHhu* curnmfs <tr magnets. .\s in tlic clcftiii 
static cas(^ wci sha.ll not. concern ourselve.s at present with tb 
mode of c.naat.ion of such lields hut shall examine tin' naturooi 
the forces (^xc.rt.(Hl hy the. field on <airrent-. <ir on moving rhar|;K 
In order to s('t U{) a. (luaiditati vt' description of tlie fhdd, itisiil 
be necessary to introduce' tlu' id('a of a test body just as ft 
used the khui of a t.('st. cha.rge in the discu.ssion of tin* ('lodrii 
static field. As our test body we can em{>loy either an elcmat 
ds of a conductor c.a.rrying a. current or. better still, a tiny Iwm 
of moving electrons such a.s one would obtain in a. miniatutf 
cathode-ray tulxa In utilizing such ;i test body lo dc'hict tlin 
presence of and to in('u.sur(^ a. magnetic field, \\(' (aicountera 
complication at the v(‘ry outset in Ih.af the force a<ding on ow 
current element diqiends not. only on the position of tlu^ clemoiit 
but also on its orientation in spa.c('., /.c., on iht' direct ion of rat- 
rent flow at the })olnt in (pn^stion. In every case, howt'Vtw, tlit 
magnetic force acts at right angles to the current, 'I’lu^ magni- 
tude of the foi'cc dopetuls among other things on the direction 
of the current, and there is on(\ dirtadion for which the force 
becomes zero. We mil this the. direetioii of (he tmgnelk fail 
at the point where the current elrnienl is [orated. IF the. cumtnt 
flows at right angles to this diretd.ion, (,h(^ force Ix'comes inaximum 
and for other orientations it is iinqxu’t iona! f o t lu* sine of the angle 
between the direction of current flow a.ntl th<‘ din'ctlon of the 
field. Furthermore, the force is projxniional to fix' current t 
flowing in the element ds and to tlm hmgt.h ds and is always at 
right angles to the direction of the field as wadi as to t.lu'. dinudion 
of current flow. 

At each point of space wo define a magiudic fudd vector, 
denoted by B, and called the magnetic induct ion, loh-osc niagnituii 
is the maximum force exerted on a carrent element divided by 
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product of the current and the length of the element and whose 
direction has been specified on page 82. If we denote this force 
by dFma.:,, we can write 


B = 


dF 


max 


i ds 


( 1 ) 


as the magnitude of the magnetic induction vector, the direction 
of this vector being at right angles to both dFma.^ and to ds. 
As we shall prove in a moment, this is entirely equivalent to 


F 

B = (2) 

qv ^ 

where Fmax is now the maximum force exerted on a charge q 
moving with a velocity v, and B is perpendicular to both Fmax 
and to V. 

If the dii'ection of current flow is not perpendicular to B, 
then the force on a current element has a magnitude given by 

dF = i ds B sin 6 (3) 

where 6 is the angle between the direction of B and that of ds 
and dF is normal to the plane determined by B and ds. Similarly, 
the force F acting on a moving charge is 

F = qvB sin d (4) 

where 6 is the angle between v and B. 

The directions of the vectors whose magnitudes enter into 
Eqs. (3) and (4) are related in the following manner: If one 
rotates the vector ds (in the direction 
of current flow) or v through the 
smallest possible angle so that it fines 
up with B, the force points in the 
direction in which a right-handed 
screw would move when so rotated 
(Fig. 45) . This rule is very similar to 
that for finding the direction of the 
vector moment of a force about a given 
point, or for finding the direction of the 
angular momentum of a particle about 
a given point. The rather cumbersome mode of presentation 
which has been given can be considerably shortened and clarified 



B 


qv 
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by introducing ih(‘ id<';i of Noctor nntlf iplica i nui. and wc shall no^ 
digress to dofiiu' (lu's<' coiua'iiicn! tjuaitt il ii->. 

Scalar and Vector Product of \'tcti>r.'t. ‘{’he >i’alur or “dot" 
product of two v<‘cl<)rs .t aiul H is detined a.*, a scalar of nuignitudc 
(Hpial to the prodncl of flu* magnitinles of .1 and />’ atul theocsiiic 
of the angle. l)(d.w<‘(*u tluan. It is written in the form 

. . .t 

A - a .1 H e<.s ' (5] 

-p 

It is clear that the scalar prodmd is ('(pial to the prodtict of tb 
component of oiu^ of tlu‘ vaadors in tlx* direction of tlx* other and 
the magnitud('. of t.he second \'(*<'t<n-. As examples, wo have tlic 
familiar expn'ssion for tlu* work doix* by a force F in inovinga 
particle through a displac<unent ds. 'The work <lone is 

.F 

dW ~ F ’ dn - F (/.S' cos ‘ /*’« (/.S' 

'■'ds 

Similarly the (dectromoti ve force, around a. closed path can bi' 
written as a scalar prodmd. in t he form 

— > 

* (/.S' = ■ 

The second type of i^roduct. which one forms of two v('ctoi’.sA 

and B is known as f he ve<d,or or “croKH” 
prtxhict. It is delined as a vector C 
whose magnit.mh* is t Ix^ product, of thd 
magnitiKh^s of ,l and B and t he sine of 
the anghi btd.w<‘tm t hem and who,s(^ direc- 
tion is normal t.o the plane of .*1 andB. 
The .s(mse of tlxi vector prodmd. of A and 
B is obtaiiuxl by rotating .1 through the 
smalle.st angle so t hat- it. lines up withiJ 
and taking the direedion in wliich aright- 
handed screw would move as th<‘ direc- 
tion of C. In symbols, oirc writes 

C = Z X ¥ (Fig. 4()) (6) 

and the magnitude of C is AB sin 6. Tlu^ order of multiplication 
is important, and we have 
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A X B ^ -{B A) 


(6a) 


In terms of this notation one can write for the torque of a force 
F about a point O 

't 


where r is the vector drawn from the point O to the point at which 
the force is applied. 

Equations (3) and (4) state that the magnetic force on a current 
element or on a moving charge can be expressed as the vector 
product of two vectors. Thus for the current element ds, 


dF = i{ds X B) 


and for the moving charge 


( 7 ) 


F = q(v X B) (8) 

Equations (7) and (8) are to be looked upon as the equations 
which define the magnetic induction vector B. We still have to 
show that they are equivalent. 

Consider a straight metallic wire of cross section A carrying 
a steady current i, and let us suppose that this current is due 


k-— vd-t-->| 



Fig. 47 . 


to the steady motion of free electrons inside the conductor. 
Since the electric current is the rate at which electric charge 
crosses any cross section A of the conductor, it is equal to the 
product of the charge q on each particle and the number of such 
particles crossing A per unit time. Now the number of particles 
crossing A in a time interval dt is equal to the number found 
inside a cylinder of base A and altitude v dt, where v is the 
constant velocity of the charged particles. Thus if n be the 
number of charged particles per unit volume (a constant for 
the case of steady flow), the current i may be written as 

i = nqvA 



8G I'lLKcnuri i } .\ \ n < >r i it le.iup,\ 

Consider now a length d.s of the etoultietur. W e have evidHitlj 

i </,s' ~ nt/vA <h Xifv 

whore N = 7 iA ds is the total numher of eliarjj;ed partickiii 
the vohinie /Ids, so that the iiia^tietie feree neting ou those 
particles is, acconlinfr to lOtj. (7) 

F -- /p/.s- X li) Xuiv X />M 

and the fona'. actinp; on oiu' jiartiele is this expression dividotl 
by N, th(i iiundH'r of ivartieU's in tlu* element As, This coiuplotos 
the proof. 

We still hav('. to eoiua'rn ourselves with ilu* ([uestion of units, 
The units of B [a(Ha)rdinf>: t<) hhj. t7) or Mip t 1)1 depend on the 
units chosen for fonx', k'ntrth, and <'urreni. In the m.k.s. systm 
the unit forc(i is .10'^' dytu'S — 1 newton, the iniit len}*;th 1 metw, 
and the unit curremt is 1 aini). Since the <limensions of fora 
are those of electric fu'.ld int<'nsi(y times ch.ar^e and those oi 
current arc charges })(U‘ unit, time, evideidly B is e\press('d in volt- 
seconds per squar<^ ineitu*, sonudinnss denoted by w(*h(‘r.s pu 
square meter. B is practically n(‘V«>r exjjressetl in <‘.s.n., so 
that we need not comauai ourselvc's with that ea.s<‘. 'riiereis, 
however, anotluu’ syskuu of tnnts calk'd tin* iltTlruniniincik 
absolute system by viriiu'. of t.lu' f.'U't that the iinits an' ck'rivwl 
from electi’omagnetic laws. In this .system of units (('.m.u.) 
the mechanical units are c(ud.iin(d<'rs, grams, !ind S('(’ondH and 
the unit current, called tlu^ ahamp<‘rr, is (‘(pial to Id <imp. The 
size of the unit of B in e.m.u. is (letermiiu'd by the ilefinins 
equation (1) or (7), and it is ealh'd I gatiss. In tlu' ('lectro- 
magnetic system the unit charge' i.s calk'd 1 abetmkmib .-uni ('quals 
10 coulombs, the unit potential I abvolt 10 ^ volt. etc. The 
units in the e.m.u. are related t.o t.h<)S(' of tlu' m.k.s. .system 
by powers of ten. As wo shall s('(' lat<'r when \v(' (k'liiK^ tlm 
abampere precisely, this is a cous<Htu('.ut'(^ t)r (k'linition and not, 
of experiment. 

26. Magnetic Flux; Solenoidal Nature of the Vector Field of B. 

At each point of space we can imaginci t lu'. vc'c'tor B const ructofl; 
the totality of these vectors in a givtui n^gion is calh'd t.h(' mag- 
netic field there. One can const, nu't, limvs of li which give 
the direction of B at eveiy point and (‘au limit t lu^ number of 
lines per unit area crossing a tiny area whicdi is normal to t,lie field 
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in such a way that the number of lines per unit area is made 
equal to the numerical magnitude of B. This is the same 
convention as was employed for the electrostatic field. The total 
number of lines of magnetic induction crossing an area is called 
the magnetic flux across the area, and we have evidently 

^ = fBndS (9) 

'^> is the magnetic flux, and Bn is the component of B normal 
to the surface at the point where dS is located (Fig. 48). From 
Eq. (9) we see that the magnetic induction B can be measured ' 



in flux units per unit area, and hence it is often called magnetic 
flux density. The unit of flux in the electromagnetic system of 
units is called 1 maxwell, so that 1 gauss = 1 maxwell/cm.* 
In the m.k.s. system the unit of flux is called 1 weber so that 
the unit of JB is 1 weber/meter^ as stated in the previous section. 

The nature of the vector field of B is radically different from 
that of the electrostatic field. In the electrostatic case we 
saw that the lines of D or € (in vacuum) always terminate on 
charges and hence could never form closed curves. Furthermore, 
one could introduce a scalar potential having a definite value 
at each point of space from which the field could be obtained 
by differentiation. These facts are not true for the field of B. 
The lines of B can never start or stop at any point and hence always 
form closed curves. A vector field of this sort is called solenoidal 
or source-free, since no starting points or sources can be assigned 
to the lines describing the field. We have already encountered 
one such field in our study of steady currents, since the conserva- 
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tioii of charge nuiuircs that tin* lint's ni i-li'ct j'ic curntut flow 
be closed in the sbtatly stn,t<' (the etiuatioii of continuity). Thus 
one can say that tht'- V(tt*tor field tlescnbing the .sft'atly flow of 
electric currents (tlu' iit'ld ol j) is solcnoitlal. Il vve wish tii 
express .the abovtt tacts for />' mat hematieally, we nott* thattkii 
total magnetic flux crossing a,ny rloxni surface must be zcao siiici! 
no lines can start or stop insidt' the volunu' enelt*st'il by the sur- 
facG. In symbols, this }H'(a)mes 


b. dN - () (It)] 

) 

surriuui 

Equation (10) i.s one of the Jundnnu'tiidl hiive of I'leett'oniagnHk 
theory. Furthermore, oiu^ ea.nnof, introduei' a s<'alar i)ofcntiiil 
to describe such a fhdd. It- ('a.n Ix' shown that it is impussiUc 
to find a scalar function of ])osition such that a. pun'ly sohaioidal 
vector field may Ix^ obt.aiiuxl from if. by dilh'ri'nt iat ion, Ic., by 
taking the gradiemt of a sc.alar function, 

23. Motion of Charged Particles in Magnetic Fields. In thin 
section we shall investiga.(<' tlu^ motion of ehargt'd particle's both 
in magnetic and in combiiuul ('U'ct ric and magnet !<• lit'lds. In 
so doing we must remerabcu' that. \v<' a.sstim<' (hat \V(‘ <xtu neglect 
the modification of the fi(dd caused by t he pres(>ne(‘ of t lu' moving 
charges.* This condition, is oft.im rea.liio('d in prn<‘tie(‘ wlum the 
magnetic field i^roduced by tluuse moving <'ha.rg<'s is luigligiblc 
compared to the external field in which tln'y move, ddu', study 
of the motion of ions or of chaitrons, in inirtieulur t in* determina- 
tion of the orbits, is of fundamental imi)ort aiu-e sin<‘<‘ t lu^ met.liods 
of determining elo(‘,trouic and ionic- massc's ar<^ basf'd on such a 
study. 

From the fundamental Eq. (8) giving 1.ht^ fore** on a moving 
charge as F = qiv X B), it is clear that., sine<' tlu' fore<t F is 
normal to the direction of motion, tlu^ kiiu't.i(^ (‘lu'fgy of the. 
particle is not affected by the magnedie- fu'ld ami only tdu'. dircc- 
^tion of V changes. For this reason the magiudie fon-.e is often 
called a deflecting force. Let us considtn* tlu" pn)bl(unL of the 
motion of a particle which is projectcul with an initial vcdocity 
uo into a region of space where theu-e c'.xists a unifijrm fi('.kl B, 
the direction of vo being at right angles to B. subs(aiucnt 

motion of the particle is one of constant speed 7?o in a ciirv<Hl path, 
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the component of force along the path being zero. Normal to 
the path, in a direction n, let us say, we have from Newton’s 
second law 


Fn = = ma^ — 


since the angle between the direction of the motion and B is 90° 
and the component of acceleration normal to the path is vl/r, 
with r the radius of curvature of the 
path. Solving for r, we obtain 


r = 


qB 


( 11 ) 



and as all the quantities on the right- 
hand side are constant, the path is 
a circle of radius r, the circle being 
a curve of constant radius of curva- 
ture (Fig. 49). The direction of Fig. 49. 

rotation is as shown for a positively charged particle, the opposite 
,B direction for a negative charge. The angular 

velocity co is 

m 




and hence the period T is 



CO 


Q 


B 


( 12 ) 


The time for one complete rotation does not 
depend on the velocity of particle! This is a 
very important fact and much use is made of it 
in the experimental methods of atomic physics. 

If the particle has an initial velocity Vo not perpendicular 
to B, we can resolve vo into two components, one perpendicular to 
and one parallel to B. The latter component is not affected by 
the magnetic induction; hence the motion is a superposition of 
circular motion described by Eq. (11) in a plane normal to B and 
a uniform translation parallel to B. The path is a helix of uni- 
form pitch (Fig. 50). One important use of these results is in the 
application to magnetic focusing by a longitudinal magnetic 
field. In Fig. 51 is shown a slit S through which ions enter a 
region where there is a uniform magnetic field B. All the ions 


I 





Fig. 50 . 
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ELECTRICITY AND ODTK'E 


(CJiup. 'V 


entering at an angle ^ with t,he iiulut'tion H will he brought toa 
focus at P on a fluorcse.ent sc.nu'n /S' loeutt'd :it a distanei' d from 
the slit if the time of flight from A' to J' is just ('(nuiI to the time 
for one revolution in the helical pn,f h. 'Flu' tinu‘ of ilight is 

d 

Vi) cos li 


t 


and, equating this to the <‘xpr(‘ssiou given by Mcp (12), them 
follows 

<i __ 27r/// 

Uo cos /£J qH 

The focal length d depends on the initial velocity Co, thci anglC|8, 



Fui. f)!. 


the induction B, and tlui ratio of c.ha.rg(^ t.o mass of l lu- particles. 

The ratio of charge to mass of an ion may Ix' determiiu-d fora 
known initial velocity of the ion by <l(^fl('c.t ing th(> ions by a c.oii- 

B normal fo p/anc o f f ho paye 



Fiu. .'52. 


stant magnetic field normal to the dinud.iou of mot ion, as shown 
in Fig. 52. The ions entoiing through tlu^ slit h' are deflected 
in a semicircle and impinge on a photogrtiphic, platx^ at P. The 
distance /SP is given by 


and uo can be determined by allowing the ions to fall through a 
known electrostatic potential drop V before tmfrcning thc^ slit 8. 
Thus the ratio q/m can be determined and this is the principle 
underlying the operation of a mass spectrograph. 
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In making numerical calculations one must be careful to 
express charge in abcoulombs (e.m.u.) when B is expressed in 
gauss, or in coulombs when B is expressed in webers per square 
meter (m.k.s.). In calctilations concerning the motion of 
charged particles in combined electric and magnetic fields, par- 
ticular care must be employed since the electric field intensity 
is so often expressed in e.s.u. The general expression for the force 
on a charge q moving in a combined electric and magnetic field is 


F = q6 Ar q(v X B) 


(13) 


This equation can be used as it stands if all quantities entering 
into it are expressed in the same system of units, e.g., in the 
m.k.s. system. The custom of expressing electric intensity and 
charge in e.s.u. and magnetic induction in gauss (e.m.u.) in the 
same equation is widespread (the mechanical units are those 
of the c.g.s. system in both e.s.u. and e.m.u.), and, if this is done, 
Eq. (13) cannot be used as it stands. This mixed system of 
units, partly electrostatic and partly electromagnetic, is called 
the Gaussian system. To find the correct form of Eq. (13), we 
can write 

F = q 6 A- q (v X B) 

j. i. i 1 i i 

(dynes) (e.s.u.) (e.s.u.) (e.m.u.) (cm. /sec.) (gauss) 


and if we denote the ratio - i - — by the above equation 

becomes 


q (in e.m.u. 

F (dynes) = q (e.s.u. )^6 (e.s.u.) -f- 


-[v (cm./sec.) X B (gauss)] f- (14) 




The numerical value of c as determined experimentally is very 
nearly 3 X lO^o. We shall return to a discussion of its dimen- 
sions later. 

27. Side Thrusts on Conductors; the Moving -coil Galvanom- 
eter. — The magnetic forces exerted on current-carrying wires are 
generally termed ‘'side thrusts” because they act normally to the 
length of the conductor. We have formulated the law for this 
force in the differential form 



KLKrTtai-irv i \ / » i>n n s 


‘)2 


KWi’ii 


and, in onk'r <o nhiain tlu> resultant t'on-e |ur tunnu') artingoii 
any finite^ huigith of a ennduetnr. the alteve equatiuii muKtlif, 
mtcgraUHl. Hiuc<' it is a veetur equatinn. this must !)a donpin 
gmu'ral by <‘omiiuiin}^ th<> cninpiments ef <IF Itehire integrating, 
Steady (airn-nls always iluw in elnsed ecuidueting!; paths; hpum 
it is important, to consider tlii' inajiimetie force (and t(miu(?)oa 
a closed loo]) of wire carryinfi; current. We shall employ a loop 
in the form of a, rectangle f<u' simplicity, hut the results will l)(i 
stated in a maniu'r which will he valid for an arhit niry .shap(!ol 
loop. In a uniform ludd t)f innKuetic induction li, a <*1os(h 1 cur- 
rent loop (ixpe.rieiuu's no ma}j;neiic force. < )niy if the field is 



Fia. 63 . 


inhomopieneous is tluu'e a re.sulfantforei) 
on |,h(' loop, 'rise fon-es aclinp; on tk 
sid('s of 31. resd.nnguhir loop whoss* phinp.M 
nornud to a. uniforus liidtl /f .an* shown in 
Kip;. 58. 'rhe upwsual fos’ct' on the Hide 
nb is just lushsiseed hy tlu' downward 
force ors .sidr* <•</. Simil.nr hsihuua* occurs 
h(itw('<‘is th(' foi'ci's on the vs'rtiesil sides 
of tdus loop ad Sind hr, as shown. Evi- 
dently this esineidl.ation of forees otscurs 
even if H is not nornud to the plane of the 


loop. In this case the nmgnitudi* of the side thrust, on ub would 


equal iB sin a{ab), where a is the angle het wemi li a nd t he current 
direction in the length ah. Th(^ side tdirust; on rd is similarly 
sin a{cd) but of opposite sign since the eurnmt. flows in .a, dire.ction 
opposite to that in ah. Since cd = ah, wo again Imvi' si, balance. 
In a nonuniform field of B, however, t.liis camadhif ion does not 
occur, as B or sin a, or both, will vary from point, to jioint. on the 
loop so that in general there will bo a result, ant, forem 

We next consider the case of a reehmgular loop of wir(^ cjirrying 
a current f which is free to rotate about horizont-al sixis AA 
passing through its center, a.s shown in h'ig. 54u. 'fhe width 
of the loop IS u, its length is I, and let the mirrent. i flowing 
around it be as shown. Suppose this loop is in a uniform mag- 
netic field normal to the axis of rotation, aiie tw'o equal and 
opposite forces F act on the two conductors of lengt,h w vertically, 
hese forces give nse to a torque about the axis A A . llic forces 
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acting on the other two sides of the loop give rise to no torque 
about this axis. In Fig. 54& is shown the same loop, as one looks 
at it along the axis A A. We see that the torque about the axis is 

sin 6 + sin 6 = FI sin 6 

where d is the angle between the normal n to the plane of the loop 
and B. Since F is the force acting on a conductor of length w 




Fig. 54 . 

and B is everywhere constant and at right angles to the current 
flowing in this conductor, the force F is 

F = Bwi (15) 

so that the torque becomes 

T = Bi(wl) sin 6 

and, since wl is the area of the loop, this can be written as 

T = BiA sin 6 (16) 

This torque is a torque tending to rotate the loop into a position 
in which its plane is normal to F. In this position 9 = 0, and 
the torque T is also zero. It is a position of stable equilibrium. 
Equation (16) turns out to be true for a loop of arbitrary shape, 
the torque being proportional to the area of the loop. The maxi- 
mum torque occurs when 6 = 90°, i.e., when the normal to the 
plane of the loop is perpendicular to B. 

One of the most common types of galvanometers, the so-called 
d’Arsonval or moving-coil galvanometer, functions by virtue of 
the torque action discussed above. A coil of N turns in series is 
suspended by wires W, as shown in Fig, 55. For the uniform 
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field B .shown in fifiinro, on<‘ of llu* coil sides is I nushod toward 
and the other away from llu' rea.der, K^’inf^ ri,s(‘ to a torque about 
the axis of suspc'ii.sioii 

T --- N Hi A (17| 

The magnetic fh'ld is supplic'd by a p(‘rm:in(*n{ magiu't, 'whicliiu 
actual design is so arranged ( hat H is in lh(‘ pljiiu' of (,h(‘ coil even 
when the lathu' is twisl.i'd (hrougli ati angh* (a so-called radial 
field). When curremt Hows (.hrough tlu' coil, i(, rotatc's throngli 

an angh' 0 until ilu' (orsional restoring 
torepu^ of (.he suspension is (\qual and 
opposil.e to t h<‘ magiudic torepui. Since 
th(‘ r(\st.oring tonpu' is proportional to 5, 
W(i can writ.(' for ('(phlibrium 

N Hi A == JAO ( 18 ) 

whereA/rhqxmdson (.h(‘ torsion modulus, 
Icngt.h, ami radius of tlu^ suspending 
wires. 

MrpiJitiou (IH) may Ix^ written in the 
form 

NBA ^ ^ 

2 = coust.ant X i (19 

Fio. 55. 

SO that the angular deflection is proportional t.o t4u‘ eurrent. The 
discussion of the sensitivity of tlu^ instnum'nt, is left to the 
problems. 

The principle underlying tlu^ a(itioii of an (drx'.tric, motor is 
essentially that for the moving-coil galvanoim’iter, the only essen- 
tial difference being that the coil (more*. i>i-txu.s(dy, the armature, 
carrying the coil) is free to rotate about its axis in bearings 
instead of being subjected to a restoring tiorcpu;. 

28. Ampere’s Rule ; The Magnetic Intensity H. — Wc now must 
inquire into the question of the laws goveu-ning t;h(i production of 
magnetic fields by currents. These law.s wtu’c di.scovered, as 
previously mentioned, by Ampere as a result of his experiments 
on the forces exerted by one current-carrying conductor on 
another. Just as in the electrostatic case, one finds that these 
magnetic forces depend not only on the currents but also on the 
material bodies which are present. Once again wc defer the treat- 
ment of the effects of the boundaries between such material 
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media and shall confine ourselves in this chapter to the case of 
infinite homogeneous media (principally empty space); hence the 
boundary effects may be entirely neglected. The result of 
Am pere’s experiments may be stated as follows: The magnetic 
induction vector jB at a given point of space may be considered 
as the vector sum of infinitesimal vectors dB, each of the latter 
being due to a current element i ds of the circuit producing the 

field. Let r be the radius vector from the current element i ds 
at O to the point P where the 
field B is being calculated (Fig. 

56). The magnitude of dB due 
to this current element is propor- 
tional to the magnitude of i ds, 
to the sine of the angle a between 

i ds and r, and inversely to the square of the distance r. In symbols, 

, „ ids sin <x 



' ^ ^ 

The direction of dB is at right angles both to ds and to r, and, 

if the vector ds is rotated through the smallest possible angle 

so that it lines up with r, the direction in which a right-handed 

screw would move is the direction of dB. Using the notation 
for a vector product, we may write the above proportionality 
in the form 


dB 


i(ds X rj 


If there is a current element ii dsi at P, the force on it is, accord- 
ing to Eq. (7), 

dF = ii(dsi X dB) ~ dsi X (ds X r) (20) 

The proportionality expressed by the above relation summarizes 
Ampere’s law for the force exerted on a current element i^ dsi 
by another current element i ds separated from it by a distance 
r. If we denote the proportionality factor by fi, the above 
proportionality can be written as an equation 
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’(IF 


(Is, X X r) 


( 21 ) 


TIh^ proportioualit^y fa.(*t<»r m is <*all(*d tlu' fndijnvtK* pm 

of iht'. inculiiun in whi(*h th<‘. an* (‘nilMaldcal. Itisuio. 

only factor in Kq. (21) (hqKMulin^' on ihv nuHluinq the otki 

factors cUqxauUn^ otily on the iairnnitvS aiut tlu‘ir n'lative poi 

tioiis, RcancnulKa,’ that, t.his stationont is vnlid onlp lor infinite 

homogoiu'ious media or in such castes lor wliich houndaiy efiects 

■ > 

arc negligible. Thus wo oMtx \vrit(^ ior i/R, du(‘. to t.hc current 
element i da (Ampere's rule), 

. > - ' k 

( 22 ) 


(IH 


. (la X /• 


and, in the ease for whi<‘.h i.h(‘ nu'dinin is empty space (or, for 
practical purposes, air), we writ/'. 


dii 


. (Is X /• 

Mu'/- ■ „.:t 


(23) 


where lio is the magnetic ix.nmiabilit y of empty spa(u>. 

Just as in the case, of (deotrostaties, it, is (.onvc'iiient, to iuti'ochce 
a second magnetic vector which depends on t he e.urrents pro- 
ducing the field and which shall h<‘. independent ol the medium 
in which the field is productHl. This veet.or (t he analogue of D 
in electrostatics) is called tlui nidgnctic itiUmaUy ;ind is denoted 
by the letter H. The contribution to // at, a giv('n ixnnt of space 

due to a current clement i ds, is hy definition for an infinitci medium 

m ^i ( 2 ^^ 

and the vector H is obtained by summiirg th(‘. c'.huncmt.ary vectors 
dH produced by all the current clemonts. Tlu. magnit,u<lo of the 
elementary vector dH is accordingly 

(25) 

Comparing Eq. (24) with Eq. (22) and with Eq. (23), wc s«e that 

H (26) 

H 
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or, for vacuum, 

H = —B (27) 

fjlo 

Thus far we have not considered the question of units. There 
are two sets of units commonly employed in magnetic calcula- 
tions. First, the electromagnetic absolute system of units (e.m.u.) 
is characterized by the fact that the permeability y is arbitraiily 
chosen as a pure member without dimensions and the value of 
juo is taken as unity. (Compare this mode of procedure with that 
for defining e in electrostatics.) Furthermore, c.g.s. units are 
used for all mechanical quantities just as in the electrostatic 
system. Since [j. is dimensionless, we see from Eq. (21) that the 
dimensions of current and hence of charge can be expressed in 
terms of mass, length, and time. Thus this equation shows that 
current in e.m.u. has the dimensions given by 

[^^]e.ia.u. = mlt~^ 

and hence charge q in e.m.u. has dimensions given by 

[$^le.in.u. ml 

In sharp contrast to this we have for the dimensions of in 
e.s.u., according to Coulomb’s law, 

to'je.s.u. = mlH~^ 

from which there follows the surprising fact that the dimensions 
of charge in e.s.u. and in e.m.u. are different from each other. 
This has been a source of great confusion to the student of elec- 
tromagnetic theory. In fact the ratio of the dimensions of q in 
e.s.u. to those of q in e.m.u. is readily seen to be 

= \ (a velocity!) (28) 

and is expressed in centimeters per second. Equation (21) 
applied to two cui'rent elements in vacuum defines the unit 
current in e.m.u., the so-called abampere. For simplicity, let us 
suppose that the two current elements are parallel to each other 
carrying the same current. Expressing all quantities in e.m.u., 
Eq. (21) becomes 


dsi ds 



US 


I’LFA'ruit'iry 1 ^ i> orrnw 


ICmij 


nmlisa lunn- of attnifCinii afiiuiJ: alona: /• ( Kig. 57). The, 
!<h, produc.ss a Tifid al /’ normal m and into th(‘ paiwr, 

/id/ 


ilH 


V" 
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circuits; liotuu' wo shall )>;iv(i an taiuivalcnt., more coiweniat 
definition la,tc'r. 

The ratio of a <diar}!:(‘ (nr a curn'iil) ('xprc.sscd in e.s.u.toilt 
same cIuii'ko (or (uirn'id.) (■xi)n‘SstMl in ('.tn.u. turns out to 1 * 
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: r H X ld“’ <‘m./see. 

q (in e.m.u.) % (in e.in.u.) 

According to Eq. (27) th(\ vcM-tors // a, ml H Inn-.oino identical loi 
vacuum when e.in.\i. are employ('d. In isotropic, material medh 
they differ in magnitude but havi'. tlu^ su.in(i direction am 
dimensions. 

In the m.k.s. system of units, tla^ (lin\(msions of /x or Mo® 
fixed by Eq. (21) in terms of mmss, huigth, tinrcj, and charge, 
Thus we have 



The unit charge in the m.k.s. system is defined as one-tentt 
the e.m.u. unit and is called the coulomb. Thus we have 
1 coulomb = abcoulomb and 1 amp. = xV abampcrc. The 
magnitude of mo in m.k.s. units can bo readily calculated from 
Eq. (29), and is 


/io ~ 10 kg.-meter/ coulomb^ 


(30) 
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Let us now summarize the discussion of this section. Suppose 
we have the problem of determining the force exerted on one 
current-carr3dng circuit by another. The following procedure 
is to be followed: 

1. Calculate the vector H, due to the second circuit at a point 
where an element of the first circuit is located, by appl5dng 
Eq. (24) and by integrating over all the current elements of the 
second circuit. Since if is a vector, we must first take com- 
ponents of dH, integrate separately for each component, and then 
find the resultant H. 

2. Find the vector B from B = 

3. Calculate the force on the element of the first circuit due 
to this induction vector B in accordance with Eq. (7). 

4. Integrate over all elements of this first circuit to find the 
resultant force. This calculation is to be carried out by first 
taking components of the force and then integrating as in 
procedure 1. 

In the following sections we shall concern ourselves mainly 
with part one of the above scheme and confine our attention 
exclusively to the consideration 

of magnetic fields in vacuum or >■ 

in air, so that B = /jlqH. 

29. The Biot-Savart Law; 

Examples. — ^As a first example of 
the application of the laws ex- 
pounded in Sec. 28, let us con- 
sider the magnetic field of a very 
long straight ware carrying a 

steady current i (Fig. 58) . From the symmetry of the problem we 
see that the field intensity H can depend only on the distance a 
of the field point P from the wire. The contribution to H from 
any current element i dx is a vector pointing straight into the 
page at P, at right angles to the element i dx and to r. Since all 
the vectors dH have the same direction (only one component of 
H), we may integrate directly and have from Eq. (24) 



H = 


dx sin a 


(31) 


It is simplest to use the angle 4> as an integration variable. From 
the figure it is evident that sin a = sin (x — a) = cos 4>; 
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! importance, siiKic it givers tlu'. field lunir a, s(.r!iighi' vvitv of finie 
j length if the distances a is small eonipanui \vi(li ilu* kuigth of tk 
‘ wire. 

Let us imagine tliat the point P of Fig. fjH desenlx's a circle 
of radius a about tki wire with tlui <!(nd.cr :i,t 0. A(. e.vcu’y point 

of this circle, the vector If (and also Ji) is tangtml. to it and heme 
the circle is one of the lines of II or B. I’hus we ser; that the lines 
of magnetic intensity or induction producuxl by a long straight 
wire are circles with their centers at the win' (Fig. 59). Note 
that, if one moves around a line of magnetic; intensity in the 
direction of E, the current producing the field is in the; direction 
in which a right-handed screw would move when so rotated, 
et us now examine the magnetic field produced by a circular 

^ i. First, wc calculate 

the field H at the center of the loop (Fig. 60) , The field intensity 
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H is normal to the plane of the loop at O and points out at' the 
reader. For all elements ds, the angle between ds and r is 90°, so 
that Eq. (25) becomes simply 

, rr i ds 
dH = — ^ 

and, since r is constant, we have 

= (33) 

e can immediately extend this law to calculate the magnetic i 
intensity at any point on the axis of the loop (Fig. 61). The 



distance It from any element ds of the loop to P is constant and is 
given by 

R = "v/ x~ + 


Furthermore, ds is normal to R at all points of the loop so that in 
Eq. (25) sin a = 1. Hence 


dH = 


ds 


Before integrating we must resolve H into a component along the 
a:-axis and one at right angles to it. By symmetry the latter 
vanishes for the whole circuit and H — Hx- Thus we have 


and 


dHx — dH cos 4) = dH * 

R 


H. 




r ds 


tr 


(x^ + (x^ + r2) 


, J* = 


2'3^^V^ 

(x^ H- r^y 


(34) 


This expression for the axial field of a circular loop of current is 
useful for calculating the axial field of any number of coaxial 
circular loops. As an example, we consider the case of a solenoid, 



U / f / /;|r ii y \\i* ni^nrs 


wtiirli i-H a rbv.rlv vuhumI hrlu’ul t'<ni u| wilT. 

grt \hv axial ti«'M l>y im<\uratnu; thtM'iauriUutidiistromtkini 
visual titrus a^ l»y ll»j, <a J!, -iun* fur vary close winis 
aai’h turn almost axa<‘tly riraular. 

\\a n‘jilaat‘ iht^ stilrnuiU l^v a cairnuit iliuvini^ rinnimftm'ntli 
unuuhi a h<»lUnv t'ylimlor io\ rry\vhm-f‘ purprinUciilar to tkai\ 
If than' an' a turns \)vr nnU Imii^th of tho solaimul, earhcaiTpn 


Fiu. 02. 

a cumuli, iluui ihn ('urriuil ])(U' unit longih is ni and Uie cur- 
rent carried in a (*.ireular ring of t.hiekness dr is ni dx (Fig. 62]. 
The contribution of ibis riu^ t.o the. fudd iuti'iisity at ^^^cord- 
ing to Eq. (34) 

. , r 27rrhU dx 

dll - , . , 

whore x is the distance from the. plains of t.hc' (‘ircle^ to P. This 
expression must be iutegrahul over ihc'. wholes huigth I of tk 
solenoid to find the axial field II at /^ Erom the lower sketch in 
Fig. 62 we sec that 

R do = sin 0 dx 

and hence 


dx = R 


and since 


R {x^ + 
our expression for dH becomes 

dH = do • R 


= sin 0^ 


(x^ + r2)S sin 0 


2Tni sin 0 dO 
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The integration immediately yields 


H == 27rniJ‘J^' sin d dd = 27rm (cos di — cos ^ 2 ) (35) 

where di and $2 are the values of d when dx is at the ends of the 
solenoid. 

When the solenoid is of infinite length, di = 0 and 62 = tt, 
so that ’ 


H = (36) 

is the magnetic intensity on the axis of an infinitely long solenoid 
wound with n turns per unit length, each turn carrying a current 
i. Equation (35) can be used to find the axial field inside a 
solenoid of finite length 1 . Further discussion is left to the 
problems. 

30. The Ampere Circuital Law for H.— There is a more general 

relation, also due to Ampere, than Eq. (24) between the magnetic 
. H 



Fig. 63 . 


intensity H and the steady current i which produces it, and this 
relation IS known as^ the circuital law. To formulate this, we 
must introduce the idea of the magnetomotive force (m m f ') 
along a path. This is__defined as ds taken along the given 
path. If the path is closed, we write it as ds, the circle 
in mating the fact that a closed path is employed. The integral 
js aZmnys to I e evaluated hy traversing the yath in such a direction 
that the enclosed area is kept on the left. 

Let us consider the expression for the magnetomotive force 

^ straight wire given 
by the Biot-Savart law, Eq. (32). First we take the closed path 

63a. Since H is everywhere tangential to the circle, we have 

= ^H. ds = fHds = ^Ha d^ 
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<*iiu naidily (duH'k Ihis last statrnu'iit tor a (‘It^sad path, fc 
path cousist-iu|J!; of two radial aiul two arrs of drckoi 

radii ri and r^, a.s shown in Kij^;. iVMK U o ha\'o 

fn, <h - £ii. dH I £n„ ./s i j'7/,. ,h i Jf/f.ds 

Thn first and third tcnus an' z('i’o sini'f // is cvcrywlu'ra normil 
to a radius vector. Tlu^ second iniej^ral is 


r-c. (•</ v'».>; 

7/.r/.s'- “'r. 

Jb It ‘‘i 


(t\p 


and the fourtli one is 


%}d 


7*1 (l^[/ ■ 


'^hus we have shown that ,f //, dit -- 0 Tor this path whicli 
encloses no current. 

The results illustrated abovct ttirn out. to l>e t rue in gctneral aril 
hold not only for steady cimx'.nt tlow in wiri's t)ut. also for cjurwnts 
distributed in space. This is the ('.sse.neit of Ampdre’tt circuital 
law, and it is one of the fundamental laws of e]eet.romagnetic 
theory. The formal statement of this law is as follows: 

The magnetomotive force around any closed path is eqml ta ^ 
times the current crossing any surface of which the closed poA is a 
boundary. 

This law has unrestricted validity, holding in all cases, whereas 
the Ampere rule as expressed in Eq. (24) is in general valid only 
for media of infinite extent. For the purposes of the present 
chapter, however, the Ampere rule is more convenient, since the 
complete determination of the magnetic field requires the use of 
both the Ampere circuital law and Eq. (10). The more fundar 
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mental character of the circuital law will become evident when we 
study the magnetic behavior of matter and investigate the 
effects of boundaries between magnetic media. 

In symbols we write the circuital law in the form 

H, ds = Airi (38) 

If i is expressed in abamperes, then H is also in e.m.u. (abamperes 
per centimeter), whereas, if i is expressed in amperes, ds must 
be expressed in meters to obtain H in m.k.s. units (amperes per 
meter) . If one wishes to use the Gaussian mixed system express- 
ing H in e.m.u., ds in centimeters, and i in statamperes (e.s.u.), 
the above equation must be written in the form 

<^Hs ds = (38a) 

One must not lose sight of the fact that this law as written holds ' 
only for steady currents, since in this case the lines of current 
flow are closed and hence the current crossing any surfaces 
ha\dng a common perimeter is the same for all such surfaces. 

If the current flow is distributed throughout space, we have 
for the current flowing across any surface 



so that the Ampere circuital law takes the general form 

^Hs ds = AttJ' jn dS (39) 

where the surface integral is taken over any surface having the 
closed path as a boundary. 

As an example of an application of Eq. (38) let us consider the 
magnetic field inside a long straight wire of radius R carrying 
a steady current i. The fines of H inside the wire will be circles 
concentric with those outside the wire, but H will not vary as 
1/r, r being the distance from the central axis of the wire. To 
find the correct variation, we evaluate the magnetomotive force 
around a circle of radius r less than R and have (by symmetry H 
can vary only with r and hence is constant along the circle and 
tangential to it at every point) 

ds = 2arrH 
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of the circuital law* Figure. 64 hIiowh a poH ion, of a sec^tion of the 
solenoid through its axis. From the symnuda-y wo S(h; that the 
lines of H and B must bo straight linos ])arallol to tho solenoid 
axis in the space inside the solenoid. (Those liiuw will of course 
come out of the ends and close on thomsolvos. If the solenoid 
is long enough compared to its radius, however, the lines of E or 
B outside the solenoid will be far from it.) I I can depend only 
on the distance y from the axis. Let us evaluate the magneto- 
motive force around the dotted path. For the portion of the path 
lying outside the solenoid, H is practically zero, and tho portions 
normal to the axis give no contribution to tho m.m.f. since fl 
IS at right angles to the path. Thus the whole integral takes 
Its value from the portion ah of the closed path of length I, and 
we have 


ds = HI 
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where H is the magnitude of the magnetic intensity at a distance 
y from the axis. The current flowing through the area enclosed 
by this path is nli, where n is the number of turns per unit length 
and i is the current flowing in each turn. Thus we have 

ds = HI = Air (nil) 

so that 

H = 4™ (41) 

and is constant, independent of position inside the solenoid. 
This result checks Eq. (36) for the field on the axis of such a 
solenoid, but we now see that the result holds for points other 
than those on the axis. The corresponding value of B is 

B = fxoAimi (42) 

for vacuum, and here we have an example of a uniform field of 
magnetic induction. In practice one never has an infinite 
solenoid, but, if the diameter of the solenoid is very small com- 
pared to its length, Eqs. (41) and (42) are correct for the central 



Fig. 65. 

portion of the solenoid. Only near the ends where the lines start 
to curve do these equations give incorrect values of the field. 
Figure 65 gives a rough picture of the complete field of a solenoid 
of finite length. 

31. Magnetic Moment of a Current Loop; Scalar Magnetic 
Potential. — ^Let us return to the problem of the magnetic field 
produced by a circular current-carrying loop. In Sec. 29 we 
derived the expression (Eq. 34) for the magnetic intensity H 
at any point on the axis of such a loop 
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where p is the dipok^. monnuit, a.nd 1) is in t lu' sa.iu(‘ direction as 
— > 

the vector p, from the, negative to (he pusilivi^ (dnirgo of tlie 


Norma! 


dipole. Wo now dcfim’, ilu- magnetic moment m of a small loop! 

of curreni, a»s a vc'ctorof tnagnitudc 
iA (product of (uiiTcnt atul arcaoi 
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The sense of l.lu*. vcic.tor tn is sucli 
that if a right-haiuhMl scu'ew were 
rotated in the direction of current flow it would move in the dircc- 
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tion of m (Fig. 66) . In terms of the magnetic momimt of the cur- 
rent loop Eq. (43) takes the form 


E = 


2m 


(435) 


It must be always kept in mind that this expression for the axial 
field is valid only at points a: which are very far from the loop. 
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Furthermore, in the electrostatic case the dipole field at large 
distances can be obtained by forming the gradient of the scalar 
potential V given by Eq. (25), Chap. II. The convenience of 
having a scalar potential has also been carried over to the case 
of a magnetic dipole, and we define the scalar magnetic 'potential 
of a dipole at large distances from 
it by (Fig. 67) 

(44) 

and from this the magnetic inten- 
sity H can be obtained as 

H = - grad F, (45) 

It turns out experimentally that the magnetic field produced by 
a tiny bar magnet is identical at large distances with that pro- 
duced by a tiny current loop ; hence one thinks of such a permanent 
magnet as being describable by a magnetic moment. This 
equivalence is valid also for large bar magnets and solenoids, 
provided one restricts one’s attention to the field outside the bar 
magnet or solenoid. In fact, from measurements of the external 
field produced by a bar magnet or by a solenoid, one could not 
distinguish between them. The scalar magnetic potential is 
particularly convenient for describing the external magnetic field 
of permanent magnets. One more word is necessary concerning 
the use of a scalar potential in magnetic calculations. The con- 
dition for the existence of such a quantity is that the magneto- 
motive force around a closed path be zero {^Hgds = 0). We 
have seen that this is true for paths not enclosing a current. If, 
however, we consider a region of space in which distributed 
currents flow, the above equation is not true, and one cannot use 
the idea of scalar potential at all. 

Equation (44) for the scalar magnetic potential of an infini- 
tesimal current loop can be put in an interesting and useful 
form. Writing it as 

y i dA cos 6 

we see from Fig. 68 that the tiny area dA' normal to r is related 
to dA by the equation 



dA' — dA cos d 
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Written in (.Ids form ono c.n.n now disluta' (ho corrosponding 
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on the perimeter curries (.wo (upial a.nd opposi((> curreuis (hena 




zero current), so that the large single loop is (Kiuivulent to the 
sum of the small ones. This construction Ix^ai’s the name of 
Ampere. At a point P the large; loop sulrtcnds a solid angle SI 
which is evidently the sum of the solid angles subtemded by the 
tiny loops. Hence, using Eq. (46), the potential due to any loop 
of current at a point P is 


F.. - iQ (47) 

where i is the current in the loop and Q the solid angle subtended 
by the loop at P. 

As an illustration of the use of Eq. (47) we calculate the scalar 
magnetic potential of a circular loop of radius r at a point on the 
axis of the loop. ^ The solid angle O subtended at P by the loop is 
equal, by definition, to the area of the portion A' of the surface 
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of a sphere of radius B divided by (Fig. 70). The area A' is 
readily found to be 

A' = 2x122(1 - cos e) 

where 6 is the angle between the radius to a point on the loop 
and the a:-axis as shown. 

Thus 

o _ = 2,(1 - cos e) = 2,(^1 - I) = 2,(l - 

and from Eq. (47), 


This gives the magnetic scalar potential at points on the rc-axis 
and we can obtain the axial field intensity H according to Eq. 
(45) by 


H 


dV^ 

dx 


= 2in\ 




\/x- + r2 + ?'2)* 


2xiV2 


(a;2 + r2)S 




and this is the result expressed by Eq. (34). 

It is interesting and instructive to express the torque on a cur- 
rent loop which is placed in a 
magnetic field in terms of the 
magnetic moment of the cur- 
rent loop. We have seen in 
Sec. 27 that a current-carrying 
loop in a uniform field B is in 
equilibrium ■when the plane of 
the loop is at right angles to the 
direction of B. From an ex- 
amination of Fig. 54 on page 
93, we see that the position of 
stable equilibrium is such that the magnetic field produced 
by the current in the loop aids the external field at the center 
of the loop. If the normal to the plane of the coil makes an 
angle 6 with the direction of B, the restoring torque is 



T = BiA sin d (49) 

If the induction B varies from point to 
equation is still coiTect for a very small loop, so small 
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that li is prai’tirnlly ronslant ovit ilir area, . 1 . In terms of ttiii 
magiK'tie moiiK'nl. ni i.\, Kq. (‘lit) itceomf'S 

T ■ tnli sill 0 (50) 


and the. axis of r<)la,ti<m (tln^ direction of the xatctor torqiie)is 

uonnal to tht' pL'iiu' of t)i and H. Using tiu^ notation foravectoi 
product, we. can stall' t his concisely as 

~T ■■■ vl X*/^ (51) 

> 

(In Fig. Bib the direct.ion of vi is |.ha.t. of tlui normal n shorn 
there.) We have already point I'd out tin' ('quivalencc of asmal 
bar magnet, suc-h as a small c()mpa.ss lU'i'dh', and a small current 
loop with regard to the fiidd produci'd by ('n.clv. 'This equivalence 
is also true with resirect t.o tire l.orqui's I'xerli'd on each by a 
magnetic field. The tonpie exerti'd on a smn.ll compass needle 

suspeiided at its center is given by Fq. (51), wlu're m now repre- 
sents the magnetic moment of the c.ompass lua'dle. If the needle 
is displaced from its equilibrium orientat.ion (in which it is 
lined up with the field vector li) through a .wiall angle 8 and 
released, it will perform simple harmonic motion with a period 

r. - 2.^5 ” 

where I is the moment of inertia of the neodk'. about the axis 
of rotation. Used in this manner, a small magnet serves as a 
magnetometer and is employed to mca.sure weak magnetic fields, 
such as the magnetic field of the earth. 

There is a simple important current-moasuiing instrument, 
which operates with the aid of such a suspended compass needle, 
called a tangent galvanometer. Suppose a compass needle is 
suspended so that it is free to rotate about a vertical axis through 
its center and is placed at the center of a large vertical circular 
coil of wire of N turns and radius a. The plane of the coil is 
perpendicular to the east-west direction. When no current 
flows through the coil, the compass needle points north. If ^ 
current i flows through the coil, it sets up a field B at its center 
in an east-west direction of magnitude given by (see Eq. 33) 
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The compass needle rotates until it points in the direction of the 
resultant of this field and the horizontal component of the earth’s 
field, Bh- The tangent of the angle between the direction of the 
noodle and north is given by (Fig. 71) i 


tan d = 


Be 

Bh 


27rfj.oN 

aBh 


North 


or 


tan 6 = constant X i (53) 

Thus we have a simple and relatively 
cheap ammeter which can be used to 
determine the absolute value of the current 
i if Bh is once known. If one were to 
mount a small current-carr 3 n.ng coil at 
the center of a large vertical circular coil so that the small 
coil were free to rotate about a vertical axis through its center, it 
would behave just like the compass needle. It is, of course, much 
more convenient to employ the small permanent magnet. Sup- 
pose the large coil has N turns and radius R and the small coil n 
turns and radius r. If we hold the small coil so that its plane is 
normal to that of the big coil and send the same current i through 
both coils (series connection), we must exert a torque on the 
small coil equal to 



T — Mo 


2TrNi 

~R~ 


• niirr^ 


or 


rr _ ^ir^fxoNnr^ 

B 


(64) 


This equation can be used to define the abampere (the e.m.u. of 
current), placing = 1. Thus, for example, let iV = n = 10, 
r = 1 cm. and = 100 cm. Then the abampere is that current 
sent through the coils for which a torque of 2Tr^ dyne-cm. is 
exerted on the small coil. 

In conclusion, we should point out that the definition of the 
magnetic moment of a very small current loop which we have 
adopted, viz., m = iA, is at variance with that adopted by many 
writers on the subject. The alternative definition, namely. 
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m' -- I’oi' vaciui!!!, lias enjoyed cousubaki 

popularity, aiul, tisiuji; if. one is loil i<i rpuatioiis iliffpiingsliglitli 
from ihos<>. wo lia.vo writtoii. For o.\aniplo, (44) fort 
magnotic Hoalar potoutial liooomos 

ill' cos (I 

' Wi «» 

and 10(i. (51) for (ht^ iorejno on a enrronf loop lakas the form 

X // 

Since B in the fuiidannnital niainnei’n* foret^ vector, this last rela^ 
tion secinH fonuul a.n<l may l<'a<l to eoiifusion whcai applied tu 
permanent ruagnc'ts. W(‘ n'tniai to a- more (O'itical diHCUSsiono! 
this point when we study tlu‘ inap^iudii* hedun-vior of ferromagneik 
bodies. 


Problems 

1. The magnotic induct ion in a. given n^gioii of is given by -f 
By ~ — aaj, B» = 0. Show that tin* Hiuns of indiuMion nn^ circloB, 

2. In Prob. 8, t!hai>, J, (.ho t wo th^tlia’t ing plat<*s of the cathode ray 
tube are replaced by coils producing a. unifonn transv(‘rs(* magnetic field oi 
5.3 gauss in the same region of spa.(a^ in which (1 h‘ <d{*(*(ric. Htdd existed witli 
the deflecting plates in position. Th<^ l><‘a,m is (l<‘lh‘<!t(*d 3.1 cm. Calculat? 
the ratio e/m for an (decitron. 

3. An electron enterH a \iniforin inagiudie fudd lan’pimdiimlar tothefa 
of induction and performs circular motion with a ])eriod of 10 “^ sec. 

a. Calculate tlic value of B in gauss a.nd in wcdxu's pen* stpiarc meter. 

h. If the electron enters with a sp(';ed a.<npiired by falling from rest 
through a potential difference of 3, GOO volts, what- is the radius of tk 
circular orbit? 

4. Carry through the calculations of Prob. 3 for a hy<lrog(m ion instead 
of an electron. The mass of a hydrogtux ion is 1,840 times that of aa 
electron. 

6. The earth’s magnetic field at the equator is about 0.4 gauss. What 
should the velocity of an electron be if it is i.o d(';s<*.ribe a eirede around tb 
earth at the equator? What is its energy in (dcHd.ron- volts? Should it 
travel toward the east or the west? 

6. A magnetron consists of a filament 0.5 jnin. in radius suiTOunded ty a 
coaxial cylindrical plate of inner radius 5 cm. When tlio tube is placed in S' 
uniform magnetic field with its axis parallel to the lines of B, it is observed 
that the electron current from filament to plate is zero for plate potentials 
less than 10.2 volts. Calculate the magnitude of B. 

Hint: Set up the equation for conservation of mechanical energy, 
set the torque about the axis equal to the rate of change of angular 
momentum. 
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7. Referring to Fig. 52 in th.e text, show that all electrons with the same 
speed Vo, lea-v-ing the slit S at small angles to the normal, will be brought to 
a focus at P. 

8. Electrons are emitted normally from the negative plate of a parallel- 
plate condenser of separation d with negligible velocities under the action 
of ultraviolet light. The condenser is situated in a uniform magnetic 
field with the lines of B parallel to the plates, and a potential difference V 
is maintained between the plates. Show that no electrons reach the 

1 e 

positive plate if 

2 m 

Hint: Use Newton's second law for the motion parallel to the plates and 
the consolidation of mechanical energy. 

How should this inequality be written if the Gaussian system of units is 
to be employed? 

9. A cloud chamber enables one to observe the tracks of charged 
particles. When a uniform magnetic field exists in the chamber, the 
tracks are curved. Suppose tracks of 102-mm. radius are observed when 
the field is 0.1 weber/meter^ and that it is known that the particles have the 
same charge as an electron and an energy of 3,400 electron-volts. What is 
their mass? 

10. A 60-mil diameter copper wire (density 8.9 grams/cm. 1 ft. long is 
pivoted at A and rests lightly against a horizontal wire passing through B, as 
shown in Hig. 72. A current of 1 
amp. is sent through the wires from A 
to C and a magnetic field of 1,000 
gauss is applied normal to the plane of 
the wires. What angle B will the 
hanging wire make with the vertical 
at equilibrium? 

11. A copper bar weighing 100 
grams rests on two rails 20 cm. apart 
and carries a current of 20 amp. from 
one rail to the other. The coefficient of friction is 0.16. What is the 
least magnetic field that would cause the bar to slide, and what is its 
direction? 

12. A very thin wooden block, 25 by 40 cm., has 10 turns of wire wound 
around its edge, and the block is suspended in equilibrium with its plane 
horizontal on an east-west axis with its 40-cm. edges pointing north and 
south. Using very flexible leads, a current of 28 amp. is sent through the 
coil. How far from the axis of suspension must a l-gram body be hung so 
that the coil remains in equilibrium in the earth's field? The horizontal 
component of the earth's magnetic field is 0.21 gauss, and its vertical com- 
ponent is 0.48 gauss. 

13. An equilateral triangular loop of wire, of side a and weight W, is 
suspended from one vertex so as to turn freely in all directions. A current i 
flows around the loop, and it is placed in a uniform magnetic field B. 

a. The field is normal to the loop. Draw the forces acting on the wires, 
and find the resultant tension in the wires. 



Tig. 72. 



l;i() FJ.FA^TflKHTY AND 

?), The fu'lil is liorizontal ninl ia tiu* plane <A th(‘ Inop, What is tlie 
torque tending t.o t.\irn the loop? 

c. The liehl is vte'iieal. What- is t h(» e<puli]>riinn posit ion of the loop? 

14. A (drcular loop of win' of n.r<‘a carry ing a (‘urnnit i, is placed ina 
uniform magmh-ie fndd B so t ha.t- t h(‘ fu'id is in tiu' plarn^ of the loop. Show 
that the torque on t.he loop is BiA, 

15 . A uniform magneti<*; field is a-pplit'd normal t-o a rigid circular loop 
o£ wire carrying a euriamt. Kiml t.(mHion in tlu' wire. 

16. The coil of a (rArsonval galvanometi'r has 100 turns and cnclosesaii 
area of 5 cm.‘-“' Tlie magnetic induct ion in tlu^ n'gion where the coil is 
located is 1,000 gauss and t.lu^ torsional (‘onsl ant. of the suspension is 
lO'-n dyncvcm./deg. 

a. Find the angular deflcad.ioii of Uk' instrunumt- ])('r milliainporc. 
h. If the angular d(vflecl.i(>n is nuuisurt'd hy r<‘fl<ad.ing a- Ix’iam of light from 
a mirror on the suspension, wluit current, would ea-usi' a. defieciioii of Imm. 
of the light spot on a scale 1 m<d(U’ dist.ant from i\u) mirror? 

17. How will the sonsii.ivity of a galvanomtd-er (duinge if the number 
of turns of wire on the coil is doubled, tlu^ diaimd er of the wire being corre- 
spondingly reduced so as to keep the weight, constant.? Consider bothtk 
ampere and the volt sensitivities. 

18 . Discuss how the sensitivity of a (VArsonval galvanometer depends 
on the magnetic induction B, the area of t.h(^ coil, and the hmgth and radius 
of the suspending fiber. What pract.ical limit.a.tions mn you give for tk 
design of the instrument, if one desires maximum scmsit.ivily? 

19. Calculate the period of a moving-(‘oil ga.Iva.nom (dor for torsional 
vibrations, neglecting friction. Derive a fonmila for tin', angular deflection 
of such an instrument in terms of the current, magnetic induction B, 
number of turns N, coil area A, the period calcula.iied above, and the moment 
of inertia of the instrument about the axis of susptmsion. 

20. A large current is sent through the coil of a d'Arsonval galvanometer 
for a very short time. Neglecting friction, prove that the maximum 
angle through which the coil rotates is proportional to the total charge 
passing through the coil. 

Derive a formula for the proportionality constant. When a galvanometer 
is used in the manner described, it is called a ballistic galvanometer. Wby 

should a ballistic galvanometer have 
a relatively large moment of inertia 
about the suspension axis? 

21. A metal bar slides on two con- 
ducting rails carrying a current i, as 
shown in Fig. 73. Under the influence 
of a uniform magnetic field B and a 
suitable external force, it moves with 
the velocity v. Compare the rate at which work is done against the 
external force with the rate of increase of flux in the circuit behind the wire. 
Give your answer for both m.k.s. and absolute electromagnetic units. 

22. The armature of a motor is a cylinder 25 cm. in diameter and rotates 
with an angular velocity of 1,200 r.p.m. The armature carries 100 condne- 


l 
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■fcorSj each 40 cm. long and each carrying 15 amp. at right angles to a magnetic 
field of flux density 8,500 gauss. Compute the torque and horsepower 

developed by the motor. 

23. Two long straight parallel wires carry equal and opposite currents. 
The wires are separated by a distance of 10 cm. and each carries a current 
of 20 amp. 

a. Calculate an expression for the magnetic intensity H at any point 
(outside the wires) in the plane containing the wires. 

b. Plot to scale the magnitude of iJ as a function of distance along a line 
perpendicular to both wires, using the mid-point between the wires as an 
origin. 

24. A long straight wire of circular cross section and radius 0.02 cm. 
carries a steady current of 50 amp. Calculate the total flux of B inside a 
cylinder coaxial with the wire of radius 2 cm. and altitude 1 meter. Neglect 
the flux inside the wure. 

25. A solenoid of 1,000 turns is wound uniformly on a cylindrical tube 
40 cm. long and of 8 cm. radius. A current of 1.5 amp. flows in the winding. 
Calculate the axial magnetic intensity at the center of the solenoid and in 
the plane at one end of the solenoid. 

26. Derive a formula for the magnetic intensity at points on the axis of a 
solenoid of length I in terms of the distance from the center of the solenoid. 
Plot the magnitude of H against this distance for points both inside and 
outside the solenoid. ^ 

27. Calculate the attractive force per foot between two long parallel 
wires 5 in. apart when each carries a current of 50 amp. Express your 
answer in pounds per foot. 

28. Derive an expression for the magnetic induction at the center of a 
square circuit of side Z, if the circuit carries a current i. 

29. Calculate the magnetic intensity due to two long parallel conductors 
separated by a distance 2d and carrying equal currents in opposite directions 
at any point of a plane bisecting a line joining the two wires and perpen- 
dicular to each. Where is this intensity a maximum? 

30- Calculate and plot the magnetic induction as a function of distance 
from the central axis of a long cylindrical wire 2 mm. in radius carrying a 
current of 50 amp. What is the flux of B per centimeter of length inside 
the wire? 

31. A steady current i flows in a long straight cylindrical wire of radius a 
and returns along a coaxial hollow cylinder of inner radius h and thickness d. 
Assuming uniform current density in the conductors, calculate the magnetic 
intensity as a function of distance from the central axis of the wire. (Use 
Ampdre^s circuital theorem.) 

32. In Prob. 31 calculate the ratio of the flux of B outside the conductors 
to that inside both conductors. 

33. A uniformly charged circular ring is rotated about its axis with con- 
stant angular velocity a?. Calculate the magnetic field intensity 

а. At the center of the circle, 

б, At any point on the axis. 
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34. A splun-ti ciirrit's a xiuiforin surfnciM'hurj^e (U'liaity cr and is i 
about a diaiuatcr with noiistaut nugular v<‘locity co. Using the results oi 
Prob. 33, calculal.o tlu^ magiudic. iiuhiction li at. th«' fiaitar of the sphere, 

35. A toroid of iiiiuu' ra.(lius U aiul outi'r radius 10 cm., as shownin 
Fig. 74, is wound uniformly with 2,00t) turns ol wir«'. It a current of 4 amp. 
is sent through the winding what is tiu' magnet ic indmd ion at a point 9.2 cm. 

from tin* axis of ilu^ t.oi’oid? By how 
many per c<‘nt does B vary as one 
mov<'s from a. point 9 cm. from the 
{ixis to !i point 10 <mi. from it? 

36. A brass rod of srpiare cross sec- 
tion (2 X 2 cm.) is bent into the form 
of a, ring of inne:r radius 5 cm., and tk 
i'luls art^ wehh'd (.ogcither. Wire is 
wound tor()i<la,ny around this ring to 
form a (a>il of fdJO l.urns, and a current 
of 1 amp. flows through the winding. 

A.ssumiug t.he. magncitic permea- 
bilit.y of brass to be that of empty 
sijace, ca.l(adaf.c the total magnetic 
flux (of B) in th(^ brass. 

Fio. 74. Note I hat, B vn,rios from point to 

point, insiele the brass. 

37. Calculate an expression for tlu^ rate of change of the axial magnetic 
field intensity with distance along (.lie axis of a c.ii'cular turn of radius o 
carrying a current i. 

Show that the above expression has a zero rate of change at a point on the 
axis at a distance a/2 froui the center of (he turn. 

What value has II at i.his point? 

38. The results of ProV). 37 are used in the design of Ilehnholtz coils used 
to produce a uniform inagnctic field in a small region of space. Two coils, 
each of N turns and radius a, arc mounted coaxially a,nd separated by a 
distance a. The field due to both coils is luiarly uniform in t.he neighborhood 
of the point on the axis midway between them, i.e., at a distance a/2 from 
cither coil. 

Calculate and plot the resultant axial field duo to both coils as a function 
of position along the common axis of the coils. What is the value of H at 
the central point midway between the coils? 

39. Two circular turns of wire, each 20 cm. in radius, arc mounted coaxially 
at a separation of 20 cm. A current of 10 amp. flows steadily through each 
turn, and this device is used as a tangent galvanometer. A compass needle 
is mounted at a point on the axis midway between the turns, and the com- 
mon axis lies along the east-west direction. If the horizontal component of 
the earth’s magnetic field is 0.2 gauss, calculate the angle between the needle 
and the axis of the system. 

40 . Show by Ampere’s law that the magnetic intensity on either side of a 
plane current sheet is 27rj, where j is the surface density of current, and is 
directed parallel to the plane and at right angles to the current. 
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41. A long thin strip of metal, of width w, and negligible thickness, carries 
a current i. It is placed in a uniform magnetic field of intensity 2Tri/v> 
directed parallel to the plane of the strip and at right angles to the current. 
Show that the resultant field is jzero on one side of the strip and 4nri/w on 
the other. Show that there is a force on the 
metal strip equivalent to a pressure /xqH^JStt 
acting on the side where there is the field H 
(Fig. 75).^ 

42. Coils are frequently wound in ''^pancake 
sections,” each section being a closely wound 
plane spiral of wire. Find the force between two 
neighboring sections if they are wound of 3~mm. 
wire, if the inside diameter of the section is 5 
cm., the outside diameter 15 cm., and if the wire 
carries 30 amp. Consider a section as equivalent 
to a current distribution in a plane, the lines of 
flow being circles, the current density being con- 
stant, and the lines of B being radial just outside the plane. 

43. Find an expression for the resultant force between two infinite straight 
wires carrying equal current if the wires are not in the same plane and form 
an angle d ^dth each other. 

44. A metal roller rests on two parallel conducting rails. Show that, 
when the rails are connected to a source of e.m.f. so that a steady current 
flows through the rails and roller, the roller tends to move. 
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INDUCED ELECTROMOTIVE FORCES AND INDUCTANCE 

In the preceding chaph'.r w(i considercul th(', magnetic fiAl^ s 
produced by steady currents and the forceps whuih these fields 
exerted on conductors e.ariying steady currents and on moving 
charges. The magnetic field producMnl by a distribution of 
steady currents is stationary, the value of B, for example, being 
constant at a given point of space. Stationary magnetic fields 
exert no forces on conductors at rest if tlui latter (^arry no current. 
If, however, the magnetic field in tlu; neigh] )orhood of a sta- 
tionary conducting circuit changes with tim(i, one observes a 

current flow in the circuit, a so-called 
indu(!('id current, and this current 
flows as long as the magnetic field 
keeps changing. One interprets this 
current flow as being caused by an 
electromotive force induced in the 
circuit, and those induced e.m.fs. 
were discovered by Faraday in 1^1 1 
and also independently by Henry' 
Suppose we have two fixed conduct- 
ing loops arranged as in Fig. 76. If the switch ^ is closed, a 
momentary deflection of the galvanometer G is observed, ceasing 
as the current flow in circuit (1) becomes steady. If the switch 
is then opened, the galvanometer deflects in the opposite direction. 
Thus we see that, while the current in circuit (1) is increasing or 
decreasing, with a consequent increase or decrease of the magnetic 
field, there is an induced e.m.f. in circuit (2). Faraday also dis- 
covered that if circuit (2) is moved relative to circuit (1), while the 
latter carries a steady current, an e.m.f. is also induced in circuit 
(2). This motion may be such that the circuit (2) remains rigidly 
undeformed or may consist of a deformation of the circuit. The 
e.m.fs. induced in conductors which move relative to a stationary 
magnetic field are often called motional e.m.fs., and these are the 
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electromotive forces induced in many types of rotating machin- 
ery. lu the following sections we shall formulate the laws 
governing these induced voltages and examine some of their 
consequences. 

32. The Faraday Induction Law for Stationary Circuits ; Lenz’s 
Law. — Let us start with a discussion of the e.m.f. induced in a 
stationary circuit, which we take for simplicity as a single 
circular turn of wire. If the magnetic field in the region of space 
occupied by the turn is changed in any manner, e.g., by changing 
the current in neighboring circuits, or moving the latter when 
they carry steady currents or by moving a permanent magnet 
in the neighborhood, the indticed electromotive force is found to be 
equal to the rate at which the magnetic flux which crosses any area 
of which the loop is a boundary changes with time. The magnetic 
flux crossing such a surface is said to “link” the circuit. 

Denoting the induced e.m.f. by E = jS‘£sds and the flux linking 
the circuit by = jBndS, the Faraday induction law becomes 

The negative algebraic sign occurring in Eq. (1) is to indicate the 
direction of the induced e.m.f. and hence that of the . induced 
current. The induced current always flows in such a direction 
‘ that its magnetic field tends to oppose the change in the magnetic 
field which produces it. Thus, if we try to increase the magnetic 
flux through the loop {d^/dt positive), the induced current flows 
so that its field tends to decrease the flux and opposes the change. 
Hence the minus sign indicates the induced voltage establishing a 
current tending to decrease the flux in the above example. 

This law concerning the direction of induced e.m.fs. is per- 
fectly general, holding equally well when the e.m.fs. are induced 
in moving circuits, and it bears the name of Lenz’s Law. It 
follows immediately from the conservation of energy since 
otherwise an induced e.m.f. once started would grow indefinitely 
large. If, instead of a single conductor loop, one considers a coil 
of N turns in series, Eq. (1) becomes 

N 

■p 

^ ^ dt 

k = 1 


( 2 ) 
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where <I>fc is tlu'. flux Hnkius the klh i virn. An important speck 
case occurs wlnni all the*, '^*’s are tupial (or v(ny nearly so), thesamt 
flux linking each turn, hlep (2) then b(H‘,omes 


^'di' ” ' dt ' \ 


and the product is cialhul th<'. Tuimlxu' of flux linkages. Equa- 
tion (1), (2), or (8) may b(i us(hI as it' sta,nds in the m.k.s. or 
eloctromagiK’itic syshuns of unil,s. In tlu', formin’ case, $ is 
I measured in webers, t in sccotkIs, and JH comics out in volts. In 
dhe latter case, <I> is expressed in maxwiflls, t in seconds, and E in 
abvolts (the c.ra.u. of e.m.f.). It is convenient to I’cmember that 
1 volt = 10® abvolts. 

If one wishes to employ tlu^ Gaussian mixed system, expressing 
<I> in maxwells, t in seconds, and E in statvolts, thi^ equations 
cannot be used as thiy stand. The ciorrec.t form is readily shown 
to be [for Eq. (1), for example] 

-CM 

where c is 3 X 10^° cm. /sec. . The otlicr two equations are 
similarly altered. 

The Faraday induction law holds equally wcfll for i^xtcurded con- 
ducting bodies at rest. In this case it is more convenient to 
write Eq. (1) in the equivalent form 

f 6. da = - J -l-S (4) 

Here the e.m.f. is taken around any closed path in the conducting 
medium, and the integral ^BndS is the flux linking this path. 
The spacially distributed currents which flow under such condi- 
tions are called eddy currents. There is a further generalization 
of the induction law which we shall need later. We postulate 
^ that an electric field is established in any region of space in which a 
magnetic field changes with time and that Eq. (4) is obeyed whether 
the closed path be in a conducting or nonconducting medium or in 
empty space. In this connection it must be emphasized that the 
electric field so produced is quite different in nature from that 
produced by stationary charges. In fact, Eq. (4) shows clearly 
that ^ Sa ds is not zero, and hence that no scalar potential 
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6 exists. One can no longer obtain 6 as the negative gradient 
of a scalar potential when discussing the electric field produced 
by changing magnetic fields. This is, of course, in sharp con- 
trast to the electrostatic case. 

33. Motional Electromotive Forces. — We now turn our atten- 
tion to the case of induced e.m.fs. caused by the motion of con- 
ductors relative to a magnetic field. An exact analysis of the 
situation requires relativity theory which is far beyond the scope 
of this book; hence we must content ourselves with an approxi- 
mate method which gives excellent results provided the velocities 
encountered are small compared to c (3 X 10^® cm./sec). For 
most practical problems this condition is well satisfied. We 
shall approach the question from the law giving the force exerted 
by a magnetic field on a moving charge, the so-called Lorentz 
force. This force is 


F = q(vX B) 


where v is the vector velocity of the charge q. If we now imagine 
a metallic circuit moving in a fixed magnetic field, the conduction 
electrons in it will be acted on by a force per unit charge equal 

to (v X B) and, being free to move, will set up an induced cur- 
rent. Treating this force per unit charge as an effective electric 
intensity S' from the standpoint of an observer moving with the 
circuit, we expect that the magnitude of the induced e.m.f. 
should be given by a formula 


E = ds = X B), ds 


(5) 


Equation (5) is the correct formula for low velocities, and the 
induced e.m.f. as given by this equation sets up a current which, 
in accordance with Lenz’s law, tends to oppose the motion 
producing it. There will be a force exerted on the conductors 
tending to slow them down, and this force action is usually 
termed electromagnetic reaction. In many applications of Eq. (5) 
it is convenient to think of an e.m.f. induced in each element ds 
of the circuit 

dE = S' ds = (v X B)a ds (6) 

and the e.m.f. along any path becomes the sum of these infini- 
tesimal e.m.fs. Viewed in this manner, one can state that the 
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e.ni.f. induced iii a conductor w equal to the. rate at which this con- 
ductor cuts lines of B. We can tliis rtuulily with the help of a 
simple example. Su])])os(’i a m<4.al bar is moved at constant 
velocity in a diroedion perp<uuli(nilar t.o its hmgth in a uniform 
field of magnetite iiidiu'.tioii (lir(Md;(‘d normal to the conductor and 
to its direction of motion, as shown in Fig. 77. In time dt the 
conductor sweeps out an anai c^eiual t.o Iv dt and cuts all the lines 
of B which cross this area. The: niimlxn- of lines cut is 

dfch = Blv dt 


so that the induced e.m.f. has a magnitudr^ given by 

TV 7>7 

jS = _— = Bit) 


( 7 ) 


k r 


.Direction of 
t induced/ e.m. f. 


V 


( 6 into page) 
Fio. 77. 


This is exactly the result which on<^ obtains employing Eq. (6), 

rc^membering that v is normal to B and that 
V X B is direct(',d along tlu'; length of the 
conductor. Furt.luu’mon^, v and B have 
the same valuers and dire(;tions at each 
point of the conductor. Other cases will 
be taken up in the problems. 

If we apply Eq. (5) to a moving closed 
circuit or to a closed circuit in an extended conductor in motion, 
we can, under certain conditions, find a simple relation between 
the rate of change of flux through the moving circuit and the 
induced e.m.f. as given by this equation. If the circuit moves as a 
rigid body, undeformed during its motion, the induced e.m.f. as given 
by Eq. (5) is just equal to the rate of change of flux through the circuit. 
This is true if the magnetic field is stationary. If the magnetic 
field varies with time, one gets the correct induced e.m.f. by taking 
the total rate of change of flux through the circuit. This now 
consists of the sum of two terms, one the rate of change of flux due 
to the var 3 n.ng field and the other the rate of change of flux due 
^ to the motion of the circuit in the field. 

We shall not attempt a general proof of the above statements 
but shall content ourselves with a simple, but important, example. 
Consider a rigid rectangular coil of width d and length I which is 
rotated with constant angular velocity co about an axis per- 
pendicular to a uniform magnetic field B, as shown in Fig. 78. 
The angle 9 between the direction of B and that of the normal 
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n to the plane of the loop varies uniformly with time, so that 
e — at. Let us first evaluate the induced e.m.f. in the coil by 

— > — « 4 . 

applying Eq. (5). We note that the vector v X B is directed 
parallel to the axis of rotation for all elements ds of the coil, and 
hence the induced e.m.f. may be considered to arise in the sides Z 
only. This is in accord with the notion of cutting lines of B, 
and the two e.m.fs. thus induced add as one moves around the 
loop. For each side Z we have 


(v X B) = vB sin 9 

and this vector is along the direction Z; hence we have 


E = ^(v X B)a ds = 2vBl sin 9 = 2vBl sin at 


The speed v of either side Z is related to the angular velocity a by 
V = ad/2, so that the induced e.m.f. 
becomes 

E = aBld sin 9 = aBA sin at (8) 

Now let us calculate this e.m.f. by evalu- 
ating the rate of change of flux through 
the coil. When in the position shown in 
Fig. 78, the flux $ linking the turn is 

$ = fSn dS = BA cos 9 = BA cos at 

and differentiating with respect to the time t, we find 



E = aBA sin at 

which is identical with the result expressed by Eq. (8) . Writing 
for the maximum flux linking the coil and assuming that we 
have a coil of N turns in series, we have an induced voltage in the 
coil equal to 

E = Na^m sin at (9) 

where = BA. Equation (9) is the fundamental formula 
underlying the action of either a.c. or d.c. generators. If the 
terminals of the coil are brought out to slip rings on the a.yis of 
rotation, we have the case of an a.c. generator in which the 
induced e.m.f. varies sinusoidally with the time. In the case of 



126 


liLKCTHKUTY AND ()I>TWS 


[Chap. Vi 


d.c. generators a coniiuutator, whieli n'vcM'scvs the direction of 
current flow in opposites Kidcss I (with r(\sp(‘(^<, to a fixed external 
circuit) every half (;y(;U', tak(',K the: pliuu'! of tlu-i slip rings. 

The case of induced voltag<^K in (ur<uiil,s which are deformed and 
do not move as rigid bodices is inon^ coiupliciatcul, and in general 
it is safest to apjoly Idq. (5). For such (^xampU^s it is true only in 
special cases that th<i iiuhnxid c.ni.f. is (upial <,o tlu; rate of change 
of flux through the circuit. One such si)ec.ial case is shown in 
Fig. 79, in which a metal rod ab, of Uuigth is moved with con- 
stant veloc/ity V Jind slides along con- 
ducting rails (id and he. The induced 
voltage ai'ound the circuit adeb isjB = 
Blv, and this is (Hpial in magnitude to 
the rat(i of in<;r('-aso of flux through the 
circuit add). Sincci B is assumed uni- 
form, tlio rate of inc.rease of flux is 
equal to the flux density B times the rat(^ of increase of area. 
This latter term is Iv. The induced current, which flows as in 
the direction shown, has a magnitude 



Fig. 79. 


. _ Blv 

* R R 


( 10 ) 


where R is the resistance of the circuit. Since the conductor 
ah carries this current, there is a side thrust on it equal to 
F = BU == BHH/R, which is directed opposite to the direction 
of V. This is the electromagnetic reaction and one must exert 
a force equal and opposite to it on the coriductor to keep it moving 
with a constant velocity. The power required is 


P = Fu = 


52^2^2 

R 


and we see that the law of conservation of energy is satisfied, the 
mechanical work done per unit time by external forces just equal 
to the rate of heating in the circuit. When one moves an 
extended metalhc conductor in a magnetic field, there is an 
electromagnetic reaction similar to that discussed in the above 
example, and the conductor moves as if in a viscous medium, the 
force being proportional to the velocity and opposite to the direc- 
tion of motion. This is the principle of the eddy-current brake. 
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In all the applications with which we shall concern ourselves, 
we shall restrict ourselves either to stationary circuits in varying 
magnetic fields or to moving circuits which are not deformed 
during the motion. In both these cases we may use the Faraday 
induction law as expressed by Eq. (1) to calculate induced 
e.m.fs. 

34. Self- and Mutual Inductance. — In this section we shall 
restrict our attention to fixed, rigid circuits and shall examine the 
induced voltages created in them when the currents they carry 
change with time. First we consider a simple circuit as shown 
in Fig. 80, carrying a steady current ^. There is a steady 
magnetic field set up by the current, and some of the lines of B 
are indicated. There is a definite flux 
linking the coil and the number of flux 
linkages with the coil is 

== Bn dS 

where N is the number of turns in the 
coil and the integral extends over an 
area bounded by the loop. The exact 
evaluation of this integral is exceed- 
ingly difficult in all but a few simple 
geometrical shapes of the circuit, but no matter what the geome- 
try, the results of the preceding chapter require that it be pro- 
portional to the steady current i flowing in the loop {H and 
hence B at any point are proportional to ^). If we denote the 
proportionality factor by L, we can write for the flux linkages 



= Li (12) 

where L, called the self-inductance of the circuit, depends only on 
the geometry of the circuit and not on the current, at least in 
empty space. 

If we now vary the current in the circuit by changing the 
variable resistance and if we assume that, while the current is 
changing, is proportional to the instantaneous value of the 
current, an induced e.m.f. will be generated in the circuit accord- 
ing to Eq. (1) whose magnitude is 




( 13 ) 
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and which a(!t,s in Kuch a direction as to oppose the change of cur- 
rent by Lonz’s law. This is oflxui called a back e.m.f. Our 
assumption cioncerning the validity of the proportionality 
^ i turns out to b(5 very aceurat(^ly true for slow rates of 
change of i with time, and for the presemt w(^ shall accept it as 
true for all the cases we shall exarniiu^. A more exact criterion 
for its validity will be given in Chap. VIII. 

According to Eq. (12) the solf-indu(!tan(;e L of a circuit equals 
the number of flux linkage's scd. up in th(^ circuit per unit current 
in it. In the m.k.s. system the unit indinitance is called the 
henry and this is 1 wober/amp. or, as we s(ie from Eq. (13), 
1 volt-sec. /amp. In e.m.u., the unit inductance is 1 abhenry 
which is 1 maxwcll/abampci-o or 1 abvolt-soc./abampere. 
One henry = 10^* abhenrys. 

In general, whenever the cuiTont in a circuit is caused to 
change, there will be indiK^ed in it a back e.m.f. given by Eq. (13) 
which tends to keep the (uirrent from (dianging. ''Phus, when one 
closes a switch in a circuit fed by a d.c. sr^at of e.m.f., the current 
will attain its final steady-state value only after some time. 
While the current is increasiirg, the net e.m.f. acting around the 


circuit ia E — L 


dt' 


where B is the external e.m.f. 


Similarly a 


current cannot be instantaneously reduced to zero by opening 
a switch. 


We now turn to a calculation of the inductance of two readily 
calculable circuits. First, consider a solenoid whose length I is 
large compared to its radius, n turns per unit length, AT total turns 
carrying a steady current i. From Eqs. (41) and (42) of Chap. V 
we write for H and B at all points inside the solenoid 


and 


H = 47rm 
jB = n(i4.Trni 


These formulas are, strictly speaking, valid only for an. infinitely 
long solenoid but are good approximations when I is large com- 
pared to the radius. This is equivalent to neglecting end effects 
in a manner similar to the treatment of a parallel-plate con- 
denser in electrostatics. The total flux inside the solenoid is 
accordingly 


= TTr-^B 
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where r is the radius and the total number of flux linkages i^ 


iV# = TrrWi 
where we have written 




n = 


N 

I 


Thus we obtain from Eq. (12) a formula for the inductance L 
of a long solenoid in air; 

, 4:7rVoiV2r2 


I 


(14) 


4 


or, written in terms of the number of turns per unit length, 

L = 4Tr^iJ.on^rH (14a) 

It is evident from Eq. (14) that the dimensions of inductance in 
e.m.u. are those of length so that 1 abhenry equals 1 cm. 

As a second example, consider a long coaxial cable consisting 
of a central cylindrical wire of radius a 
and an outer thin hollow cylinder of 
radius h (Fig. 81). We shall assume 
that 5 — a >> a so that we can neglect 
the magnetic flux inside the conduc- 
tors. Since the magnetic induction 
has the value 

B — 

r 

at points in the space between the 
conductors and is zero outside, the 
total flux linking a length I of the cir- 
cuit can be obtained by a simple 
integration. Consider an element of area I dr as shown in the 
figure. The flux across the area is evidently 

d<S> = Bl dr = 2fioil — 

r 

and the total flux linking a length I is 

* = f 

J a ^ 





-•-(b-a)-*- 

d 

r 

1 

1 

t 

j 

-■■J 

— 


Pig. 81. 


2/xoZi In ( — 
a 


( 16 ) 
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This gives for the vnductatice per unit Length ol‘ the cable 


// =. I = 2m. In (I) (16) 

Mutual Inductance . — Now lot iis consider the case of two 
circuits such as those shown in Fig. 82. If the current in circuit 
I is changed, a voltages is induc('-d in cii-cuit II and conversely, 
a current change in circuiit II induces a voltage in circuit I. 
First take the casci of a st(^ady (uirrent iy in circuit I. This 
I jj sots up a magnetic field as indi- 

g (sated in the figure, and a fraction 

links circuit 

~if m II. L(it the flux linking circuit 

denoted by # 21 . 
This is proportional to Ni, the 
number of turns in circuit I, to ii 
and the pi'oportionality constant 
depends only on the geometry of the .system, i.e.., the dimensions 
and shapes of both circuits and their relative positions. In 
symbols, this is 

#21 = KNiiy. (17) 

Now consider a steady current in circuit II and let us call the 
flux linking circuit I duo to this current <I>i 2 . This flux is pro- 
portional to the number of turns N 2 of circuit II and to ii. The 
proportionality constant depends only on the dimensions and 
shapes of the two circuits and on their relative positions and it 
can be shown to be the same as K in the above formula. Thus 
we can write 

$12 = KNiii (18) 

We now define the coefficient of mutual inductance M of the system 
as the number of flux linkages of either circuit per unit current in 
the other. Thus we have 


ISf 2'J*2 


Nx^r 


KNiNi 


Now suppose we change the current ix in circuit I. 
induce an e.m.f. in circuit II given by 

TP Ar d^2X Tiffiil 


This will 
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If the current in circuit II is changed, an e.m.f. iJi is induced 


in circuit I given by 
Ex ■■ 


■Nx- 




12 


dt 


-M^ 

dt 


( 21 ) 


Any two circuits which are so arranged that an appreciable 
amount of flux due to one of them links the other are said to be 
coupled, and any change of current in one induces a voltage in 
the other. The maximum mutual inductance is obtained when 
all the flux produced by either circuit links the other. 

Let us calculate the mutual inductance of two long coaxial 
solenoids. Suppose the length of each is I, the number of turns 
Ai and N 2 , and the radii rx and r^, respectively. For the sake 
of definiteness, let us assume that < ri. The induction B 
produced by a current zi in the outer solenoid is 


B = 


Mo- 


4Tr]V if 1 


I 


and the flux linking the inner solenoid is 




21 


Bicrl 


xix 2 
MO— 7 • Trri 


The mutual inductance is, according to Eq. (19), 


M 


Mo- 


4-7rNxN2 

I 


-rrl 


( 22 ) 


The same result can be obtained by considering a current in the 
inner solenoid and calculating the number of flux linkages of 
the outer solenoid. This is left as an exercise for the student. 
With the help of Eq. (14), we can write for the self-inductances 
of the two solenoids 


Lx 


Mo- 




■ Trrl 


(23) 


and 


L. = 


MO— 7-^ ' Trrl 


(24) 


Comparing Eqs. (22), (23), and (24) one finds readily that 


M = 

Ti 


(26) 
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This is a special case*, of the gcau‘ral w^lation Ix'iwecn the mutual 
inductance and s(^lf-inductanc(^s for a coupk^d (‘.irciiit. In general 
one has 

M = k-y/LiL-i ( 26 ) 

where k is called the coefficient of coupling and is always less than 

or at most equal to unity. If fc = 1 , ikf == •%/ LiLa is the maxi- 
mum mutual inductance possible. For t.lu^ (sase of the two long 
solenoids we see that this occurs for ri — r», in which case all the 
flux produced by one links the otlunu 

36. Energy Stored in the Magnetic Field of an Inductance; 
Energy Density. — In setting up a steady distribution of electric 
currents a definite amount of work must be doiKi by the external 
sources of e.m.f. against the induced voltages which exist while' 

the currcuits arc being built up. 
i Wc think of the work as being 
’Stored in tlu; magnetic field associ- 
:atcd with the current, and it can 
;be rogaincxl by allowing the cur- 
rents to vanish. To investigate 
tliese relations consider the simple 
circuit of Fig. 83, formed by connecting a coil of inductance Land 
resistance to a battery. If the switch S is closed, the currents 
in the circuit will start to increase with a consequent increase of 
the magnetic field produced by this current. At any instant of 
time we have, from the Faraday induction law, applied to the 
circuit 

= -jvf = 

If we assume Ohm's law to be valid for currents varying with 
time, the left-hand side of this equation has the value 

ds — —B-\-iR 

just as in the case of steady currents. E is the e.m.f. of the 
battery. Thus we have 

E ^ iR+ (27) 

as the differential equation for the current in such a circuit. 
The work done per unit time by the battery, i.e., the power input 


I 



Ficj. 83. 
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to the system resistance plus inductance, is Ei. Using Eq. (27), 
we have 

Ei = im + Li i^R + (28) 

The first term on the right-hand side is the rate of heating in the 
resistance, and we interpret the second as the rate of increase of 
magnetic energy. The total energy stored in the magnetic field 
. produced by the inductance L after time t, when a current i is 
flowing, is accordingly 

Just as in the case of electrostatic energy, we can think of this 
energy as distributed throughout the region of space in which 
the magnetic field exists and introduce the concept of magnetic 
energy density, the energy per unit volume of space. We can 
obtain a formula for this energy density by considering the 
magnetic field produced by an infinitely long solenoid carrying a 
steady current i. Consider a section of the solenoid of length 1. 
Its inductance is, according to Eq. (14a), 

L = 

where n is the number of turns per unit length and A the cross 
section of the solenoid. The current is related to the magnetic 
induction B inside the solenoid by 

B = Aimiiai 

so that 

IfiTT^nVo 

Hence the magnetic energy ^Li^ is 

1 B^ B^ 

Now is just the volume of that region of space enclosed by a 
length I of the solenoid, so that the energy per unit volume of the 
space in which the magnetic field exists is given by 

™ Stt/xo Stt 


( 30 ) 
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This turns out to bo t.ho: oorroo.t foi'imila in gtuieral and holds 
even when B varies from point t,o point of space. From our 
derivation it is clear that this (\xpr<^ssion n'prc'.sruits the work done 
against the induced c.m.fs. in ])uiiding up llu', field with the help 
of currents. The total magnetic, (mergy can be calculated from 





.SpiUH^ 


(Iv 


( 31 ) 


and this can be evaluated if the npavv (l(^]><ui(l(ui<*(^ of B is known 


Problems 

!• The magnetic flux linking a fixed (u)il of 1,000 tui'nn is varied so that 
it has the value a-t any ■iinu': t 


sin 

where = 3,000 maxwells and t is in secionds. Calculate an expression 
for the induced electromotive forca^ E in tlu'- coil. What is the maximum 
value of this e.m.f, in volts? Make a plot of <I> and E im functions of time, 
plotting them on the same graph. 

2. A slender metallic rod of length 21 rotates about» a.n, a-xis through its 

center with an angular velocity of n r.p.s. If (ho rod is placed in a uniform 
magnetic field B directed t ;0 tho a.xis of rotation, show that the 

magnitude of the voltage induced between tlui axis and cither end of the rod 
is given by 

E = 

3 . A copper disk of radius 10 cm. is rotated about its axis of symmetry 
at an angular velocity of 3,600 r.p.ni. The disk is in a uniform field of 
magnetic induction of magnitude 200 ga,uss tlic direction of which makofi 
an angle of 30*" with the plane of the disk. 

a. Calculate the induced voltage between tlu'. axis a.nd rim of the disk. 
Express your answer in volts. 

h. Draw a diagram indicating the directions of field, rotation, and induced 
e.m.f. 

4 . A copper disk 10 cm. in radius is placed inside a long solenoid of 
radius 11 cm. with its axis coincident with that of the solenoid. The solenoid 
is 1 meter long, has 1,000 turns, and carries a steady current of 2 amp. 
The copper disk is rotated about its axis with a uniform angular velocity of 
1,200 r.p.m. Calculate the e.m.f, induced between slip rings connected to 
the rim and axis in volts. 

6. The flux linking a 100- turn coil connected in series with a ballistic 
galvanometer is changed suddenly and the maximum angular deflection of 
the galvanometer is 0.01 radian. The sensitivity of the galvanometer is 
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10 radians /coulomb and the resistance of the circuit is 10 ohms. Calculate 
the change in flux through the coil, 

6. A large circular coil of N turns and radius h carries a current i and is 
rotated uniformly about a horizontal diameter. At the center of this coil 
is a small fixed horizontal circular turn of radius a. Calculate the e.m.f. 
induced in the small loop as a function of the time. What is the angle 
between the planes of the coils when the e.m.f. is a maximum? 

7. Given N turns of wire connected in series. Under what conditions 
would you expect the inductance of such a coil to be proportional to the 
number of turns? How would you arrange these turns to obtain the maxi- 
]num inductance? 

8. A solenoid 3.0 cm. in radius and 90 cm. long is wound closely and 
uniformly with 20 turns per centimeter of length. What is the self-induc- 
lance of this solenoid in henrys? 

9. A closely wound circular coil of 60 turns is wound around the central 
portion of the solenoid of Prob. 8. Assuming that ail the flux produced 
by the solenoid links this coil, calculate the mutual inductance of the system. 
Would this be altered if the 60-turn coil were short-circuited by connecting 
its ends together? 

10. In Prob. 9 suppose the solenoid carries a current given by 

i = 2 sin 2Tvvt (amperes) 

where z/ = 60 cycles /sec. and t is the time in seconds. Compute the voltage 
induced in the 60-turn coil as a function of time when this coil is on open 
circuit. 

11 . Given two concentric coplanar circular coils A and B oi Ni and 
turns, respectively. Let ri be the radius of coil A and r 2 that of coil Bj 
and suppose ri > > r 2 , so that one may assume the magnetic field produced 
by coil A to be uniform over the area of coil B. Deduce an expression for 
the mutual inductance of the system. 

12. Solve Prob. 11 for the case in which the two coils are coaxial, their 
planes being separated by a distance R which is much larger than ri. 

13. Two long straight parallel wires forming part of a circuit are separated 
by a distance d and carry equal steady currents in opposite directions. 
Neglecting the flux inside the wires, calculate an expression for the inductance 
per unit length of this part of the circuit. 

14. A coil carrying a steady current i is moved from a position in which 
no external magnetic field exists to a position where an external flux ^ links 
the coil. During this process the current is maintained constant with the 
help of suitable batteries. Show that the work done by these batteries 
against induced e.m.fs. is i<^>. 

16. Starting from the expression for the energy density in a magnetic 
field, compute the magnetic energy stored per unit length inside a circular 
metallic wire of radius r when it carries a steady current i. From this derive 
an expression for the contribution to the inductance of a circuit (per unit 
length) of the flux inside the conductor. 

16. Proceeding according to the scheme of Prob. 15, derive an exact 
formula for the inductance per unit length of the coaxial cable of Prob. 31, 
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Chap. V. Coiaparc your roHull. with (.hat given by Jllq. (16), and state the 
conditions under which Eq. (16) in a good approximation. 

17 . A transmission lino consists of t.wo parallel wires each of circular 
section, radius a, separated by ai distairrcie b Ix^l.wecm the axes of the wirffl. 
Deduce an expression for tire inductance pm* unit, length of the transmission 
lino. Assume b >> a. 

18 . Prove that, if two coils are conncc-ted in scunes, the inductance of the 
system is given by Li L-i ± 2M, where Li aind L-z are the self-inductances 
of the two coils and AI the mutuixl induetaince of the sy.stem. Under what 
conditions is the -|- s'gn vaxlid? 

19 . A rectangular coil of width a and length I having N turns is placed 
between two very long paraxllol conductors of scpaxraition 3a forming part of 
a circuit. The coil is centered between the conductors, the long sides Z being 
parallel to the conductors and tins plaine of the coil lying in the plane of 
the parallel conductors. 

Derive an expression for the mutual inducitance of the system. 

20 . Two fixed coils of self-inductances Li and L-i and mutual inductance M 
carry steady currents ii and ^ 2 , respectively. Prove that the energy stored 
in the magnetic field is given by 

U,. = lLd\ + -JI/2i5 + Mixi, 

the sign of the last terra depending on the rolal.ivo directions of the currents. 

21 . Using the fact that the expression for the magnetic field energy as 
given in Prob. 20 must be independent of the manner in which the currents 
ii and iz are established, prove that the proportionality constants K of 
Eqs. (17) and (18) are equal. 
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ELEMENTARY ALTERNATING-CURRENT CIRCUITS 

In this chapter we shall investigate the behavior of the simplest 
circuits in which there are e.m.fs. and currents varying with the 
time, and particularly we shall consider the case of sinusoidal 
time variations. We have already seen that one can generates 
a sinusoidally varying e.m.f . in a coil by rotating it with constant ‘ 
angular velocity in a uniform magnetic field [Eq. (9), Chap. VI], 
and we shall study the steady-state behavior of simple circuits 
connected to the terminals of such an a.c. generator. We shall 
assume that the generators employed are sufficiently large so 
that we may take the terminal voltage as independent of the 
current drawn from them. 

The whole theory of a.c. circuits is based on the application 
of the Faraday induction law, which provides the extension of the 
Kirchhoff rules employed in the case of steady currents. In the 
latter case the statement that the sum of the voltage drops around 
any closed surface equals zero is equivalent to the fundamental 
law of electrostatics 

ds = 0 

and the evaluation of the integral in terms of iR drops and 
impressed e.m.fs. leads to the d.c. circuit equations. For the 
case of currents varying with the time, this equation takes the 
more general form given by the Faraday law, viz., 

= -4 

where the evaluation of the integral leads to the sum of the 
instantaneous voltage drops around the circuit. Thus we shall 
be led to circuit equations which are entirely similar to those for 
steady currents, differing only in the presence of the L{di/dt) 
term. There are two common modes of interpretation of this 
term: (1) One puts it on the left-hand side of the equation and 
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treats it as an additional voltaf>;<'. drop in tlui circuit. In this 
manner one ixitains tlui original form of the Kirchhoff law for 
the a.c. case. (2) One can look upon this hn-in as representing 
a ‘‘back” e.m.f. whicJi must, bo subtrackal from the impressed 
e.m.fs. to obtain the not (’i.ni.f. a(*.ting around t.lu^ circuit. Both 
procedures load, of course, to idc:nti(‘al (‘cpuitlons. 

The fundamental assumption which is made in applying the 
above reasoning to. actual circuits is that the current variations 
are sufficiently slow so that, at a given instant of time, the electric 
and magnetic fields are essentially the same as would he produced 
hy the corresponding steady currents and charges. Thus, for 
example, we consider the current t.o Ixi t.he same at every point 
in a series circuit at a given instant of time,, so that the idea of 
inductance may bo employed to describe tlu^ rate of change of 
magnetic flux through the circuit. An c:xact critoiion for the 
validity of the above assumption must Ix^ delayed to a later 
c-hapter, and the phenomena for which this assumption is valid 
are called quasi-stationary . 

36. The Simplest Alternating-current Circuits. — First let us 
consider the simplest possibhi case, a noninductive resistance R 
connected across the terminals of a gencirator whose terminal 
voltage is given by E = Eo sin cut, where oj = 2nrn, n being the 
frequency of this impressed sinusoidal e.m.f. Assuming the 
validity of Ohm’s law for varying currc'inta, we have for the sum 
of the voltage drops around the series circuit. 


-E -h = 0 
or 

E = iR (1) 


In this equation, which is identical in form with that employed 
to describe a similar d.c. circuit, both E and i vary with the time, 
so that Eq. (1) gives the relation between instantaneous current 
and instantaneous generator e.m.f. From Eq. (1) we find for 
the current i, as a function of the time. 


i 


E 

R 


El 

R 


sin 2Trnt — I sin 2irnt 


( 2 ) 


where I = E/R is the maximum value of the current. Equa- 
tion (2) shows that a sinusoidally varying current flows which 
is in phase with the sinusoidally varying voltage drop across the 
resistance. 
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Now let us consider the ease of a coil of inductance L and 
negligible resistance connected to the generator terminals (Fig." 
84). At any instant of time there is an e.m.f. induced in the coil 

dO/ 

equal to ^bat Kirchhoff’s laws applied to this circuit 

give 

E - L~ = 0 
at 


or 



(3) 


The rate of change of current with time at any instant is propor- 



tional to the instantaneous voltage applied to the coil. If we 
write Eq. (3) in the form 

di E Eo . , 

■ "y," y y Sin C06 

at L L 


a direct integration yields for the current 


i 



coL 


cos oot — 


Eo 

2‘7rnL 


cos 2Trnt 


(4) 


The current varies as ( — cos (at) = sin 



so that again 


we have an alternating current of the same frequency as the 
generator voltage, but in this case the current is not in phase with 
the voltage, lagging behind it by 90° = 7r/2 radians. In Fig. 85 
are plotted the voltage drop E across the inductance and the 
current i flowing in it as functions of time t. From the plot 
one sees that the current reaches its maximum value later than 
the voltage. The time lag At is also shown. This time lag At 
can be obtained as follows: We write the current as 
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i 



B, . 
— r yilTL 

coJj 



80 that At = l/4n. 4''h(^ <iua,ntit.y coL = 2irnL is known as the 

inductance reactance of the (joil at th<', frciCiiKuiey n and is usually 
denoted by X l. W(^ can writer for the tnaxhnuni current 


B 0 B 0 

COjC N. fj 


( 5 ) 


Eq sin ewt 

I 

I 

I 

t 


As a final oxamijlc, consi<lcr tlu^ (*,as('. of a condenser of capaci- 
tance C connected to th(^ tcu-minals of tlu'i generator (Fig. 86). 
The charge on the condcuiscr plat(\s will vary with time, and we 
can think of the potential diffesremee botw(HUi the plates varying 

with tlu^ tim(u The flow of charge to 
and away from the condenser plates 
-Q constitut(\s an cleet.ric euirrent in the 
wires conn<u*,t(ul to thc^ condenser given 
by i = dq/dt. Wc now assume that, as 
the charge q on the plates varies, the 
potential drop across the condenser is given at any instant of time 
by the ratio of the charge on the plates at that instant of time to 
the capacity of the condenser. Thus the static relation V — q/G 
is assumed valid even when q varies with the time. This will be 
true as long as the time necessary for a charge to distribute itseK 
uniformly over the plates is very small compai'ed with optical 
frequencies. 

According to the above, we write for the charge on the con- 
denser at any time as 

q = CEo sin cot (b) 

and hence the current is given by 

i = coCEfj cos oit 


The current varies as cos oot = sin 


(^t -f- consequently we 


have a sinusoidally alternating current of the same frequency 
as the generator voltage but not in phase with it, the current 
leading the voltage by 90° = Tr/2 radians. 

In Fig. 87 are plotted the voltage drop E across the condenser 
and the current i in the circuit as functions of the time t. One 
sees that the current reaches its maximum value before the 
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voltage becomes maximum ; the time lead At is shown and equals 
l/4n. The quantity l/coC = l/2vnC is known as the capacitive 
reactance of the condenser and is denoted by Xc- The maximum 
current can be written in the form 

Im&yc — OlCEo = ( 8 ) 

JLc 

Summarizing, we have the following important results : 

1. When an alternating current flows through a noninductive 

resistance, the voltage drop across the resistance is given by iR, 
and the current is in phase with 
this voltage drop. ^ 

2. The voltage drop across or 
an inductance carrying an ^ 
alternating current i is given 
by io}L = iXL, and the current 
lags the voltage drop by 90°. 

3. When a condenser is con- 
nected in an a.c. circuit, the 
voltage drop across the condenser is given by f/ojC = iXc, and 
the current leads the voltage drop by 90°. 

37. Vector Representation of Sinusoidal Functions. — In our 
following discussion we shall have occasion to add two or more 
sinusoidally varying voltages when we apply Kirchhoff's laws to 
a series a.c. circuit. Hence we digress for a moment to study the 
laws of addition. For simplicity consider the sum of tw'o 
alternating voltages of the same frequency but different phases 



Fig. 87. 


El = A sin wt . . 

E 2 = B sin (cot - 

Here A and B are the maximum values of Ei and Ez, respectively, 
and 6 is the phase difference between the voltages. The sum of 
these terms E will be a sine function of the same frequency but not 
in phase with either Ei or E 2 . Let this sum be 

E = El E 2 = C sin (cat — e) (10) 

and our problem is to determine the amplitude and phase C and 
€ in terms of A, B, and 5. 

We have 

E = El E 2 = A sin cot + B sin (cot — 5) = A sin cot 4- 

B cos 6 sin cot — B sin 5 cos cot (11) 
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where we have UKod relation 

sin (a — i8) == sin a cos /3 — cos a sin /S 

Equation (11) can be written as 

E = (A B C!OS d) sin oot — B sin 8 cos cot (12) 

and we wish to identify this with hlfj. (10). E(iuntion (10) can 
be written as 


E = C sin (cot — e) — C cos e sin cot — C sin e cos cot (13) 
Comparing Eqs. (12) and (13), we must have 


C sin e — B sin 5 
C cos e — A B cos 8 

from which we can calculate C and e. Squaring these equations 
and adding, there follows 



C = V{A + B cos 5)2 + B^ sin2 5 = 


and dividing the first by the s(u*,ond 


tan e = 


B sin 5 
A A- B cos 5 


cos 5 (15) 

( 16 ) 


Equations (15) and (16) arc exactly the formulas for the sum of 
two vectors A and B which make an angle 5 with each other 

(Fig. 88). Thus we have the 
fundamental theorem: The sum 
of two sinusoidal functions of the 
same frequency is a sinusoidal 
function of the same frequency, 
and the amplitude and phase of the 
sum can he obtained from those of 
the two given functions by vector addition. We can therefore repre- 
sent sine functions by vectors, the lengths of the vectors being the 
amplitudes of the sine functions and the angles between the 
vectors being the phase differences between the corresponding 
sine functions. One can readily show that the addition of more 
than two functions is also equivalent to adding vectors. 

38. The Simple Series Circuit. — Consider a simple series 
circuit consisting of resistance R, inductance L, and capacitance 
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C, connected to the terminals of an a.c. generator as shown in 
Fig. 89. Applying Kirchhoff’s laws to this circuit (the sum 
of the voltage drops around the circuit must be zero), we have 


■Eq sin oji + + ^ = 0 


or 


4 + ^^ + i 


Eq sin wt 


(17) 


(18) 


r 


-AAAVW 


EqS//7 coi: 


t 




1C 

Fig. 89. 


and the solution of this equation yields the current i in the circuit 
and the charge q on the condenser. 

The complete solution of this equa- 
tion yields two terms; one is a tran- 
sient current which depends on the 
initial conditions and soon dies out 
and the other is a steady-state cur- 
rent which persists as long as the 
applied voltage acts in the circuit. We shall confine ourselves to 
the steady state in this section, and, since the steady-state current 
has the same frequency as the applied voltage, we can utilize the 
results of the previous sections to obtain the solution. 

Equation (18) states that the applied voltage {Eq sin wi) is the 
sum of the voltage drops across inductance, resistance, and con- 
denser, and we shall add these with the help of a vector repre- 
sentation. We can write symbolically 

E = Vl + Vb + Vo 

where the y’s are the vectors representing the drops across 
inductance, resistance, and capacitance. From the results of 

Sec. 36 we have for the magni- 


(K- 



tudes of these vectors: 


Vl = coLI 
Vb = IB 
I_ 
cqC 


Vc = 


where I is the amplitude of the 
current t. Figure 90 shows the 
vector dio.gr am for the circuit. 
The vector / represents the common current in the circuit, the 
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vector IR = Vr is in phase with I (zero angle between them), the 
vector uLI = is 90° ahead of I (considering counterclockwise 
rotation positive, as usual), and J/wC == Fc is 90° behind I, 
according to the results previously found. Evidently we have 


Ec 


= I^Jr^ + (o^L - ~y = IVR'^ + (Za 


and 


coZ/ 


tan 5 


R 


coC _ Xl - Xc 
R 



(19) 


The first of these equations relates the amplitude of the current I 
to that of the applied voltage Eo- The second equation gives 
the phase angle 8 between current and applied e.m.f. This is a 
positive angle when the current lags the voltage and is negative 
when the current leads the voltage. The quantity 


is called the impedance of the circuit and is denoted by the 
letter Z. 

From Eqs. (19) we see that the instantaneous current i is 
given by 

i = ^ sin (oj^ — 5) (20) 


if jE? = Ea sin o>t. Here the impedance Z is 

Z = VE2 + (Zz - XcY = + (^irnL - (21) 

and S is given by the second of Eqs. (19). Equation (20) is the 
steady-state solution of Eq. (18). Note that impedance and 
reactance are measured in the same units as resistance. From 
the expression for tan 5 we see that the current will be in phase 
with the applied voltage if Xl = Xc. When this condition 
exists, the circuit is said to be in resonance, and the current has 
the maximum value possible {Z is a minimum). At resonance, 
then, Eq. (20) becomes 


(at resonance) 


( 22 ) 
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when cjoL — 1/ coC * 
frequency becomes 


This resonance condition written in terms of 


n 


- lA 

2Tr'\lLC 


(23) 


Further discussion of the series resonant circuit is left to the 
problems. 

39, Energy Considerations for the Series Circuit. — Now let 

us examine the energy relations which must exist in the series 
circuit which we have been examining. First, the power input 
to the circuit from the generator Ei is not constant but varies 
with the time. There will be, however, an average rate of doing 
work which we must calculate. In the resistance It the power 
consumed will vary with the time so that the rate of heat- 

ing is not constant. Again there is an average value which 
must be computed. In the inductance L there will be an instan- 
taneous power consumption Li{di/dt) which represents the rate 
at which the energy in the magnetic field increases or decreases. 
This averages to zero over a cycle as we shall see in a moment. 
Finally, there will be an instantaneous power consumption by the 
condenser equal to {q/C)i representing the rate at which the 
energy in the electric field between the plates is increasing or 
decreasing. As in the case of the magnetic energy, this averages 
to zero over a cycle. 

In the resistance the rate of heating at any instant is 


im = im sin^ (coi - 5) = ER sin^ 6 (24) 


utilizing Eq. (20) with I — Eq/Z and 6 = cct — 8. 

The average rate of heating (averaged over one period of oscilla- 
tion) is accordingly 


i‘B = sin* e de 


(2S) 


since, in one period, 6 increases by 2Tr and by definition the aver- 
age value of any function f(x), let us say, over an interval 0 to a is 


^ r /C^) 

The integral in Eq. (25) may be evaluated simply as follows: 
From the similarity of the sine and cosine functions we must 
have 
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sin^ d do — (ios“ 0 d6 = (1 — win- 6) dd = 

2-"- — sin2 & dS 

so that 

sio^ B do = TT 

Substituting this value in Eq. (25) th(U’o follows for the average 
rate of heating 

Pit — ~ (26) 


or one-half the maximum rate. From this relation we see that 
the average value of the square of the current i is 7^/2. It is 
convenient to introduce the idea of the square root of this average 

square of the current. This quantity "s/ P- is called the root-rrmn- 
square (r.m.s.) value of the current or the effective current, and 
this is the value which would be read on an a.c. ammeter. Thus 
we can write 


ie!t — 


= -i-7 = 0.7077 

V2 


(27) 


The effective value of a sinusoidally varying current is 1/V2 
times the maximum value of the current. An analogous relation 
holds for the effective value Een of a sinusoidally varying volt- 
age. In terms of effective current, the average rate of heating 
in the resistance is simply 

The rate of increase of energy in the magnetic field of the 
inductance is given at any instant of time by 


di, 

Li-^ — oiLP sin (coi 


3) cos (cof — 5) 


(aL-^ sin 2{u>t — 5) 


In terms of the effective current i^u, this becomes simply 

Pl = oiLiltf sin 2(wi — 3) = i^t^L sin 2(o>t — 3) (28) 

The average power input to the inductance is thus zero since the 
average value of the sin 2 (cot — 8) = 0. Energy is alternately 
stored up in the magnetic field and returned to the generator. 

A similar state of affairs exists in the condenser. The power 
input to the condenser is 
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2^2 

Pr, = %ii = 77 sin (coi — 5) cos (coi — S) = 

^ ^ C wC 

or 

Pc = 2((jo^ — 5) = — ifffXc sin 2(coi — 5) (29) 

Energy is alternately stored up in the condenser while it is 
charging and returned to the generator during discharge. The 
average power consumption is zero. 

The power input to the whole circuit from the generator is at 
any instant 

p = Ei = EqI sin sin (cat — 5) = Eol cos 6 sin^ cat — 

EqI sin S sin cat cos cat (30) 

The average power input is therefore 

P = cos 8 = E'eftfeff COS 8 (31) 


since the last term averages to zero. 

The ratio of the average power input to a system to the 
product of the effective voltage across the system and the effec- 
tive current flowing is called the power factor of the system. 
For the case of sinusoidal alternating currents Eq. (31) shows 
us that 

p.f. = cos 8 (32) 


The relations just derived have a simple interpretation based on 
a vector diagram, as shown in Fig. 91. Here we show the effec- 
tive voltage and current instead of 

maximum values and the phase differ- ~ Eeff- 

ence 5. The average power input, as 
given by Eq. (31), is clearly the product 
of the r.m.s. voltage and the component 
of current in phase with this voltage. 

The second term in Eq. (30) for the 
instantaneous power can be put in the form (Eeid&ii sin 6) sin 2cat, 
and this quantity is often referred to as the “wattless” or “reac- 
tive” power. For certain values of t, Eq. (30) can yield negative 
values of the power input and at these times energy is transferred 
from the circuit to the seat of e.m.f. 



ieff sin 5 


Fig- 91. 
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40. Free Oscillations of an L C Circuit; Simple Transients.— 

There is a simple important case in which stc'.ady-state alternating 
currents may be set up without tlu; aid of an external seat of 
. c.m.f. Consider the circuit of Fig. 92, con- 

g\ sisting of a condenser and inductance in 

j series, and lot us suppose that the resistance 

C . , ,-1— is negligible. We charge the condenser to an 

■ initial difference of potential Vo, so that it 

■ has an initial charge qo, and close the switch 

Kirchhoff’s laws give 


Fig. 92. 


L- + S. 

^dt ^ C 


or, since i = dq/dt, 


This is the equation of simple harmonic motion, and the solution 


q — qo cos uit 


■ooqo sin oot 


■coCVo sin cot 


since at i = 0, g = go and i = 0. ui = l/'s/LC, so that we 
obtain free oscillations of the system with a frequency n given by 


^ 2Tr-\jLC 

While the system is oscillating, there is a constant interchange 
of energy between the electric field 
of the condenser and the magnetic 
field of the inductance, the total 
energy remaining constant. This 
is analogous to the case of mechani- 
cal oscillations with the interchange of potential and kinetic 
energy. If resistance is present, the oscillations die out as they 
do when friction is present in the mechanical case. 

Thus far we have considered only steady-state solutions of 
the circuit equations, and we now turn to two simple cases of 
nonsteady or transient currents. Consider first the circuit shown 
in Fig. 93. At any instant of time we have 



Fig. 93. 
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or 



iR = 0 



+ Ri = E 


(37) 


To integrate this equation, it is convenient to make the sub- 
stitution 

Substituting in Eq. (37), we find 

+ E^x = 0 (38) 


so that the constant term E has been eliminated. Equation 
(38) can now be directly integrated, yielding 

ii = c e ^ 

where c is an arbitrary constant and the complete solution 
becomes 

i = ^ + ce (39) 

Equation (39) shows that the current is the sum of a steady-state 

term E/R (Ohm’s law) and a transient term ce ^ which depends 
on initial conditions. For example, let us consider the case in 
which a switch is closed to establish the closed circuit at i = 0. 
We then have i — 0 when t — 0, and Eq. (39) yields for the 
integration constant c 

E 

^ R 

so for that case 

i = |(1 - (39o) 

A plot of current versus time is shown in Fig. 94. Now let 
us suppose that a steady current flows in the circuit of Fig. 93 
and that at ^ = 0 the e.m.f . is removed. At all subsequent times 
there is no external e.m.f. acting in the circuit; consequently we 
place E = 0 in Eq. (37), obtaining 
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lA Ri = 0 

at 

the solution of which is 

i = ue ^ (39b) 

where z'o is the value of the current when the e.m.f. is removed. 




A plot of i versus t is shown in Fig. 96. The time elapsed 
before the current in the circuit drops to 1/eth of its initial value 
is called the time constant of the circuit. Denoting this by t 
we have 


L 

R 


(39c) 
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As a second and final example of transient currents let us 
consider the discharge of a condenser through a resistance (Fig. 
96). Suppose that initially the condenser carries a charge qo, 
that the potential difference Fo = Q'o/C, and that at i = 0 a 
switch is closed establishing the circuit shown. The discharge 
is given by the equation (Kirchhoff’s rules) 


+ iR 


or, since ^ 


dq/dt, 

dq 


dt RC 


0 


= 0 


(40) 


W 


R 


« — vwwvv 

Fig. 96. 


Integrating this equation, we find 



q = qoe 

and from this the current 



Qo 


RC^ 


t 

‘RC 



(41) 

(42) 


Both current and charge decay exponentially with the time, the 
curve being similar to that of Fig, 95. The time constant of 
such a circuit is 

r = RC (43) 

Problems 


{All voltages and currents are r.m.s. values unless otherwise stated,) 

1, A coil of unknown inductance and of resistance 37.7 ohms is con- 
nected to a 230-volt, 60 cycle, a.c. line, and a current of 4.7 amp. flows 
through the coil. 

a. Calculate the reactance and inductance of the coil. 

h. Calculate the phase difference between the voltage across the coil and 
the current through it. 

c. What current would flow if the frequency of the applied voltage were 
30 cycles per second? 

2. A coil takes a current of 25 amp. when connected to 220-volt, 60-cycle 
mains. If this same coil in series with a 5-ohm resistance is connected to a 
110-volt d.c. line, the current is 17 amp. Compute the resistance and 
inductance of the coil. 

3. A resistance draws 10 amp. when connected to a 110- volt, 60-cycle 
line. How big a condenser must be connected in series with the resistance 
so that the current drop to 5 amp.? What is the voltage across the con- 
denser and across the resistance for this connection? 

4, A series circuit consists of a 300-ohm resistance, an inductance whose 
reactance is 400 ohms at 60 cycles, and a condenser of 500 ohms reactance at 
60 cycles. A 60-cycle voltage of 500 volts is applied to the circuit. 
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a. Calculate the inductance in hcnrys a,nd the capacity of the condenser 
in microfarads. 

b. What is the impedance of the circuit? 

c. What steady-state current flows in the circuit? 

d. What is the phase angle between the current and the applied voltage? 
Does the current lead or lag the voltage? 

e. What size condenser would be needed to prodxice resonance? What 
current would flow under these conditions? 

6. A series circuit consisting of a resistance R, inductance i, and capaci- 
tance C, is connected to a generator of variable frequency so that the 
applied voltage is given hy E Eq sin 27rnt, where Eq is constant at all 
frequencies. 

а. Calculate expressions for the impedance of ‘the circuit as a function of 
frequency n if i = 0.1 henry and C = 1 /xf for the following values of 
resistance: E — 100 ohms; = 10 ohms; 72 — 1 ohm. 

б. Plot the current as a function of frequency for the three values of 
resistance. 

c. What is the frequency at which resonance occurs? What current 
flows at resonance for 72 — 1 ohm, Eo = 10v^2 volts? For what values 
of frequency is the current one-half its maximum value? 

6. A coil of resistance 2 ohms and inductance 0.1 henry is used in series 
with a condenser to show resonance. The only source of e.m.f. available 
is a 110-volt, 60-cycle line. What is the necessary capacity of the con- 
denser? If the condenser is designed to stand an effective voltage of 500 
volts, what resistance must be inserted in the circuit to limit the drop across 
the condenser to this value? 

7 . An alternating voltage of constant amplitude and variable frequency 
is applied to a series 72, L, C circuit. Deduce an expression for the fre- 
quency at which the voltage drop across the condenser is a maximum. Is 
this higher or lower than the resonant frequency of the circuit? 

8. For the circuit of Prob. 7, deduce an expression for the frequency at 
which the voltage drop across the inductance is a maximum. 

9. The equations of two alternating e.m.f.s are Ex = 150 sin 377t 
and E 2 == 150 sin {377t + 60°). If these e.m.fs. are in series, what is the 
equation of their resultant? What is the phase angle between the resultant 
and each of the two e.m.fs,? At the instant of time when the I'csultant is 
zero, what are the values of Ei and E 2 ? 

10 . An alternating current of amplitude 0.10 amp. is rectified so that 
current flows only during the positive half cycles (half-wave rectification). 
Calculate the average and r.m.s. values of the current. 

11 . Two coils have resistances of 10 and 16 ohms and inductances of 0.02 
and 0.4 henry, respectively. If connected in series across 220-volt, 60-cycle 
mains, what current will they take? What is the power factor of the circuit? 
What is the phase difference between the voltage drops across the two coils? 

12 - A coil of 2.7 ohms resistance and variable inductance is connected in 
series with a noninductive resistance across a 220-volt, 60-cycle line. The 
circuit is so adjusted that the drop across the coil is 150 volts and the power 
it absorbs is 250 watts. 
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What is the value of the noninductive resistance? 

13. A noninductive resistance of 25 ohms in series with a condenser 
absorbs 968 watts when connected to a 220-volfc, 60-cycle line. What 
current will this circuit take when connected to a 110-volt, 25-cycle line? 
What power will it absorb ? 

14. A coil is connected in series with a condenser across 220-volt, 60-cycle 
mains. The circuit absorbs 650 watts at a power factor of 0.87 and is so 
adjusted that the drops across coil and condenser are equal. What are 
these voltages? 

16. A series circuit with i? = 10 ohms, L = 0.1 henry, and C — 30 /uf 
is connected to 110-volt, 60-cycle nrains. At the instant at which the 
impressed e.m.f. is zero, what is the energy in the condenser? When there 
is no energy in the condenser, what is the energy in the magnetic field of the 


inductance? 

16. A coil takes 250 watts at a power factor of 0.1 when connected to a 
220-volt, 60-cycle line. What capacity must be connected in series with this 
coil so that it takes the same power from a 110- volt, 60-cyele line? WTiat is 
the power factor of the latter circuit? 

17. A coil has a resistance of 1 ohm and an inductance of 0.1 henry. 

a. What is the time constant of the coil? 

b. Plot the values of the current during the first second after an e.m.f. 
of 10 volts is impressed on the coil. 

c. Plot the rate at which energy is supplied to the coil during this second. 

d. What is the energy of the magnetic field 0.1 sec. after the switch is 


closed? 

18. A coil has a resistance of 5 ohms and an inductance of 0.15 henry. 
When carrying a current of 25 amp. the impressed e.m.f. is suddenly replaced 
by a noninductive resistance of 10 ohms. 

a. What per cent of the initial magnetic energy is ultimately dissipated 
in the 10-ohm resistance? 

b. What is the initial voltage across the 10-ohm resistance? 

19. A 10-Aif condenser which has been charged to a potential of 200 volts is 
discharged by connecting a 1,000-ohm resistance across its terminals. 

a. What is the initial energy stored in the condenser and the initial value 
of the discharge current? 

b. What is the current when the charge on the condenser has fallen to 
one-half of its initial value? 

c. Compute the total heat generated in the resistance by evaluating 


X 


PR 


dt and compare with the answer to part a. 


20. A condenser of capacity C is charged through a resistance R by 
connecting the two in series to the terminals of a battery of e.m.f. E. 

Derive formulas for the charge on the condenser and for the charging 
current as functions of the time. 



CHAPTER VIII 


DISPLACEMENT CURRENT AND ELECTROMAGNETIC 

WAVES 


In Chap. V we formulated the laws of the stationary magnetic 
field produced by steady electric currents, and now we must 
extend those laws to cover nonsteady or transient phenomena. 
The concept of inductance and the circuit laws discussed in the 
last chapter have been based on the assumption that the Ampere 
circuital law for steady currents remained valid for currents 
varying with the time. We are now I'cady to investigate the 
range of validity of this assumption. From the fundamental 
law of conservation of electric charge, as expressed in the equa- 
tion of continuity, we have soon that the lines of current flow 
always close on themselves for the steady state; consequently one 
has to deal only with closed circuits. For nonsteady, transient 
currents this is no longer the case, and one may have current 



Fig. 97 . 


flowing in an open circuit as, for example, in the 
case of a condenser being charged or discharged. 
Our first task is to formulate the equation of 
continuity for nonsteady currents. 

41. The Equation of Continuity for Charge 
and Current. — Let us first examine the simple 
case of a condenser which is being discharged 
(Fig. 97). Suppose that at some instant of time 


the charges on the condenser plates are -j-Q' and — q, as shown, and 


that the current flowing at this instant is i. This is a typical 


example of an open circuit, the lines of current flow starting at the 


positively charged condenser plate and terminating on the nega- 
tive plate. Since, by definition, the current i is the rate at which 
charge crosses a cross section of the conducting wire normal to 
the direction of flow, we see that the law of conservation of charge 
requires that the rate of increase of charge on a condenser plate 
just equals the current flowing into that plate. We have already 
employed this relation between the charge on a condenser and 
the current in our study of a.c. circuits. 


154 
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To formulate this continuity law mathematically, let us 
imagine that we construct a closed surface which completely 
encloses one of the condenser plates in Fig. 97, let us say the 
positive plate. The current flowing outward across this surface 
is i, which equals the rate of decrease of charge on the plate, and 
we may write 



( 1 ) 


In Eq. (1) the left-hand side refers to the current flowing out of 
the volume enclosed by the surface. We can now formulate 
Eq. (1) more generally. The total current flowing out of a closed 
volume can be written as jjn dS, where jn is the normal component 
of the current density at a point where the element of area dS 
is located and the integral extends over the whole closed surface 
(compare Eqs. (3) and (6), Chap. IV). Equation (1) can then 
be written in the form 



closed 

surface 


This is the general form for the equation of continuity for 
stationary bodies in which q represents the charge inside the 
closed surface. Equation (2) reduces to Eq. (6) of Chap. IV 
for the steady state, since in this case the right-hand side vanishes. 
If the charge inside the volume enclosed by the surface is dis- 
tributed with a space density p, we can write Eq. (2) in the form 

Jj^dS -j^dv (3) 

closed 

surface 

where the integral on the right-hand side extends throughout the 
volume. We have used the partial derivative dp/dt to indicate 
the rate of change of charge density at a fixed point (where dv is 
located) inside the volume. 

42. The Maxwell Displacement Current. — If we now inquire 
into the question of the magnetic field produced by transient 
or nonsteady currents, we find that the Ampere circuital law^ 
which states that the magnetomotive force around a closed 
path is equal to 47r times the current flowing across any surface 
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of which the closed path is a bovindary, breaks down for open 
circuits. We can carry through the discussion best for the simple 
case of a condenser being charged. In Fig. 98 are shown the con- 
denser and a closcid chrcular path O surrounding the wire leading 
to the positive plat(^. The magn(‘toinold\'(^ force around 

this path should C‘,qual 47r times the current traversing any area 
of which this path is a boundaiy. If wci (consider the plane 
area which is shaded, we find simply — 47rf for this m.m.f. If, 

on the other hand, we construct a 
hemispherical surface, as shown, 
with the same perimeter, we find the 
magnetomotive foi-ce equal to zero, 
since no current e.rosses this surface. 
Hence Ampere’s circuital law can- 
not be correct for the nonsteady 
state, and wc are confronted with 
the problem of generalizing this law' 
so that it will always be valid. 

A satisfactory solution of this problem was first given by 
Maxwell, and it consists of generalizing the concept of electric 
current to include not only curi'ents due to moving charges but 
also a irew kind of current, called displacement current, which 
occurs whenever an electric field (or more precisely, the electric 
displacement vector D) varies with time. Wc can obtain the 
correct form for this current by considering the circuit of Fig. 98. 
If we set up an expression for a displacement current between 
the condenser plates just equal to the current in the wire, the 
Ampere circuital law can then be retained, and it gives a unique 
answer for the magnetomotive force around a closed path. In 
other words, we must postulate a displacement current such 
that the net current (both convection and displacement) leaving 
any closed surface is zero. This will be so if the displacement 
current emerging from the curved surface in Fig. 98 just equals 
the current entering across the plane shaded area. The latter 
has a magnitude dq/dt according to the equation of continuity, 
and this can be written as 

dq __ ,d(r 
dt ~ 

where A is the area of the plate and o- the surface density of 
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charge. Since for the parallel-plate condenser we have D — 4^a, 
we have for the displacement current between the condenser 


and a corresponding current density 

1 dD 
47r dt 


( 5 ) 


Equation (5) is now postulated to be true in general; conse- 
quently, whenever an electric field changes with time, a current 
flows as given by this equation and a magnetic field is produced 
just as if a current due to moving charges existed- This remark- 
able discovery of Maxwell gives a symmetrical form to the 
fundamental laws of electromagnetism. The Faraday induction 
law implies that changing magnetic fields produce electric fields, 
and the Maxwell assumption implies that changing electric 
fields produce magnetic fields. 

We can now reformulate the Ampere circuital law so that it 
holds in all cases, for both open and closed circuits. The total 
current, convection plus displacement, crossing any closed 
surface is zero; hence we may say that all distinction between 
open and closed circuits is lost. Writing the equation of con- 
tinuity Eq. (2) in the form - 

^ jndS + ^ = 0 ( 6 ) 

closed 

surface 

we can use Gauss’s theorem for the flux of the electric displace- 
ment vector across this closed surface and have 

iJz).dS = 3 

closed 

surface 

where q is the charge inside the surface. Substituting this- value 
of g' in Eq. (6), there follows 

closed 

surface 
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or 



(in + i<i„) dS = 0 


closed 

stirfac<) 


( 8 ) 


and the form of the Ampert* c.ire.Tiital law remains unchanged if we 
replace the ordinary c,urr<mt i by tlie sum of this current and the 
displacement current. Thus we find 


§Ih ds = 4.iri ( 9 ) 

This is one of the fundamcmtal equations of electromagnetic 
theory. 

Equation (9) can be used as it staiids in any system of units 
in which all quantiticis are cixpressed in that system, as, for 
example, m.k.s. units. If wo wish to use the Gaussian mixed 
system, however, cxprcssin|3; IT in o.m.u., i and D in e.s.u., 
Eq. (9) takes the form 

fH. * = ( 9 .) 

where 

c = 3 X 10’“ cm. /sec. 

Note that the displacement current flowing across any surface 
is just equal to l/47r times the rate at which the flux of Z> across 
that surface changes with time. Thus, in Eq. (4), the displace- 
ment current flowing between the condenser plates is just l/ln 
times the rate of change of the flux of D{DA) leaving either plate 
In ordinary conducting bodies the contribution of the displace- 
ment current to the total current flowing is completely negligible 
at low frequencies. To see this, let us imagine that we have ar 
alternating- current density j = J sin %rnt in a medium of conduc 
tivity cr. By Ohm’ slaw we have .7 = erSovS — j/cr. Hence then 
will be a displacement current density 

- 1 &D € dS € dj 

47r dt 4'7r dt dire dt 
or 


3d = 


en 

2 ^' 


J cos 2ncnt 
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and the ratio of the r.m.s. values of displacement to conduction 
current is en/2<x. 

We have no information concerning the value of e for metals, 
so let us assume that it is equal to €q for the moment. Using 
e.s-u., the ratio of displacement to ordinary current becomes of 
the order of magnitude n/cr. Now, since cr is of the order of 
per second for good conductors, we see that, even if e were 
much larger than unity, the displacement current can be neglected 
in conductors for frequencies up to optical frequencies. Even 
at ultra high radio frequencies there is no error introduced by 
taking the conduction current to be the total current. In non- 
conducting bodies, however, this is not the case, and in empty 
space the displacement current is the total current. This dis- 
cussion justifies the procedure employed in Chap. VII. 

43. Plane Electromagnetic Waves in Vacuum. — Now let us 
examine some of the consequences of the concept of displacement 
current. We treat the case of empty space for which no convec- 
tion currents or charges exist. The fundamental electromagnetic 
laws can be written for this case in the form: 


Jjy„ds = 0 

closed 

surface 

J' Bn dS = 0 

closed 

surface 


( 10 ) 

( 11 ) 

( 12 ) 

(13) 


If Gaussian units are employed, Eqs. (12) and (13) remain as 
they stand, but Eqs. (10) and (11) take the form 

ds = 1 J" (10«) 

ds = -Ij" (11«) 

A simple and important solution of these equations may be 
obtained for which the electric and magnetic field vectors depend 
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on only one coordinate, lot us say x, and on the time. For this 
case Eqs. (12) and (13) require that both the electric and mag- 
netic vectors be normal to the a:-axis, i.e., that the ^-components 
of all the vectors be zero. To see this, hit us apply Eq. (12) at a 
given instant of time to the surface of an infinitesimal cube of 
sides dx, dy, and dz (Fig. 99). Equation (12) states that the 
total flux of D across the faces of this (iube is zero. Since the 
components of D do not vary with y or z, the flux entering the 
volume across one of the faces dx dy, or dx dz, is just equal to 
the flux leaving across the corresponding opposite face. For 
the faces dy dz the flux leaving through the right-hand face is 




Dx dy dz, where Dx is the value of this component at the point 
where this surface is located. Similarly the flux leaving across 
the left-hand face is — Dx dy dz, where now Dx is taken at the 
point where this face is located. (The outward normal at this 
face is —x.') Since the sum of these terms must vanish in 
accordance with Eq. (12), it follows that Dx must have the same 
value at both faces and hence cannot vary with x. A similar 
proof holds for the magnetic induction B. 

Let us start with the simplest assumption, namely, that 6 has 
only one component, €y, which may depend on x and on i. We 
now apply Eq. (11) to the elementary circuit shown in Fig. 100, 
proceeding in a counterclockwise direction as shown. The 
horizontal portions yield no contribution to the e.m.f. since 
is zero for these sides. For the right-hand vertical side we have 

^ ds — (€j,) dy 

and for the left-hand side the corresponding term- is 
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JSa ds = — {€>v)x dy 


Thus we obtain for Eq. (11) 


ds — [(^^j/)x+dx (^1/) J dy 


dx dy 


NTow {€>y)x+dx — (€y)a is just the change in between the points 
X and X dx and can be written as {dSy/dx) dx. Substituting 
this value in Eq. (14), there . 

follows . Dy 

d€>y dBx dHz [->. X x + dx 

aF = —It - ^ 

Next we calculate the mag- // dz' 

netomotive force according to ^2 

Tpir* 1 01 

Eq. (10) around the elementary 

circuit shown in Fig. 101, proceeding in the direction indicated. 
We find exactly as in the preceding calculation 

(^Rads = [(JT.)» - {Hz)x^dx\dz = -^dxdz 

and from Eq. (10) this must equal 

f ^dS = ~dx dz 
J at at 

There then follows 


The simultaneous solution of Eqs. (15) and (16) will then yield 
the electric and magnetic fields. We already see that, in order to 
have fields of the type we are investigating, the electric vector 
is accompanied by a magnetic vector perpendicular to it (in 
our case, Bz). If we differentiate Eq. (15) with respect to x, 
we obtain 


dx^ ^°dt dx 

and differentiating Eq. (16) with respect to t, 

_ d^6y 

dx dt df^ 



162 


EhKCTmClTY AND OPTICS 


[Chap. Vin 


from which wc obtain immediately 

d-Sy 


(17) 


One can easily show that tlui other magnetic and electric vectors, 
Hz, Bz, and Dy satisfy c’lxactly the; same equation. Had w 
carried tln*ough our (hirivation using ICqs. (10a) and (11a) so 
that Gaussian units might be used, wo. would have in place of 
Eq- (17) 


d^Sy ^ !_ d-Sy 


(17a) 


Equation (17) or (17a) is the equation for wave motion, the 
so-called wave equation, which wc have encountered in our study 
of elastic vibrations, and the solutions I’epresent waves traveling 
along the x-axis with a velocity c = 1/ -%/ eo/io- Here we encoun- 
ter a direct conscqucmce of the assumption of a displacement 
current, the prediction of the existcmcc of electromagnetic ivaves 
traveling with a velocity c which c;an bo predicted from purely 
electrical measurements. The fact that the conversion factor 
c had a value nearly 3 X 10^® cm./«<'^-> which is the velocity of 
light, led Maxwell to propoi!ne an electromagnetic theory of light. 
Nowadays the existence and observation of electromagnetic 
waves have become commonplace, but in Maxwell’s time this 
prediction provided a critical test for his theory. 

We see from our derivation that only transverse waves are 
predicted, both the electric and magnetic vectors being per- 
pendicular to the direction of propagation. Let us consider a 
traveling sinusoidal wave which satisfies Eq. (17a). We can 
write for €y 

Sy = So sin (18) 

representing a wave of amplitude €o traveling in the positive 
x-direction with frequency v = o>/2ir and velocity c. The wave 
length of the wave is given in the usual manner by 


X = £ (19) 

p 

The surfaces of constant phase are planes normal to the x-axis, 
given at any instant of time by the equation x = constant; these 
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«!urfaces travel in the positive x-direction with a velocity c. 
The waves described by Eq. (18) are called -plane waves, and the 
velocity c is often referred to as the phase velocity of these waves. 

any fixed point of space the electric vector perforins simple 
harmonic motion along a fixed direction, the 2 /-axis, and the 
magnetic vector a similar vibration in a direction normal to 
this, the 2 -axis. Such a wave is called a linearly polarized wave, 
since the electric vector at any point has a fixed direction at 
all instants of time. More generally, we would have both y- and 
2 -components of 6 of arbitrary amplitudes and phases but of 
the same frequency. Thus the 
resultant vector 6 at a fixed point 
of space would in general vary in 
such a manner that it would 
sweep out an ellipse, the super- 
position of two mutually orthog- 
onal simple harmonic motions of 
arbitrary amplitudes and phase 

difference. This is shown dia- 102 . 

grammatically in Fig. 102. Such 

a wave is called elliptically polarized, and the circularly polarized 
wave is the special case of the ellipse with equal major and minor 
axes. 

We must now investigate the relations between the amplitudes 
and phases of the electric and magnetic vectors in a plane wave. 
Suppose we start with Eq. (18) for the electric vector of a linearly 
polarized wave, 



•(' - i) 


Sy = €0 sin to( 

\ 

and differentiate this with respect to the time t. There follows 

dSy 


dt 


= co<£o cos CO 


(‘-I) 


Substituting this in Eq. (16), we find 

dH, 


dx 


= — coeofio cos CO 


and integrating 


Hz = C€o€o sin col t 


co^J 


(-f) 
I) 
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Since c — 1/ -x/eoMo we (ijiii write this in tlio form 


Bz 


yj^eo sin o,(t - h) 


showing that the magnetic vector oscillates in phase with tk. 
electric vector and tlio ampUtudes of the electric and magnefr 
intensities are related by 


"s/JiqBq — "v/eo^o 

This relation is valid even in the Gaussian mixed 
as can be verified by using Eq. (16) in the form 


( 20 ) 

system of units, 


dBz _ _1 de,, 
dx c dt 


In a plane electromagnetic wave in empty space the electric and 
magnetic intensities are equal if the former is expressed in e.s.u. 



aMe latter in e.m.u. In Fig 103 are shown the space variations 
AJL ^ ^ traveling linearly polarized sinusoidal wave, 

n ensity and the Poynting Vector. — Electromagnetic 
waves such as we have just encountered carry energy, and this 
propaga ed energy is usually observed by absorption, i.e., allow- 
-u impinge on some material surface and observing 

anges which occur in the absorbing material. If we 
^ ectromagnetic waves in empty space, the law of con- 
fiv rT ° energy requires that the total energy flowing out of a 
eu volume per unit time must just equal the rate of decrease of 
electromagnetic energy inside the volume. To formulate this 
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law quantitatively, we must introduce the concept of the intensity 
of electromagnetic radiation. We define the intensity S as the 
energy per unit area traversing an elementary surface per unit 
time when the elementary area is chosen normal to the direction 
of energy flow. From this definition we see that the intensity S 
is a vector, the magnitude of which is measured in ergs per square 
centimeter per second when e.s.u. or e.m.u. are employed, or in 
watts per square meter when 
m.k.s. units are utilized. 

The rate at which energy flows 
across an arbitrary surface, open 
or closed, may be obtained as 
follows: Consider an element of 
area dA as shown in Fig. 104. 

The energy crossing this area 
per unit time is Sn dA, where Sn 
is the component of >S along the normal n to the surface (Fig. 104). 
The total energy crossing the whole area per unit time is 
accordingly 

^ dA (21) 

where the integration extends over the whole surface. If the 
surface is closed, we can write for the electromagnetic energy 
inside the volume of space enclosed by this surface 

U = ^ J dv (22) 

The terms inside the parentheses are essentially the density of 
electric and magnetic energies at the point where the volume 
element dv is located. The rate of decrease of this expression 
with time must just equal the expression given in Eq. (21). 
Remembering that the surface and enclosed volume are fixed 
and do not vary with t, we have 

J'®” dA = J dv (23) 

closed 

surface 

As already pointed out, this equation is merely a statement of the 
conservation of energy as applied to electromagnetic waves in 
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empty space. ¥von\ it we caa dei’ive. the appropriate form 
for the intensity vector S in terms of the electric and magnetic 
field vecitors. This intemsity vector S is known as the Poynting 

vector afteir its discoverer. Let ns 
apply hkp (23) to the case of the 
linearly polarized plane waves 
which we discussed in the last sec- 
tion. Sincci tlu! equality expressed 
by this (vpiation must hold for an 
arbitrary volume, we shall choose 
an infinitc^simal cube of .sides dx 
dy, and dz, as shown in Fig. 105. 



The right-hand sidci of hkp (23) becomes, with the help of Eq.s. (15) 
and (16), 


.1 

€o dm 




4“ 


/_1 


dx d,y dz — 


dJL 

dx 


+ H: 


' dx 




or 


1 d 


(SyHz) dx dy dz 


dx dy dz 


(24) 


Anr dx 

Now consider the left-hand side of Eq. (23). This becomes 
{Sx dy dz)x^dx — (Sx dy dz)x + .similar terms in Sy and Sg. The 
first two terms represent the excess energy per unit time leaving 
the volume across the right-hand face dy dz over that entering 
across the left-hand face dy dz. These two terms can be written 
in the form 


dx 


dx dy dz 


(26) 


This is just the same sort of expression as we have obtained in 
(24) and shows that in this case the Poynting vector is 
directed along the m-axis (the direction of propagation) and is 
given by 


Sx = 




(26) 


This is just the vector product of 6 and H, so that we write, in 
general, 

1 


S 


~(e X H) 


(27) 
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This is the correct general form for the Poynting vector and 
shows that the energy flows in a direction normal to the plane 
of 6 and H. If Gaussian units are employed, the corresponding 
expression for the intensity vector is 

'S = X H) (27a) 


In the special case of plane waves where Eq. (20) gives the 
relation between the magnitudes of 6, and H, we obtain for the 
magnitude of the vector S 

where we have set 

c = 1 

•\/ €0Ai0 


This shows that the intensity varies with the time but that the 
energy flow is always in the same direction, along the positive 
x-axis. The average rate of energy flow per unit area is 


S = 


(t - is i. 


since the average value of sin^ co 

Equation (28) has a very simple physical meaning, 
it in the form 

■s - 


(29) 

We write 

(30) 


since €06^ = /xoH® by Eq. (20). This states that the intensity 
in the wave at any point is equal to the velocity of the wave, c. 


times the energy density 


OTT 


at that point. 


If 


we consider a unit area normal to the direction of energy flow, 
the energy crossing this in time dt would be S dt, and this would 
occupy a volume of base unity and altitude c dt. Thus we expect 

S dt 

an energy density equal to — or S/c as is given by Eq. (30). 

0 Ctu 

For convenience in numerical calculations, Eq. (29), giving the 
average intensity in a plane wave, can be written as 
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/S (in watts per square meter) = 1.32 X 10“^€§ = 

2.65 X 10-362^ 

where 6o and €r.m.8. are expressed in volts per meter. In the 
Gaussian system one obtains 

S (in ergs per square centimeter per second) = 1.19 X lO^^g = 

2.38 X 109€?.„., 

with €o and expressed in statvolts per centimeter. 

Problems 

1 . Starting from the equation of continuity in the form 

show for a conducting medium obeying Ohm^s law {j ~ that in any 
volume element of the medium the following relation is valid: 

/ dp 4ftrcr \ , 

(a +V7* ““ 

Use Gausses law for the flux of D emerging from this volume. From the 
above relation show that, if initially one has a charge density po at any 
point inside the conductor, the charge density p at any later time is given by 

p == Poe 

The time constant eo/Aira- is known as the relaxation time. 

2. A parallel-plate condenser having circular plates, each of area A, is 
connected to an a.c. generator so that the charge on the plates is given by 
q = qo sin cat. Neglecting end effects, the lines of H are circles whose centers 
lie on the axis of symmetry of the system. Prove that the magnetic inten- 
sity at any point between the plates is given by 

^Trreo 

H = — 7 ~ 3 i ) 

jnL 

where r is the distance from the axis to the field point. 

3. For the arrangement of Prob. 2 derive an expression for the flux of B 
in the space between the condenser plates, 

4. Compute the frequencies of electromagnetic waves of the following 
wave lengths: 10^ cm. (audio frequencies); cm. (radio frequencies); 
10 microns (heat waves) [1 micron = 10“^ mm.]; 6,000 angstrom units 
(optical waves) [1 angstrom = 10"“® cm.]; 10”^ angstrom (X rays). 
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6, Following the method outlined in the text, show that, for a plane wave 
traveling in the a;-direction, the electric and magnetic intensities satisfy 
the relations 



dH, 

aSz 

dH, 

Bx 

- ' 

dx 

dt 

dHy 

dSz 

dHz _ 

d^y 
60 

dx 

at 

dx 

at 


From these equations show that Sy and Sz separately satisfy the wave 
equation (Eq. 17 of the text). 

6. The average rate at which the earth receives radiant energy from the sun 
at noon is 2.2 cal. /min. per cm.^ Compute the r.m.s. values of the electric 
intensity and of the magnetic induction in sunlight at the earth's surface. 

7. A 100-watt lamp radiates all the energy supplied to it uniformly in all 
directions. Compute the r.m.s. values of the electric and magnetic vectors 
at a point 1 meter from the lamp. What is the energy density of electro- 
magnetic radiation in ergs per cubic centimeter at this point? 

8. Two linearly polarized plane waves traveling in the same direction 
(along the x-axis) have their electric vectors in the same direction (the 
2 /-axis) but have different amplitudes and frequencies. Prove that the 
average intensity of the resultant wave is equal to the sum of the average 
intensities of each wave. (Average over a large number of periods.) From 
this result show that the r.m.s. value of S for the resultant wave is equal to 
the square root of the sum of the squares of the r.m.s. values of S for the 
individual waves. 

9 . A plane electromagnetic wave with a maximum value of the electric 
intensity of 0.01 volt/cm. falls normally on a surface which is perfectly 
absorbing. The mass of the surface is 10”^ gram /cm. and its specific heat 
is 0.2. What is the rate of increase of temperature of the surface ? 
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RADIATION OF ELECTROMAGNETIC WAVES 

In the preceding chapter we have seen how the introduction 
of the concept of displacement current by Maxwell led to the 
prediction of the possibility of free ek^ctromagnetic waves in 
empty space. We now turn to the question of the sources of 
electromagnetic waves, i.e., to the methods of producing waves of 
different wave lengths. The electromagnetic spectrum is most 
conveniently classified according to the sources utilized for the 
production of the radiation of different wave lengths and in a 
broad sense falls naturally into two large divisions: First — and 
this is the region which will occupy our attention in this chapter— 
we have the long wave region, comprising waves of wave length 
longer than about 1 mm. in empty space; and, secondly, we have 
the region from about 1-mm. wave length down to the shortest 
waves known, at present about 10“^^-cm. wave length. The 
fundamental difference between these two regions lies in the 
so-called coherence of the radiation. In the short wave-length 
region the electromagnetic radiation field consists of the super- 
posed effects of a huge number of elementary wave trains, each 
of atomic origin ; one cannot control the relative phases and the 
lengths of these elementary wave trains. Such radiation, for 
which the relative phases of the individual elementary waves 
bear no fixed relations to each other and hence for which there is 
a completely random distribution of these relative phases, is 
called incoherent. In the long wave-length region, on the other 
hand, the radiation can be produced by large-scale generators or 
oscillators and is coherent; amplitude, phase, and length of the 
wave trains can be controlled and maintained with fixed relative 
values. The difference between incoherent and coherent radia- 
tion is quite similar to the difference between the motion of a 
large number of molecules (in kinetic theory), in which the posi- 
tions and velocities of the individual molecules are completely 
random and uncontrollable, and the motion of one or more large- 
scale particles, in which the individual motions may be controlled. 
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We defer the discussion of atomic radiation (heat, light, 
X rays, etc.) to later chapters and confine ourselves in this 
chapter to a treatment of the long wave-length region. Here we 
shall concern ourselves principally with plane electromagnetic 
waves of the sort studied in the preceding chapter and with 
spherical waves, waves for which the constant-phase surfaces 
are concentric spherical surfaces. It should be pointed out that 
the term spherical wave does not necessarily imply spherical 
sy mm etry in the distribution of amplitude of the wave over a 
surface of constant phase — the amplitude may vary in a com- 
plicated manner from point to point of such a spherical surface — 
but simply that these constant-phase surfaces are spherical. 

45. Electromagnetic Waves on Wires. — In a traveling electro- 
magnetic wave the electric and magnetic vectors vary with both 
position and time, the changing magnetic vector inducing an 
electric field and the changing electric vector (the displacement 
current) inducing a magnetic field. Since stationary charges 
produce electrostatic fields and since charges moving with con- 
stant velocity (steady currents) produce steady magnetic fields, 
it is evident that electromagnetic wave fields can be produced by 
accelerated charges or by currents varying with the time. The 
simplest sort of accelerated motion of charges or variation of 
current with time is that involving simple harmonic motion, and 
we have already studied this sort of oscillation in the case of a 
simple circuit consisting of an inductance and a capacitance in 
series. Neglecting the resistance in the circuit, the conduction 
current in such a circuit will vary 
sinusoidally (as will the charges 
on the condenser plates) with a 
frequency v given by 


— /_L 

o_A / r ri 


( 1 ) 




Fig. 106. 


where L is the inductance and C the capacitance [Fig. 106 and 
compare Eq. (36), Chap. VII]. This circuit is the analogue 
of the mechanical system of a mass m moving under the action 
of a spring of stiffness coefficient h, the motion being simple 
harmonic with frequency 


rr 


(la) 
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In the mechanical motion there is a periodic interchange of the 
kinetic energy of the mass m (assuming it to be large enough 
compared to the mass of the spring so that we may neglect the 
latter) and the potential energy of the spring; We must stress 
the point that the mass m (the carrier of kinetic energy) and the 
spring (the carrier of pot<mtial energy) are completely separated. 
Similarly in the electric! circuit, we have a pm-iodic interchange 
of the electric energy stored in the condenser (the analogue of 
potential energy) and the magnetic encirgy (the analogue of 
kinetic energy) in the field of the inductance. Once again we 
have a complete separation of the electric and magnetic energies, 
neglecting the small magnetic field produced by the displacement 
current between the plates of the condenser and the small 
distributed capacity of the inductance and connecting wres. 
This separation of the “seats” of electric and magnetic energies 
becomes more and more complete, the largru’ the inductance L 
and the larger the condenser C. Since an (iloctromagnetic wave 
involves the overlapping of the fields of S and H, the possibility 
of production of waves from the circuit of Fig. 106 is practically 
nil, just as one cannot obtain mechanical waves in the case of the 
spring and mass of the same figure. 

In mechanics we have seen that wave motion could be set up 
in extended continuous bodies in which mass and restoring forces 
are continuously distributed throughout the media. Such is the 
case of a stretched string or of an air column in a tube. In these 
cases we may no longer think of the potential energy being 
restricted to one region of space and kinetic energy to another, 
but there is a periodic variation of kinetic and potential energy 
at every point of the medium. Now exactly the same require- 
ments must be met in the electrical problem if one is to set up 
wave motion. Our circuit must not have concentrated capaci- 
tance and inductance, but the configuration must be such that 
both the electric and magnetic fields overlap and exist in the same 
region of space. Perhaps the simplest circuit which fulfills this 
requirement is a transmission line, consisting of a pair of parallel 
wires, or the more symmetrical coaxial cable. Jlere we may 
consider the two conductors as forming the plates of an 
extended condenser, the electric field being largely in the 
region of space between them, and the currents flowing along 
these conductors as giving rise to a magnetic field in the same 
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region of space. We should expect that electromagnetic waves 
could be set up in this system, and we shall now show that this 
is true. 

Consider a very long parallel pair of wires connected to an a.c. 
generator as shown in Fig. 107. We shall consider the cdse for 
which the resistance of the conductors is negligible, so that 
the charges on the wires flow along their surfaces. At a given 
^x) Q(x-»-clx) 


e I 

1 

I 

. P' Q' 

Fig. 107. 


instant of time there will be a definite distribution of charge 
on the conductors, and this distribution will change with time, 
giving rise to a current distribution. If r is the charge per unit 
length (linear charge density) — this varies from point to point 
and with the time — then the chajrge residing on the element of 
length dx = PQ (Fig. 107) is r dx&t a, definite instant of time with 
an equal and opposite charge on the element P'Q'. If C' is the 
capacity per unit length of the system, then the voltage E 
between P and P' (at the point x) is related to the charge by 

r = C'E (2) 

SE 

Furthermore, the voltage drop —dE = ——da; is given by 

-^dx=^L'dx^. (3) 

dx at 


where L' is the inductance per unit length. The charge density 
and current are related by the equation of continuity. For the 
case at hand we have for the decrease of charge on the element 
dx (PQ) in time dt 

— do = —^dxdt 
at 


and this must equal the difference of the currents at Q and P 
times the time dt. Thus we have 


— ^ dt dx = ^ dx dt 
at ax 


( 4 ) 
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If wo differentiate Eq. (2) with respeud. to tlui time anH i,. 
Eq. (4), we obtain 

dx~~ (5) 


and Elq. (3) may be written as 


dE j ,di 

dx ~ ' (6) 

Equations (5) and (6) determim^ the current and voltage distri- 
bution along the conductors. Diffcnaitiating Eq. (5) mth 
respect to x and Eq, (6) with respect to t, we can eliminate iS 
from these cqxrations and find 


~ = i'r'~ 
dx^ ^ df^ 


(7) 


which is the wave equation, showing that traveling waves of cur- 
rent (and charge) may exist in this line. Similarly from Eqs. (5) 
and (6) one obtains for E 


_ 7 ,n>^‘^E 

dx^ ^ 


( 8 ) 


showing that the voltage between conductors also obeys the wave i 
equation. The velocity of these electromagnetic waves is given 
by 


1 

VlTC' 


(9) 


Now it is a remarkable fact that, for any pair of parallel straight 
conductors of uniform cross section, the product of the inductance 
per unit length and the capacitance per unit length is just 
€oMo = 1/c®; hence the velocity given by Eq. (9) is just the 
velocity of free electromagnetic waves in empty space. We can 
check this for the case of a coaxial cable. For this ease Eq. (13) 
of Chap. Ill gives 

_ ^0 

2 In (6/a) 

whereas Eq. (16) of Chap. VI yields 


L' = 2 MO In (6/a) 
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If for example, the generator at the end of the line of Fig. 107 
generates a voltage Eo sin 2Trvt, then in the steady state one 
obtains a traveling sinusoidal voltage wave along the line given 

by 

E = Eo sin 27rv{ t — - (10) 

One has similar expressions for the traveling waves of current and 
charge which may be immediately obtained from Eqs. (5) and 
(6) when one utilizes Eq. (10) for E. ■ 

Thus far in our discussion of electromagnetic waves on a per- 
fectly conducting transmission line we have employed the 
language of circuit theory, using the notions of capacity and 
inductance. Now let us examine the question in terms of the* 
field theory, i.e., in terms of the. electric and magnetic fields 
in the space around the conductors, so that we may clearly see 
the connection between the circuit ideas and the plane electro- 
magnetic waves in free space which were introduced in Chap. 
VIII. For this purpose it will be easier to visualize the state of 
affairs by imagining the wires replaced by flat strips without 
changing the essentials of the problem. For this case the lines 
of 6 will be parallel to each other, and, at a given instant of time, 
the magnitude of 6 will be constant at any fixed point along the 
fine and equal to E/d, d being the separation of the conductors. 
T his neglects fringing, and we must confine ourselves to points 
well within the boundaries. Similarly, near the central portion, 
the lines of B (or H) will be parallel to each other at right angles 
to & and to x and the magnitude of either will be essentially 
constant in this region. Thus we have the identical picture 
for the electromagnetic field between the conductors as we had 
for the case of a linearly polarized plane wave in free space, S 
ha\dng only a y-component and H a z-component. It now 
becomes clear that the wave equation for the voltage (Eq. 10) is 
identical with that for Ey = E/d, which one derives directly 
from the fundamental electrodynamic laws for plane waves 
[compare Eq. (18) of Chap. VIII]. Thus we have traveling 
waves of E and H with the Poynting vector S directed along the 
x-axis (along the line) so that the energy flow is always in this 
■direction. The state of affairs is illustrated schematically in 
Fig. 108 for a traveling sinusoidal wave at a given instant of time. 
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The vertical lines terminating on the conductors represent the 
lines of the magnitude of S indicated by the separation of 
the lines. The dots indicate the distribution of the magnetic 
field vector H, the density of dots indicating roughly the manner 
in which the magnitude of this vector varies with position along 
the line. The arrows just above and below the + and — charges 
indicate the distribution of current in the conductors. To 
obtain the picture of the traveling sine wave, we must imagine 
the whole diagram moving uniformly to the right. The sine 



— ^ 

Direction of propogation 

Fig. 108 . 


curve sketched below the figure represents the variation of either 
charge, electric intensity or magnetic field, current or voltage 
between wires, with distance along the line- Note that they are 
all in phase with one another. It must be emphasized that these 
results hold strictly only for infinitely good conductors for which 
the charges reside on the surface. When resistance is taken into 
account, the velocity of propagation is less than that of electro- 
magnetic waves in empty space, and the fields are distorted, there 
being a component of the Poynting vector directed perpendicular 
to and into the wires. However, at very high frequencies due to 
skin effect, the current is concentrated very near the conductor 
surfaces so that the velocity of the waves approaches c and is 
independent of the conductor material. 
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Thus far we have been discussing waves traveling on an 
infinitely long transmission line. Just as in the case of mechan- 
ical waves, one obtains reflections of these waves at the end of the 
line when the latter is of finite length, and in some cases one may 
obtain standing waves. Thus, for example, suppose we imagine 
the line of Fig. 107 of length 1/2, open at the far end as shown in 
Fig. 109. In this case we obtain very nearly complete reflection 
at the open end, and the superposition of the incident and reflected 
waves gives rise to standing waves just as in the case of mechan- 
ical waves. In Fig. 109 are sketched the first few modes of 



Fig. 109. 


vibration of an open line, representing the distribution of current 
along the wires. The a;rrows schematically indicate the variation 
of current in both wires with position at a given instant of time 
for the fundamental mode of oscillation. The analogies with the 
case of vibrating mechanical systems are evident. In contrast 
to the case of traveling waves, the voltage and current are 90° 
out of phase at every point ; consequently there is no propagation 
of energy on the average, merely an oscillation back and forth 
along the line. Thus there is a current node at the open end and 
a voltage maximum at this point, whereas at the short-circuited 
end there is a voltage node and a current maximum. One can 
readily show that the standing-wave pattern of the electric and 
magnetic fields is similar to that of voltage and current, the 
electric field having a node at the short-circuited end and an 
antinode at the open end, with just the converse behavior of the 
magnetic field. In the fundamental mode of vibration, the volt- 
age between the wires varies according to the equation 


E = Er. sin 2Trvt sin -y- 
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and from Eq. (5) wc have 

^ = — Em.C'2Trv • cos 2Trvt • sin ^ 

dx I 

Integrating this with respect to x, the current distribution 
becomes 

i — 2EmC'lv • cos 27rpt ' cos — (12) 

which brings out the fact that the 90° phase difference between 
voltage and current occurs both for the space distribution at a 
given instant of time and to the sinusoidal time variations at 
a given point on the line. Further details are left to the problems. 

46. The Radiation Field of an Oscillating Dipole. — We have 
just seen how both traveling and standing electromagnetic waves 
may be produced by currents and charges on a pair of parallel 
conductors and must now inquire into the question as to how 
such waves may be disengaged from the conductors and become 
free electromagnetic waves. This is the problem of the radiation 
of waves from accelerated charges and is sufficiently compheated 
that we cannot undertake a quantitative analysis. We shall 
therefore arrive at the radiation formulas with the help of 
qualitative and semiquantitative reasoning. 

Since the Maxwell displacement current is primarily respon- 
sible for the possibility of existence of free electromagnetic waves,- 
let us consider more carefully the distribution of displacement 
current in the case of waves on a transmission line. In any case 
the lines of current flow (conduction and displacement current) 
must form closed curves. For the transmission line, the lines of 
displacement current terminate on the conductors, since they 
are coincident with the lines of €, and there they join continuously 
with the lines of conduction current on the surfaces of the con- 
ductors. This is in sharp contrast to the situation present in 
the case of free electromagnetic waves in empty space where 
there is no conduction current and hence the lines of displacement 
current (and of S) form closed curves. To understand how it is 
possible to produce free electromagnetic waves from currents or 
waves on conductors, we must see why the lines of S should 
break away from the conductors and form closed curves. The 
clue to the solution of this problem lies in the fact that electro- 
magnetic disturbances are propagated with a finite velocity. If 
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vre consider the electric and magnetic fields at a distance r from 
an oscillating charge distribution on an element of length of a 
conductor, we readily see that the fields oscillate essentially in 
phase with the charge and current variations, provided that the 
distance r is very much shorter than a wave length of waves 
of tbe same frequency. In this case the time required for a 
change in the charge and current distribution to produce a 
corresponding change in the fields is very short compared to the 
period of oscillation ; consequently at any instant of time the fields 
are essentially the same as would be produced by a steady-state 
distribution of charge and current. On the other hand, if we 
consider the state of affairs at a distance large compared to a 
wave length, i.e., such that the time of propagation of the fields 
from the source to the field point is much longer than one period 
of oscillation, then retardation effects, as they are termed, become 
important, the fields are distorted from the patterns obtained 
from fixed-charge distributions and steady currents, and this 
field distribution corresponds to that of traveling waves. Suppose 
we fix our attention on two field points, both lying on a straight 
line drawn through the source and both at distances from the 
source which are much greater than a wave length. Further- 
more, let the separation of these points be just half a wave length. 
At a given instant of time there will be a definite direction of S 
and of the displacement current at the outer point, and evidently 
at the other field point the direction of these vectors must be just 
reversed, since the time required for the fields to propagate 
from one field point to the other is just half a period. In this 
time the charge and current distributions at the source have just 
reversed. Now the lines of 6 and dS/ dt through these two points 
cannot conceivably both terminate on the , conductor which is 
the source, and, since these lines cannot start or stop in empty 
space, they must close on each other, forming the closed lines of 
S necessary for free electromagnetic waves. In the region of 
space which is of the order of magnitude of a wave length 
distant from the source, the field patterns are exceedingly 
complex. This is the transition region between the two types 
of field just discussed. 

When the electromagnetic waves travel along a pair of parallel 
wires, the fields are confined largely to the region of space between 
the conductors, making the geometrical arrangement unfavorable 
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for radiation. Even if the separation is made large compared 
to a wave length — and we have tacitly assumed in Sec. 45 that 
it was very small compared to a wave length — no appreciable 
advantage is gained, since lines of € starting at the surface of a 
conductor then terminate on other points of the same conductor 
rather than on the other wire and the wave is still guided, 
so to speak, by the wires. Let us, however, imagine that we 
deform the circuit shown in Fig. 109 by increasing the angle 
between the wires until they eventually form a straight con- 
ductor of length Z (Fig. 110). 

The electric field duo to a fixed-charge distribution on this 
circuit evidently spreads out over a larger and larger region of 



(a) (b) 

Fig. 110 . 

space as the angle between the original pair of parallel wires is 
increased. In Fig. llOcZ we have the straight wire (an antenna) 
with its field extending to large distances. This is the so-called 
electric dipole (more precisely, an extended dipole), and in it we 
are now to imagine, not a static distribution of charge, but a 
standing sinusoidal wave of charge and current, let us say in the 
fundamental mode of vibration corresponding to Fig. 109. At 
any point of this antenna, ^.e., in any length clement dl, the cur- 
rent and charge will vary sinusoidally with the time, but there will 
be a progressive phase shift of these sinusoidal oscillations as we 
move the element dl along the antenna. Hence to calculate the 
radiation field of such a system, we must superpose the contribu- 
tions from all the elementary lengths dl, taking into account 
the relative phases of these contributions. Thus the funda- 
mental problem is that of stud 3 n.ng the field of an element 
dl carr 3 dng an alternating current, and, as we shall show in a 
moment, this is equivalent to a tiny dipole oscillating in simple 
harmonic motion. An antenna of finite length evidently 
becomes equivalent to such a dipole if it is driven in forced. 
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oscillation at frequencies much below its lowest natural fre- 
quency so that essentially no phase difference exists between the 
currents at different points of the conductor. In this case the 
length of the antenna is very small compared to a wave length 
and consequently extremely small compared to the distances 
from the antenna to the field points where the wave field exists. 

We are now ready to discuss the nature of the radiation field 
of an oscillating dipole in more detail. The lines of B or H due 
to our dipole consist of circles with their centers on the axis 
of the dipole, just as in this case of a straight wire carrying 
current, and this is true at all distances from the dipole, although 
the variation of magnitude with distance is radically different at 
distant and near points. The distribution of the lines of electric 
intensity is very complicated, becoming 
relatively simple only at large distances. * 

In this region the lines of 6 are perpen- 

dicular both to H and to the radius P 

vector drawn from the dipole to the 

point P at which we are considering the 

field. This is illustrated in Fig. 111. H 1 

at the point P is directed outward from ^"'.yy 

the plane of the paper. Furthermore, S q .'y^ 

and H are equal to each other (in 

, • Jb IG* XJ.X. 

Gaussian units) at the point P, just as 

in the case of plane waves. The Poynting vector S is directed out- 
ward along r so that we have energy traveling radially outward 
from the source at O and thus have spherical electromagnetic 
waves. Before we discuss the analytical expressions for S and H 
for these spherical waves, let us consider the physical nature of 
the field. 


The oscillating charge and current in the antenna produce 
electric and magnetic fields which propagate outward from the 
source with the velocity of light. During a half cycle, fields 
build up in one direction, and then they reverse and decrease 
(build up in the opposite direction). These alternations of the 
field strengths lag behind the alternations of charge and current 
in the source, the lag increasing with increasing distance from 
the source because of the finite velocity of propagation of these 
fields. If there were no phase lag (infinite velocity of propaga- 
tion), the average power flowing into the field would be zero 
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when averaged over a cycle, as much energy flowing out as 
returning during this time just as in the case of the field energy 
in a condenser at low frequencies. Because of the progressive 
phase lag with distance, however, there is not exact cancellation 
of outward and inward flow of power from the source, and there 
is a small amount radiated in the form of the spherical waves 
mentioned previously. It must not bo thought that these waves 
exist only at large distances from the source. They are present 
in all space, even close to the source. The resultant fields, 
however, are to be thought of as the superposition of this wave 
field and other fields which do not represent traveling waves. 
The latter fields, the energy of which alternately leaves and 
returns to the source, are very large compared to the wave field 
near the antenna, but they decrease much more rapidly with 
.distance from the source than the wave field, so that only at 
distances large compared to the wave length does the resultant 
field correspond to traveling spherical waves. 

Now let us consider the variation of the magnitudes of 6 and 
H with position and time. Since & and H are equal in the wave 
field, it will be sufficient to consider one of them. First con- 
sider the variation with distance r from the source and with the 
time. We would expect that €■ would vary sinusoidally with 
the time with a frequency equal to that of the dipole but retarded 
in phase by an amount 27rr/X = ‘l-rcvr/c. Furthermore, the 
amplitude of this oscillating vector must be proportional to 
l/r, as we can immediately see from the conservation of energy: 
The total energy crossing a spherical surface of radius r per unit 
time must be independent of r, since there are no sources or sinks 
of energy in empty space. The Poynting vector, which is pro- 
portional to must hence vary as l/r^, so that, when it is 
integrated over the surface of the sphere (the area of which is 
4irr2), the result will be independent of the position of the spherical 
surface. Thus we expect an expression for & (or IT) of the form 

sin 27rv{ t ~ 

^ ^ ( 13 ) 

We have been referring to the source either as an antenna or 
as a dipole. Let us examine the connection between the wire 
of length I of Fig. llOd with a standing wave of current and a 
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dipole. Let p = qz he the dipole moment at any instant of time 
and P = the maximum value thereof. Since for simple 

harmonic motion 

2/ Z>xnti3C. cos 2irvt 


we have 


p = qz = P cos 2Trvt 


Kow a charge q moving with velocity v is equivalent to a current 
element i • dl, so that we have 

dp dz 

Thus an oscillating dipole is entirely equivalent to a sinusoidal 
current in a conductor element of length equal to the amplitude 
of motion of the dipole, and the amplitude of this cur- 
rent is equal to 27r times the product of the frequency 
and the charge of the dipole. Hence each element of 
length of the antenna (the extended dipole) is equiv- p=q.z 
alent to an oscillating dipole. 

The magnitude of 6 depends on the angle 6 (Fig. Ill) 
between r and the direction of the dipole moment in 
just the same way as the field of a static dipole, being 
maximum for 0 = 7r/2, zero for 0 = 0, and proportional 
to sin 6 for intermediate values of $. Thus the complete space 
dependence of € (and H) in the wave field is, using Eq. (13), 


sin 2Trv{ t — - 

1€| = |H| sin d (14) 

and there remains only the question of the proportionality con- 
stant. As we have already mentioned, electromagnetic waves 
are produced by accelerated charges (varying currents), since 
steady charges and currents give rise to static electric and 
magnetic fields, respectively. Thus we would expect the propor- 
tionality constant of Eq. (14) to be proportional to the accelera- 
tion of the oscillating dipole charge, i.e., to the quantity 
and this is exactly the result one obtains from the exact theory. 
We now write the complete expression for the magnitude of the 
electric or magnetic vector for the spherical wave emitted by an 
oscillating dipole. It is, in Gaussian units, 
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\e\ = \H\ = sin e ■ sin 



(15) 


and the directions of those vt 
are shown in Fig. 113. Since 



actors (at a given instant of time) 
6 and H both vary as sin 0, the 
intensity of the wave, S, is not 
spherically symmetrical but varies 
as sin^ 6, maximum radiation at 
right angles to the direction of the 
dipole moment and zero along the 
axis. The surfaces of constant 
phase are, however, concentric 
spherical surfaces. 

As a final step we shall compute 
the total rate of emission of elec- 
tromagncitic energy from the 
dipole. The Poynting vector 


1^1 



^ 3^2 


sin^ d • sin® 2 x 1 ^ 



(16) 


and is normal to the constant-phase surfaces. Since the time 


average of sin^ 2Trv 


(- 0 - 


is -I-, we have for the average rate of 


energy flow per unit area across a sphere of radius r 


S = 


g3j»2 


sin 2 6 


(17) 


and to obtain the total rate of emission of energy (the radiated 
power), we must evaluate the integral dA over the surface 
of a sphere of radius r. The appropriate element of area is a 
ring of width r dd and circumference 2xr sin 6 (Fig. 114), so that 
we have 

= J S dA sin= e de (18) 

To evaluate the integral, we write 

sin® 6 d6 — (1 — cos* 6) sin 6 dd — —(1 — cos* 0)d(cos 6) 
so that 
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/ 


sin® 6 dd 



~ cos^ &)d{cos 6) = 


cos 6 — 


cos® d 
__ 


TT 

0 


4 

3 


Substituting this value in Eq. (18), we obtain as the final result 


dE _ IGttS^ _ 
dt 3c® 3c® 


(19) 


where a> = Sttv. 

Thus we see that the averag 
portional to the square of the 
amplitude of the dipole moment 
and to the fourth power of the 
frequency. 

The extension of the fore- 
going results to the case of an 
antenna of finite length oscillat- 
ing at one of its natural fre- 
quencies is a straightforward 
integration of the expressions 
for 6 and H over the elements 
of length of the antenna. We 
shall not carry it through, how- 
ever, since we shall have occa- 
sion to solve a similar problem i 
all the essential points. 


rate of energy emission is pro- 



optics later which will bring out 


Problems 

1. A voltage E = Eo sin 2 x 1 -^ is applied to one end of a very long trans- 
mission line which consists of a pair of parallel conductors. Neglecting 
resistance, show that the generator delivers a current i to the line which is 
related to the voltage by 



where L' and C' are the inductance and capacitance per unit length of the 
line. 

2. Suppose the transmission line of Prob. 1 is a coaxial cable, the central 
conductor having a radius a and the sheath an inner radius b. Assuming 
ideal conductors: 

a. Compute expressions for S and H at any point between the conductors, 
and from these obtain the direction and magnitude of the Poynting vector. 
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b. Find the rato of energy flow porpendiculjir to a cross section of the 
cable by integrating the Poynting vector over such a cross section, and show 
that its average value equals the avera.ge power delivered by the generator 

3* Prove, for the coaxial cable of Prob. 2, that the magnitudes of the 
electric and magnetic vcHitors are related by tlio same equation as for a 
plane wave, viz.y 

'\/ €()€ ~ '\/ 

4 . Starting with Fq. (11) of the text for the voltage distribution in a 
standing wave on a line of length 1/2 (t.he fundarueiital mode), derive an 
expression for the current distribution using l^q. (b) of the text, and show 
that this is identical with the result oxprc\ssed by Fq. (12) if 1/UC' = cl 

6. A pair of parallel wires, each of length 3 meters, form a line which is 
short-circuited at balk ends. 

а. „ Compute the frequeiuues of the first, three inodes of oscillation of this 
system. 

б. Write a general expression for tln^ frecpuMjch's of the standing waves 
which may be set up on these wircts. 

6. A coaxial cable of length 4 me!ers, radius of tlu^ (umtral conductor 
2 mm. and inner radius of the out(^r cylinder 2 em., is short-circuited at both 
ends. A standing wave is set np of fro(pi(u)(‘-y (uxual to that of the funda- 
mental mode. The r.m.s. value of the curremt a,(. one (uul of the cable (in the 
short-circuiting element) is 5.0 amp. 

a. Write expressions for the energy density of the electric field and of the 
magnetic energy density at an arbitrary point, inside the cable, and find an 
expression for the total energy density at this point. 

h. Integrate your answer to part a to find the total electromagnetic 
energy of the wave, showing that it is constant., and compute this energy 
in joules. 

7. An antenna of length I is driven at a frequency p vSmall compared to its 
lowest natural frequency, so that it carries an alternating current of ampli- 
tude 7. Show that the expressions for tlio magnitudes of the electric and 
magnetic field intensities in the radiation field of this antenna take the form 

\S\ = ji7| — — ^ sin 0 sin 2x7/^;^ ^ 

where Gaussian units are employed and X is the wave length of the emitted 
waves. 

Using the above equation derive the following formula for the average 
rate of energy radiation from the antenna: 

dE 4x2/2/ 1 
dt 3c 

8 . A radio station employs an antenna of length 30 meters and broadcasts 
on a wave length of 300 meters. If the antenna is to radiate 5 kw., compute 
the antenna current using the results of Prob. 7. 
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electronic conduction in vacuum and in metals 

We have now reached the point in our study where we must 
turn to a discussion of the electrical and magnetic behavior of 
matter. Our principal task thus far has been the formulation 
of the fundamental laws of electromagnetism for empty space, and 
to accomplish this it has been necessary to introduce a number 
of facts concerning the electrical properties of matter, e.g., the 
distinction between conductors and insulators and Ohm’s law. 
These have been kept to a minimum, however, and now we 
proceed to a more detailed investigation of the laws governing 
the electromagnetic behavior of material media. The situation 
is somewhat analogous to that in which we found ourselves 
in the study of mechanics when we had completed our formulation 
of Newton’s laws and their application to particles and to rigid 
bodies. Upon entering the field of the mechanics of deformable 
bodies, we found ourselves forced to inquire into the nature of 
the internal forces which hold matter together and found that 
there were two distinct modes of approach to this problem. (1) 
There is the large-scale viewpoint, treating material bodies 
as continuous media; and (2) there is the more' fundamental, but 
more complicated, atomic viewpoint. Similarly, one can 
approach the problems of the electrical and magnetic behavior 
of matter in the same dual manner, and we shall do so in the 
following, but we shall spend more time on the atomic inter- 
pretation than we did in mechanics. 

There is overwhelming evidence that atoms are composed of 
electrically charged particles, a central nucleus carrjdng prac- 
tically all the mass of the atom and having a positive charge equal 
to an integral multiple of the charge on an electron, let us say 
Ze. Z is known as the atomic number, and it is this number 
which characterizes the chemical elements. Thus the hydrogen 
nucleus, the so-called proton, has Z — 1, the helium nucleus has 
an atomic number Z — 2, and so on throughout the whole 
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periodic table of tlie (domentH. Ma<di al.oin ])ossesses Z electrons 
so that it is normally uiudiarged as a whole, and these are dis- 
tributed more or less spherically around the central nucleus. 
The mass of the proton is about 1,840 times that of an electron. 
Atoms possessing a larg(u- or smaller number of electrons than 
their normal comi>lement of electrons are (uilled ions, positive 
ions if they possciss f(^wcr than Z ehictrons and negative ions if 
they possess more than Z eku'.trons. Om^ essential point must 
always be kept in mind in thinking of any model of an atom, and 
that is that it is an open structure, the distances between the 
nucleus and the electrons and between the electrons being Very 
large compared to the dimensions of either the nucleus or the 
electrons. 

From an atomic standpoint the conduction of electricity in 
material bodies is due to motion of either electrons or ions or 
both. In electrolytes the current is due to the migration of 
both the positive', and m'gative ions of thci solute under the 
influence of the cxtcu-nally applied elerdric, field. Migration of 
ions is also possible under the influences of strong fields in certain 
types of crystals in which there is a definite space lattice arrange- 
ment of positive and negative ions, as in the (!ase of silver bromide. 
We shall concern ourselves in this (^hapter only with electronic 
currents. The simplest case occurs in the conduction of elec- 
tricity by free electrons in high vacua sucih as one has in the 
ordinary radio tube. Somewhat more complicated is the con- 
duction of electricity in metals, where electrons can move 
through the metal. These electrons, the so-called free or con- 
duction electrons, can be thought of as the valence electrons of 
the metallic atoms which have been liberated from their parent 
atoms by the mutual interactions of the atoms when the latter 
are packed together as tightly as they are in a metallic lattice. 
These liberated electrons form a sort of gas and are more or less 
free, belonging to the metal as a whole rather than to individual 
atoms. Finally, in the case of electric discharges in gases, both 
mobile ions and electrons are present; the latter are mainly 
responsible for the current, but the presence of the former gives 
rise to extremely complicated phenomena. 

47. Thermionic Emission; Electronic Currents in High Vacua. 
Before formulating the laws governing the flow of electronic 
currents in vacuum, we must say a few words concerning the 
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methods by which electrons can be liberated from a metal. In 
removing an electron from a metal, work must be done against 
the attractive forces which normally hold the electrons in the 
metal. The work per unit charge necessary to remove an elec- 
tron from a metal is called the work function of the metallic 
surface and is of the order of magnitude of a few volts. In any 
ease this work must be done if electrons are to be liberated and 
the various methods of liberation differ in the manner in which 
this energy is supplied. In the photoelectric effect the electrons 
gain energy from the absorption of light. Electrons liberated 
when a metallic surface is bombarded with electrons (so-called 
secondary electrons) pick up their energy from the impinging 
electrons. Positive-ion bombardment or bombardment by 
neutral atoms carrying more than their normal amounts of 
energy (metastable atoms) can also liberate electrons. Very 
intense electric fields can pull electrons out of metals (so-called 
cold emission), and finally heating the metal can impart enough' 
thermal energy to some of the electrons so that they can escape*' 
in a manner analogous to the thermal evaporation of a liquid, and 
this phenomenon of thermionic emission has become familiar to 
all through the applications to radio tubes, etc. 

Suppose we maintain a piece of metal with a plane surface at a 
definite temperature. We picture the electrons inside a metal 
as forming a gas and shall treat them as free. These free elec- 
trons inside the metal possess kinetic energy, and it was formerly 
supposed that they behaved just like the atoms of an ideal gas 
in that the average kinetic energy of an electron was %kT (k is 
Boltzmann’s constant) in accordance with the law of equi- 
partition of energy. However, the fact that the contribution 
to the specific heat of a metal by its conduction electrons is 
exceedingly small always was a grave difficulty for the free- 
electron picture. We now know, however, that the electrons 
inside a metal do not follow the equipartition law and that their 
energy is practically independent of temperature, increasing but 
slightly when the metal temperature is raised. This small 
increase of energy, however, is just what is needed to enable the 
electrons to escape. Returning to our metallic sample, we 
then have the picture of some of the electrons escaping from\ 
the surface and forming a sort of a negatively charged cloud just ’ 
outside the surface (Fig. 115). This negative space charge 
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inhibits the further release of electrons, and equilibrium is estab- 
lished. The density of electrons in the space outside the metal 
is so small compared to that inside the metal that these electrons 
do behave lik(^ an ideal gas and possess the normal amount of 
thermal energy, %kT i)tir electron. If those electrons are removed 
by drawing them off to a c-ollecting plate whoso potential is main- 
tained positive with respect to that of the omitting surface, more 
electrons escape, and thcu-(i is a limiting rate (at each tempera- 
ture) at which escape can take plac(’!. When the maximum 
electronic current flows from emitter to plate, we say that there 
is saturation. The saturation current druisity varies very mark- 
edly with temperatuT-c in close analogy with the evaporation 


Vacuum 


'Electrons 


Z 


Mefa/ 

Fuj. 115. 


rate of a liquid. The law giving tlio saturation current density 
is known as Richardson’s equation, and we present it without 
proof : 

e<p 

kT (1) 

4> is the work function of the metal so that is the gain of poten- 
tial energy of an electron escaping from the metal, is a 
constant depending on the metal but having a value of about 
60 amp./cm.2-°C.2 for many clean surfaces. Equation (1) has 
been tested over an enormous range of the variables involved; 
in fact it would be difficult to find any other electrical equation 
which has been verified over a wider range. The exponential 
dependence on temperature reminds one strongly of the vapor- 
pressure law for liquids. 

When the collector (anode) potential is not high enough to 
cause the saturation current given by Eq. (1) to flow, a steady 
state is set up in which a smaller current flows, and one speaks 
of the current being limited by space charge. We shall investi- 
gate the laws governing the flow of space-charge limited currents 
for the simple case of plane parallel electrodes, the separation 
of which is small compared to the surface dimensions of either 
so that the electric field and potential vary only with an u;-coordi- 
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nate normal to the planes of the electrodes as in the con-esponding 
condenser problem. Since we are concerned only with a steady 
flow of current, we know that the electric field and potential 
obey the laws of electrostatics, and our first task is to formulate 
Gauss’s theorem, which relates field intensity to charge density, 
in the form of a differential equation holding at any point of 
space. From this we can then obtain a relation between poten- 
tial and charge density in the form of a differential equation known 
as Poisson’s equation, which is more convenient for purposes of 
application than Gauss’s theorem. 

Poisson’s Equation in One Dimension . — We apply Gauss’s 
theorem in the form 


jDndS = 


dv 



to a volume element shown in Fig. 116, for 
which the a:-coordinate is normal to the 
faces A. The element has a thickness dx 
and is located at a position x. In our case 
D has only an a:-component, and this can 
depend only on x. The flux of D emerging from the volume 
element shown in Fig. 116 is given by 


X x + dx 

Fig. 116 . 


J 


Dr^dS = (DA).+d. - (DA). ^ 

so that Gauss’s theorem requires that 

dD 

or 

dS _ Airp 
dx eo 


^Adx 

dx 


dD ^ 
= dv 
dx 


( 2 ) 


using the fact that D = eo^. 

Finally, since S = —grad V = —(dV/dx) for the case under 
consideration, Eq. (2) becomes 

dW _A7rp 

dx^ eo 

which is Poisson’s equation for one dimension. Note that if 
P = 0, denoting the absence of space charge, the integration of 
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Eq. (3) yields a luiiform field in accordance with our former 
results for the parallel-plate condeuiser. 

Returning to our original question of space-charge limited 
current, let the ele<;trodo separation be d, the hot cathode 
grourided (its potential equal to zero), and let the anode be 
maintained at a potential Ro above ground (Fig. 117). The 

steady current is carried by a stream 
of electrons moving from cathode to 
anode, and the magnitude of the cur- 
remt demsity j is redated to the velocity 
V of the eksc.tron stream and the charge 
density p by the equation 

j = \p\v = nev (4) 

whcu'ci n is t.lu'. (’■.kudron density at any 
point, V th(^ vcdocity of the electrons at 
that point, and e is the magnitude of 
the electronic charge. In Eq. (4) both 
n and v vary from point to point, but their product is independent 
of position. If we denote by Vq the average initial velocity of the 
electrons in the rc-direction (as they leave the cathode), we have, 
according to the conservation of energy, 

^mv% = — eV (5) 

or, solving for v, 



yielding a relation between electron velocity and potential at 
each point between the electrodes. Using the fact that the 
charge density p is related to the electron density n by p = 

Eq. (3) may be rewritten with the help of Eqs. (6) and (4) as 

d^V 47me 47r .( ^ , 

dx^ eo eo'^\ ° 

The variation of potential between the electrodes will thus be 
obtained if we can integrate this equation. ' Multiplying each 
side of Eq. (7) by 2{dV/dx) dx and making use of the identity 

d r /dUVl _ ^dV dW 

doWdx / J dx dx^ 




Fig. 117. 
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we can integrate once and find readily 

(s)‘ - (£); - ??[(•! + 1')' ~ ••] »> 

where — {dV/dx)fi is the field intensity at the cathode surface and 
we have set F = 0 for x = 0. 

Thus far the equations which we have derived are quite general, 
holding equally well for the case of saturation current or for the 
case of space-charge limited current. What, then, is the physical 
distinction between these two cases, and how can we introduce 
these considerations into Eq. (8) ? Let us start by considering ^ 
Eq. (3). Since the right-hand side of the equation is always 
positive (p is negative because of the negative charge of the 
electron), the curve of potential y 
against distance from the cath- 
ode must be concave upwards 
everywhere. This is equivalent 
to saying that the rate of change 
of the slope of the curve in- 
creases with increasing x. If 
the charge density p were negli- 
gibly small, V would be a linear ^ ^ 
function of a;. If we imagine p ^ 

TT'rr’ 1 1 R 

to increase, the variation be- 
comes something like that of curve (A) in Fig. 118, and, if p 
becomes large enough, a minimum will be present, as shown in 
curve (B). The critical curve which divides these two types is 
evidently the one for which the field and hence the slope 
becomes zero sit x — 0. The potential distributions which have 
no minima correspond to saturation current, since the field is 
everywhere positive and every electron leaving the cathode will 
reach the anode. On the other hand, the presence of a potential 
minimum at P indicates a large electron density at this point 
(the curvature is greatest there), and the field near the cathode 
is reversed because of the repulsive force action of these electrons. 
In this case some of the electrons leaving the cathode (the slower 
ones whose initial energies are smaller than eVop) will turn around 
and only a fraction of the emitted electrons reach the anode. 
This, then, is the case of space-charge limited current. We 
now see that we must not only consider the average initial 
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velocity of the ('.lec't.roius hut that w<^ inimt take into account 
the fact that tlu^ electrons leav(i tlui ciathode with a distribution 
of velocities (in fact a Maxwell distribution) such that a larger 
and larger fraction return to the cathode the more pronounced 
the potential minimum. However, since the number of electrons 
leaving thc^ cathode with initial energies greater than one electron- 
volt is entirely negligible for ordinary cathode temperatures, we 
need not concern ourselves with potential minima for wbict 
Vqp is greater than 1 volt. 

It is then possibl(^ to obtain an approximate solution of Eq. (8) 
by shifting the origin of cooi’dinates from O to P (Fig. 118), 
If the anode potential is of the ordcu* of 100 volts, we may consider 
V in Eq. (8) as measured from the potential at P without much 
error and also may neglect the initial velocity Vo (now the velocity 


/2e . dV 

at P) compared to ( ) • Since is zero at the point 

P, we set {dV/dx)Q equal to zero in Eq. (8), and this equation 
becomes 


or 



( 9 ) 


which yields upon integration 



satisfying the condition F = 0 at m = 0. Equation (10) gives 
very nearly the variation of potential between the point where 
the potential minimum exists and the anode. The current- 
voltage relation is obtained by noting that V = Vo for x = x'. 
Inserting these values in Eq. (10) and solving for j, one obtains 
readily 

( 11 ) 

9ir'Vm x'^ 

Thus a current density proportional to the ■§■ power of the 
potential difference between the electrodes is predicted, provided 
the value of x' does not vary appreciably with Fo- Actually the 
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potential minimum lies so close to the cathode that x' may be 
approximately replaced by d and Eq. (11) becomes 


^ 9x \ m 


( 12 ) 


and this is known as the Langmuir-Child equation. It can be 
shown that the proportionality between current and the f power 
of the potential difference is not dependent on the geometrical 
arrangement of cathode and anode, subject to the limitations 
imposed by the approximations employed in our derivations, 

48. Electrical Conductivity of Metals. — The electrical con- 
ductivity of metals is defined with the help of Ohm’s law. In 
differential form this law can be written as 

7= o-’a (13) 

In this section we shall show how our elementary picture of free 
electrons leads to Ohm’s law and to an expression for the con- 
ductivity. In our picture we have free electrons wandering 
about among fixed positive ions with random velocities, very 
much as the molecules of a gas. On the average there is no 
resultant force on these conduction electrons and hence we 
imagine them moving in a region of constant potential, the 
average internal potential of the metal. If a uniform external 
field 6 is maintained inside the metal, there will be a force of 
magnitude e£ acting on an electron. The electrons will be 
accelerated but will not move very far before colliding with the 
metal ions and losing the kinetic energy gained during this part 
of their motion. The average effect of these collisions wdth the 
ions is the same as if there were friction force acting on the 
electrons and we assume that this is like a viscous force, propor- 
tional to the electron speed. Thus the equation of motion of an 
electron becomes 

eS kv = ma (14) 

Let us take the external field & in the a;-direction as constant, 
and according to Eq. (14) the electron will drift with a constant 
velocity v given by 


1) 


e£ 
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This is the steady-state solution of Eq. (14). If n is the number 
of electrons per unit volume, there results a steady current 
density 


i 


nev 


ne^ 


(15) 


Comparing this with Eq. (13), we obtain for the conductivity 

ne^ 

^ = T" ( 16 ) 


Thus the conductivity is proportional to the number of free 
electrons per unit volume. The above argument is exceedingly 
crude and neglects completely the kinetic energy possessed by the 
electrons in the absence of an external field. Actually this 
energy is very large compared with the amount gained by an 
electron between collisions with the ions. The average ' drift 
velocity of the electrons is very small compared with their random 
speed. 

We can refine our calculation to take these facts into account 
and dispense with the rough picture of a viscous force. Let us 
assume that after each collision an electron, having given up 
the energy it has gained from the field to the lattice, starts again 
with its initial random speed. The time bcitween two successive 
collisions will be different for different electrons, but we shall 
consider the average collision time which we denote by r. This 
collision time is equal to l/u, where I is the mean free path of 
the electrons and u the average random speed. During the time 
r an electron undergoes a uniform acceleration in the direction of 
the field, and the average velocity gained in excess of its initial 
component of velocity in this direction is 

1 1 e6 1 e€j 

V = ^ar = ^ — r = ^ L 

2 2 m 2 mu 


This average excess speed in the direction of the applied field is 
just the drift velocity of the electrons, and the current density 
is 


Comparison with Ohm’s law now gives for the conductivity 


I 

0/v> 


(17) 


This is a much more satisfactory formula than Eq. (16), and it is 
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essentially the one obtained by a much more elaborate theory 
based on modern statistical theory using a free-electron model. 
Since we know that the mean kinetic energy of the electrons in a 
metal is practically independent of temperature and the number 
of free electrons per unit volume probably does not vary appre- 
ciably with temperature, the actual temperature dependence of 
the conductivity must be explained by the variation of the mean 
free path I with temperature. 

Actually, the conductivity of pure metals varies practically 
inversely with the absolute temperature, and there is good 
reason to believe that the mean free path varies this way also, at 
least at high enough temperatures so that the thermal vibrations 
of the metallic ions are practically independent of each other. 

49. Thermoelectric Effects. — The most important thermal 
effect of an electric current flowing in a metallic conductor is the 
joule heating. This heating is an irreversible 
effect, independent of the direction of current 
flow. There are three very closely related 
reversible effects involving thermal and electri- 
cal energies which are denoted as the thermo- e 
electric effects, and we shall examine them 
briefly in this section. 

a. The Seeheck Effect. — If a closed circuit 
is constructed of two (or more) different 
metallic wires, a current will in general flow 

around the circuit if the junctions are maintained at different 
temperatures. This effect is termed the Seebeck effect after its 
discoverer. A simple circuit consisting of two metals A and B 
with junctions at P and Q is shown in Fig. 119, and let us suppose 
that the temperature T% of Q is higher than Tx, that of P. Such 
a device is known as a thermocouple and is used extensively as a 
temperature measuring instrument. The e.m.f. around this 
circuit is called a thermal e.m.f., and it depends on the junction 
temperatures as well as on the two metals involved. We shall 
denote this thermal e.m.f. by Eab, the order of the subscripts 
indicating that the e.m.f. is such that current flows from A to P 
at the hot junction Q. The interposition of a third metal C in 
series with the thermocouple circuit does not affect the thermal 
e.m.f. provided the junctions with this third metal are main- 
tained at the same temperature. 
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6. The Peltier Effect — When an electric current flows across a 
junction of two dissimilar metals, the temperature of the junction 
changes unless heat is supplied or abstracted by external means. 
The rate at which heat must be supplied to the junction to main- 
tain constant temperature is proportional to the current and 
changes sign when the current changes direction. This phenom- 
enon of the evolution or absorption of heat at junctions of dis- 
similar metals is called the Peltier effect. It occurs whether the 
current is driven across by an ext(u‘nal agency or is spontaneously 
developed by the action of the thermocouple itself. Thus, in 
Fig. 119, the temperature Ta of the junction Q tends to drop 
(heat must be supplied to maintain it), and the temperature Ti 
of the junction P tends to rise. From the existence of this 
Peltier heat one infers the existence of an e.m.f. at the junction 
between two different metals. This Peltier e.m.f. will be denoted 
by TLab, indicating that the junction is between the metals A and 
B, and a positive sign will mean that heat must be supplied to the 
junction to maintain its temper'ature when current flows from A to B. 
This Peltier e.m.f. is in general a function of temperature. If a 
charge q is transported across the junction, the heat which must 
be supplied during this process is equal to Ilg. 

c. The Thomson Effect. — The third effect was predicted on the 
basis of theoretical thermodynamic arguments by Sir William 
Thomson (Lord Kelvin). If different parts of the same metallic 
conductor are maintained at different temperatures, a tempera- 
ture gradient will exist inside the metal and a steady heat cur- 
rent will flow. If now an electric current flows in this metal, 
the temperature distribution will be disturbed, and the accom- 
panying evolution or absorption of heat throughout the metal 
(in addition to the joule heating) comprises the Thomson effect. 
The Thomson heat which one must supply or abstract to maintain 
a steady temperature distribution is reversible, changing sign with 
change of direction of the electric current flow and it is propor- 
tional to the product of the temperature gradient and the electric 
current. The existence of a temperature gradient inside a metal 
then implies the coexistence of an electric potential gradient. 

Consider an element of length dx of a wire, and let the tempera- 
ture difference between the ends of this element be dT. If the 
Thomson e.m.f. due to this temperature gradient be denoted by 
dE', we define the Thomson coefficient, cr, by the relation 
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and call the coefficient 'positive if the e.m.f. tends to drive current 
inside the metal along the temperature gradient, i.e., from low to 
high temperatures. For a finite length of wire with its ends main- 
tained at temperatures T-i. and (T^ > Ti), the Thomson 
e.m.f. along the wire is evidently given by 


F?' 


-/ _ 

Jti ' 


cdT 


(19) 


T2 


The thermal e.m.f. of a thermocouple is the sum of the Peltier 
and Thomson e.m.fs. in the circuit, so that the Seebeck effect is 
not a phenomenon demanding sepa- 
rate explanation if one can explain the 
existence of the Peltier and Thomson 
effects. Consider the thermocouple 
circuit of Fig. 120. It is shown as a 
closed circuit for simplicity, but we 
can imagine it opened and connected 
to a potentiometer so that the 
thermal e.m.f. is measured without 
current flow. Suppose > Ti, so 
that the Peltier and Thomson e.m.fs. 
shown in the figure correspond to 
positive coefficients . From the figure 

it is evident that the net thermal e.m.f. Eab is given by 
Eab = 11ab{T^) - IlABiTx) +Ei-- 
or, using Eq. (19) 



( 20 ) 


Eab = Uab(T,) - liABiTi) -4- fJ^A dT - J\b dT 


, , ( 21 ) 

It is often useful to write this relation in differential form. 
This may be obtained by applying the above relation to a thermo- 
couple with its cold junction at temperature T and its hot junc- 
tion at temperature T dT. The result is evidently 




AB 


where Sab = 


dE. 


AB 


dT 


IS 


dE. 
dT 

called 


dT 


+ {a A — ctb) 


( 22 ) 


the thermoelectric power of the 


thermocouple. Equation (22) is essentially a statement of the 




200 


EhKCTHlCITY AND OPTICS 


first law of thermodynamics as applied to a thermocouple 
Application of the sc(iond law (we omit the derivation) yields 

+ Tji{<^A — era) = 0 (23) 



where T is the absolutes timiptu-al.urc'. From Eqs. (22) and (23) 
follow the relations 


i^A/l 


/V7 Alt 

dT 


(24) 


<Xa ~ CT/i 


-T 


d‘^EAB 

dT^ 


(25) 


so that, from a knowledge of thermal e.m.fs. as functions of the 
temperature, one may eomputci the Pedtier o.m.f. for the two 
metals from Eq. (24) and the differentie of the Thomson coeffi- 
cients from Eq. (25). 

In tabulating the thermoelectric properties of metals, it is 
usual to use load as a rcferoiice metal because its Thomson 
coefficient is zero. Suppose we have, a thermocouple constructed 
of lead and some other metal and that one of the junctions is kept 
at 0°C. It turns out experimentally that the thermal e-m.!. 
of this thermocouple (ian bo rciprcscnted very closely by a 
quadratic function of the temperature of the hot junction. Thus 
we may write 

E = at + (26) 

where t, the hot junction temperature, is expressed in degrees 
centigrade, and a and b are known as the Scebeck coefficients. 
The following table gives values for several metals referred to 
lead. A positive sign corresponds to current flow from lead 
to the metal at the hot junction so that hmd corresponds to the 
metal A in our previous discussion. 


1 

Metal 

a, microvolts /®C. 

6, microvolts/°C.® 

Aluminum 

— 0.47 

+0.003 

Bismuth 

-43.7 

-0.47 

Copper 

4-2.76 

+0.012 

Gold 

4-2.90 

*+0 . 0093 

Iron (soft) 

+ 16.6 

-0.030 

Nickel 

-19.1 

— 0.030 

Platinum (Baker) 

- 1.79 

-0.035 

Silver 

+ 2.50 

+0 .012 

Steel 

+ 10.8 

-0.016 
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In order to use the preceding table to compute the thermal e.m.f* 
of a thermocouple composed of two arbitrary metals A and B, 
one makes use of the following equation 

= ei, - (27) 

where e-AB is the thermoelectric power of the thermocouple and Ba 
and Bb are the thermoelectric powers of thermocouples made of 
metal A and lead and of metal B and lead, respectively. The 
proof of this equation is left to the problems. It then follows 
that 

Bab — {p,B — CLa) (6s — 6^)^ (28) 

where the a’s and 6’s are the values listed in the foregoing table. 

We must now inquire into an atomic interpretation of the 
Peltier and Thomson effects. Qualitatively, the free-electron 
gas picture offers a simple explanation of these effects. When 
a junction is made between two different metals (both at the 
same temperature), we are essentially bringing together two elec- 
tron gases of different densities and pressures. There is a 
tendency for diffusion, and, since this does not occur in equilib- 
rium, we must conclude that there is a difference of potential 
between two points lying on opposite sides of the boundary. 
This internal potential difference between two metals must then 
be equal in magnitude to the Peltier e.m.f. at the junction. 
In a crude way we may think of the Peltier e.m.f. as the equiva- 
lent of a seat of e.m.f. at the boundary, the nonelectrical forces 
acting in this seat of e.m.f. being diffusion forces. The work 
done by this seat of e.m.f. on the circuit when current flows is 
equal to the heat inflow to the junction from the surroundings. 

As regards the Thomson effect, let us imagine that we have 
a straight rod of metal with one end in boiling water and the 
other in melting ice. A steady heat current will flow, and there 
will be a uniform temperature gradient in the metal. We think 
of the thermal conductivity of a metal being due to the transport 
of energy by the free electrons, so that we have the picture of 
the free electrons near the hot end of the metal gaining thermal 
energy in excess of those nearer the cold end. Now, since no 
electric current can flow, we must have a condition established 
in which equal numbers of electrons traverse a cross section of 
the rod per unit time in opposite directions. Those moving 
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toward the cold end have higher energi(vs on the average than 
those moving in the o])posite direction; Inuico there is a net trans- 
fer of energy, but not of chai’ge, ae-ross this surface. In general 
this balance will not be attaiiUKi under the influence of the 
temperature graditnit alone'., but an (fleH^tric field will be set up 
inside the bar of such magnitude and direction that the above 
conditions are satisfi(Hl. This field is to be identified with the 
Thomson potential gradi(uit. 

Problems 

1 . For cletiri tiingst.civ the work function is 4.52 volts and the constant 
A in Richardson’s equation is 60 aiup./cin.®-°C.^ Compute the satura- 
tion current density in junperos per square centimeter for tungsten at 
T = 1000°abs. and at T = 2500°abs. What is the ratio of these two 
currents? 

2. For plane parallel electrodes of separation d, plot to scale the variation 
of potential and field as a function of distancui from the cathode for the case 
of space-charge limited currents. 

3 . Space-charge limited current flows between two plane parallel elec- 
trodes, each of area 4 crn.* and sepa, ration 2.0 min. Compute the total 
current when the potential difference between anode and cathode is main- 
tained at 240 volts. 

4 . Assuming that 1,he total space-c.harge limited current which flows 
between a hot cathode to an anode can depend only on e/m (ratio of charge 
to mass of an electron), on Va (the iiotential difference between anode and 
cathode), and on d (the separation of (,he electrodes), show by a dimen- 
sional analysis that the total current must bo given by 



where R is a dimensionless constant. 

6. A copper wire of cross section 0.04 cm.® carries a steady current of 
50 amp. Assuming that there is one free electron per atom of the metal, 
compute: 

а. The number of free electrons per cubic centimeter. 

б. The average drift velocity of these electrons. 

c. The mean collision time of these electrons with the metallic ions. 

The density of Cu = 8.9 grams/cm. the atomic weight of copper is 64, 
and its resistivity is 1.77 X 10“® ohin-cm. 

6. Derive Eqs. (24) and (25) of this chapter from Eqs. (22) and (23). 

7 . Prove that the thermoelectric power of a pair of metals 1 and 2 is 
equal to the difference between the thermoelectric powers of these metals 
each taken in conjunction with the same reference metal [Eq. (27) of the 
text]. 

8 . Show that for a thermocouple of two metals A and B, the thermal 
e.ra.f. of the couple is given by 
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(be - hA) 


itl 


if) 


where t\ and U are the cold and hot junction temperatures, respectively, in 
degrees centigrade. 

9. The “neutral” temperature of a thermocouple is the temperature at 
which the thermoelectric powers of the two metals (each with respect to 
lead) become equal, so that the thermal e.m.f. becomes a maximum with 
respect to varying temperature of the hot junction. Show that the thermal 
c.mi. of the couple may be written in the form 

E = eo(t. - 

where eo is the thermoelectric power of the thermocouple at 0°C. and U is 
the neutral temperature. 

10. Compute the Peltier e.m.f. for a copper-nickel junction at 0®C. and 
the Thomson coefficients for each of these metals. 

11. A gold-iron thermocouple has the following values for the ther- 
moelectric powers for the gold and for the iron employed, respectively: 
(2.8 + 0.010 microvolts/°C. and (17.5 — 0.0480 microvolts/°C. Calcu- 
late and plot the curve for the e.m.f. of this couple with one junction at 
0°C. and the other at between 0°C. and 700°C. What is the temper- 
ature of the neutral point and the maximum e.m.f. of the couple? 

12. A copper-iron thermocouple has a cold junction temperature pf 20*^0. 
Compute the maximum e.m.f. obtainable with this couple. 

13. Prove that the thermal e.m.f. of a couple may be written as a quadratic 
function of the temperature di:fference between the junctions, i,e., in the form 

Eab = CKfe — jfi) + — hY 


oc = (as — a^) + (bs — bA)ti 
/3 = &J3 — 5^ 


provided that 



CHAPTER XI 
DIELECTRICS 

In this chapter wo shall invcistigato the electrical behavior 
of insulating noncionducting material bodicss, the so-called dielec- 
trics. As previously pointed out, tlnn-e is no sharp line of 
distinction to be drawn bctwcien conductors and insulators, but 
many substances, sucth as glass, waxes, and some crystals, are 
very nearly ideal insulators in that they can retain localized 
charges almost indefinitely. We shall assume in the following 
that we arc dealing with ideal dielectrics and furthermore that 
they arc both isotropic, the proprudies of the substance being 
the same in all directions at a point, and homogeneous. From 
an electronic viewpoint, dielectrics arc characterized by the 
fact that the electrons are tightly bound to their parent atoms! 
and cannot be dislodged with ordinary fields. As a result no 
conduction of electricity can take place by virtue of moving 
charges as in a conductor, and the conductivity of an ideal 
dielectric is taken to be zero. If an uncharged dielectric is located 
in a region of space where there is no electric field, the positive 
and negative charges in any small volume clement produce no 
potential or field, and we may say that in such a volume element 
the center of “gravity” of positive and negative charges coincide. 
If, however, such a dielectric is placed in an external electric 
field, e.g., between the plates of a charged condenser, then the 
positive charge is pushed in the direction of the field and the nega- 
tive charge in the opposite direction. The forces holding the 
charges together may be thought of as elastic so that when such a 
separation of positive and negative charge takes place, there is 
a restoring force proportional to the separation distance, and a 
state of equilibrium is attained. Thus there is formed in each 
volume element a dipole (equal and opposite charges separated 
from each other), and this dipole is said to be induced by the 
external field, disappearing when the external field is removed. 
[^The whole process of inducing dipoles in dielectrics is called 
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'polarisation:] A polarized dielectric produces a field of its own, 
modifying the external field which gives rise to the polarization. 

From an atomic standpoint the dipole moment induced in a 
volume element of a dielectric is thought of as the average of the 
dipole moments of all the atoms or molecules in that volume 
element. There are two cases which we must consider; (1) 
when the atoms or molecules possess no dipole moment in the 
absence of an external field and (2) the case of molecules which 
possess permanent dipole moments (the so-called polar molecules). 
For nonpolar molecules (the first case), the induced dipole 
moment per unit volume of the dielectric is simply the sum of the 
induced moments of the individual atoms or molecules. The 
induced dipole moment of an atom or molecule is proportional 
to the magnitude of the field producing it. The ratio of the 
induced dipole moment to the ex- 
ternal field is called the polariz- 
ability of the atom or molecule. 

When molecules possess perma- 
nent dipole moments, the essential 
point is the question of the orienta- 
tion of these dipole moments. In 
the absence of an external field the 
orientation is random; hence the average moment in a small 
volume element is zero, as indicated in Fig. 121a, where the arrows 
show the molecular dipole moments. When an external field £ is 
applied, the dipoles line up in the direction of the field, as shown in 
Fig. 1215, since this is the position of stable equilibrium and the 
sum of the dipole moments is no longer zero. Actually the thermal 
motion of the molecules prevents them from fining up completely 
and tends to maintain the random orientation:i The stronger the 
field 6 at a given temperature, the larger the dipole moment of the 
volume element and again we have a net result similar to the case 
of nonpolar molecules, the induced dipole moment increasing with 
the external field. For ordinary field strengths there is pro- 
portionality between the dipole moments produced and the field 
producing them. One can distinguish between the two types of 
polarization discussed above because one is strongly temperature 
dependent, the orientation effect decreasing with increasing 
temperature, whereas the other is independent of temperature. 
So much for the qualitative picture. We must now turn to a 
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quantitative formvilation of thc^ laws governing the behavior of 
dielectrics. 

50. Dielectric Constant; the Polarization Vector. — It was 

discovered by Cavendish, and later by Faraday, that, if a 
dielectric were insertt^l between thc^ plat(;s of a condenser 
the capacity of the condenser increased. Let us imagine a 
charged condenser with insulated plabis, and suppose we insert a 
dielectric between its ])lates. Since the charge on the plates 
q — CV stays constant, the potential difference between the 
plates decreases, and this implies that the electric field inside 
the dielectric has Ixicomc less than it was in vacuum. If the 
whole of the space between the condenser plates is filled with 
the dielectric, the capacity C' of th(i condenser becomes greater 
than its original capacity C by a fa(d-,or k, so that C = kC. 
K is called the dielectric constant of the medium. Thus the poten- 
tial difference and the field in the dieh^ctrie arc reduced by the 
same factor. This result do(iS not depend on the particular 
form of the condens(n* employ<ul, and h(mcio wo infer that Cou- 
lomb’s law for the force betweem point charges q and q' embedded 
in a dielectric has the form 




( 1 ) 


where € = k€q is the permittivity or specific inductive capacity 
of the medium. In terms of the field intensity € due to a single 
point charge, wc then have 


e = 


6r^ 


(la) 


so that we can look upon e as the ratio D/S [compare Chap. II, 
Eqs. (3) and (5)]. Note that k is the dimensionless ratio e/eo, 
and only in the electrostatic system of units is it identical with 
e. K is always greater than unity, only about 0.1 per cent for 
gases but is of the order of 2 to 10 for solid insulators, such 
as glass, and about 80 for pure water. 

The reduction in electric intensity in a dielectric medium 
relative to its value in the absence of the medium is to be traced 
to the effect of the induced dipole field, which acts in addition 
to the external field. This field el-"^ays acts in a direction 
opposite to that of the external field, and hence there results a 
lower value of the resultant electric intensity. This can be 
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readily seen with the help of a simple example. Suppose we 
have a slab of dielectric, as shown in Fig. 122, placed in a uniform 
external field The fundamental fact is that, owing to the 
polarization of the medium, surface charges appear as indicated, 
equal and opposite on the two faces. This charge, although 
bound to the dielectric, contributes to the result- ^ 

ant field just as do other charges, such as those 
which we can place on conductors or move 
around as we wish. From the figure we see that 
the field of these induced surface charges opposes 
the external field S. 

Let us now consider a medium in which we 
have equal and opposite charges e so close 
together that they produce no external effect. 

If an external field is applied, these charges are 
separated by a distance r and an induced dipole of moment 


+ 

+ 

+ 

+ 

+ 

H- 

+ 


Fig, 122. 



p = er 


( 2 ) 



Ex fern a I 
f/e/d 
d/re cf ion 


is created. We introduce a vector called the polarization 
vector P, which is defined as the dipole moment per unit volume 
induced in the medium. Clearly P is the vector sum of the 
induced atomic or molecular dipoles in a volume element divided 

by the volume of that element. Let 
us consider now an elementary area 
A A inside a dielectric, as shown in 
Fig. 123. If the medium is polar- 
ized by an external field acting in 
the direction indicated, charges will 
be pushed across AA and, in fact, 
the charge crossing AA will be equal to that originally contained 
in a slant prism of base AA and length r [the same r as in Eq. (2)]. 
If is the component of r in the direction of the normal n to the 
surface element, then this charge is equal to 

N (er„) AA = Pn AA (3) 


Fig. 123. 


where N is the number of dipoles per unit volume created in the 
dielectric. If AA should be an element of the outer surface of a 
body, then this represents the surface charge induced on the sur- 
face element. We thus have the important result that the 
surface density of charge cn induced on the surface of a polarized 
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dielectric is equal to the normal component of the polarization 
vector at that point. In symbols 

(Ji P n 

If we consider a closed volume clement inside the medium, the 
net charge crossing the surface will be zero if the polarization 
is uniform (P == constant), but if the polarization varies from 
point to point, there may be more charge leaving than entering 
the volume element, with the result that one can have a charge 
density created inside this volume element, the so-called polariza- 
tion charge density. 

We can clarify the above statements with the help of a simple 
but important example. Consider a plane parallel condenser 



Fia. 124. 


with a slab of dielectric material inserted between the plates, as 
shown in Fig. 124. Let the area of each plate and slab surface 
be A, the separation of the metal plates be Z, and the slab thick- 
ness be d. In the figure are shown the lines of D starting on the 
“real” positive charges on the left-hand metallic plate and 
terminating on the negative charges on the right-hand plate. 
The lines of 6 inside the slab are to be obtained as the resultant 
of D (due to the “real” charges on the plates) and the field due 
to the induced surface charges +<TiA on the surfaces of the 
dielectric slab. Since the polarization vector is everywhere 
constant in magnitude and normal to the slab surfaces, we can 
write in accordance with Eq. (4), 

a-i — P 

and hence the field intensity 6 inside the dielectric is given by 
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£ = ^(. - = iE(. - P) 

€o €o 


(5) 


Since the slab faces are parallel to the condenser plates, the 
symmetry of the arrangement is not affected by the presence of 
the dielectric slab, with the result that the displacement vector 
D has the value 4x0- at every point between the plates, as is 
immediately evident from Gauss’s law. Hence in this example 
the presence or absence of the dielectric slab does not affect the 
value of D. There then follows, from Eq. (5), 


D _ ^ 

€o 


( 6 ) 


or 

2) = eo6 + 4xP (7) 

Equations (6) and (7) can be shown to hold in general, and they 
give the fundamental relation among the vectors 6, D, and P. 
Equation (6) in particular shows how the field 6 is reduced from 
its vacuum value P/eo by the induced polarization field 47rP/€o 
inside the dielectric. 

Now let us suppose that the whole space between the condenser 
plates is filled with the dielectric, i.e., that d == 1. For this case, 
we have for the capacity of the condenser 


(jA DA eA 

SI SAirl 4xZ 


( 8 ) 


Since in vacuum this condenser would have a capacity eoA/Airl, 
the ratio of capacities is e/eo = k, which checks the previous 
discussion. Note also that the total induced charge on the slab 
faces is +PA, and, since these faces are separated by a distance 
d, the dipole moment of these charges is PAd. Now Ad is 
simply the volume of the slab and we see for this case of 
uniform polarization that P is truly the induced dipole moment 
per unit volume. 

We now have the following general picture: The field of 
B is that produced by charges distributed throughout space or 
put on conductors (controllable charge), the field of S is that 
produced by all charges, both of the controllable and polarization 
type, and the polarization field is due to the induced polarization 
charges; Eq. (7) giving the connection among the vectors S, 
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D, and P. It is instructive to inttuprot Gauss’s theorem for the 
flux of D with the help of those ideas. We have 

J* Z)„ dS = 47rg 

closed 

surfiicc 

where q is the “real” controllable charge inside the closed surface. 
Using Eq. (7) for D, the above equation c.an be written as 

60 J Sn dS -\r 4:TrJ' Pn dS = 4jrq (10) 

closed closed 

surface surface 

Now JPn • dS is just the charge which has crossed the closed 
surface due to polarization according to Eq. (3), and hence there 
remains a polarization charge inside the volume equal to 

qp = “ 

as it must be of opposite sign to that which has passed out of 
the volume. Putting this into Eq. (10), we find for the flux 
of 6 emerging from the volume 

[*€„ dN = — (g + qp) (11) 

J 

closed 

surface 

which checks our statement that S was the field of all the charge, 
^^reaV^ plus polarization. 

If we write €6 for D in Eq. (7), we have 

X> = eS = eoS + 47rjP 
or 

» = <1 + S) 

or again 

k = -1 = i + :^5 

Thus the dielectric constant k will truly be constant if the 
polarization vector P is proportional to the field intensity 6- 
The ratio P/eo€ is known as the electric susceptibility x of 
medium, 


P = €oX^ 


(13) 
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so that the relation between dielectric; constant and susceptibility 

jc = 1 + 47rx (14) 


51. Cavity Definitions of D and 6. — ^Let us now inquire 
somewhat more closely as to exactly what one means by the 
intensity of an electric field inside a dielectric medium. We 
recall that the intensity € for empty space was defined as a vector 
specifying the force per unit charge on an infinitesimal test 
charge placed at the point in question. In order properly to 
define 6 inside a dielectric, it becomes necessary to provide 
for the possibility of introducing 
a test charge. This is done, 
following Lord Kelvin, by imag- 
ining that one scoops out a cavity 
inside the dielectric. Then one 
can introduce a tiny charge in the 
cavity and determine the force 
on it, at least in principle. In 
Fig. 125 we show the parallel- 
plate condenser with the slab of 
dielectric. If we imagine a long 
needle-shaped cavity such as a 
vfith its long sides parallel to the field, then a test charge placed 
in it would be acted on by the field of both the real and 
polarization charges, and thus the force would be qS if q is the 
magnitude of the point test charge. It is necessary to choose 
the cavity of the form and orientation specified to avoid the 
appearance of polarization bound charge on the cavity surface. 
Thus in a cavity of the form 6, which we imagine shaped like a 
pillbox with its flat faces perpendicular to the field, there will 
appear bound surface charges on these faces of density ±P, so 
that the lines starting from the dielectric slab surfaces will 
terminate on the faces of the cavity and none will traverse "it. 
As a result, only the real charge on the metal plates is effective 
in producing the force on a test charge in a cavity of shape 6 
and this force will be 




using Eq. (12a). The reason for the needle-shaped cavity a is 
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to minimize the effect of i)olarization charge on its end faces 
wiiich can be done l)y making them arbitrarily small in compari- 
son with the length of the cavity. The field inside a cavity m a 
dielectric depends on the shape of the cavity; for example in 
the case of a spherical cavity the field at the center may be 
shown to be 

[e + (47r/3€o)P] 


62 . The Dielectric Constant of Gases- — There is one case for 
which it is not difficult to compute the dielectric constant on the 
basis of a simple atomic picture. This is the case of a gas, let 
us say a monatomic gas, at moderate i)r('ssui-(‘s, so that the atoms 
are relatively far enough apart from each other on the average to 
allow us to neglect the interactions betweom them. Each atom 
contains charges —Ze on the (dectrons, and -\-Ze on the nucleus, 
which can be displaced relative to (5ach other in an external field 
and behave as if hold together by linear restoring forces. Sup- 
pose a uniform external field 6 is applied to the gas, a charge g 
is acted on by the force q& due to the field, and a restoring 
force — /ca:, if x is the direction of the uniform field 6. In equilib- 
rium we have 

— hx-\-q& = 0 
or 



and the dipole moment created is 

P = (15) 


The polarizability a. of an atom is defined, as previously men- 
tioned, by the ratio of the induced dipole moment to the field 
intensity, so that 


a 



(16) 


If there are n atoms per unit volume, the polarization vector? 
is simply np — na€, and we have from Eq. (12a) 

k : = 1 + —non: (17) 

€0 

Now let us try to get an idea of the order of magnitude of 
the atomic polarizability a. To do this we shall adopt a simple 
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model of the atom, a central point charge +Ze corresponding 
to the nucleus, surrounded by a uniform spherical distribution 
of radius B of negative charge — Ze corresponding to the electrons. 
Under the influence of an external field the positive charge will 
move a distance x in the direction of the field relative to the 
negative charge, from O to P in Fig. 126. When in this position, 
it will be attracted back toward O by the negative charge. From 
our pre\’ious work in electrostatics we can 
calculate this force by considering all the 
negative charge inside the dotted sphere of 
radius x to be concentrated at O, the nega- 
tive charge outside this sphere yielding no 
contribution to the force. The negative 
charge at the center O is then 



Fig. 126 . 


and from Coulomb’s law the attraction force is 



and this is a linear restoring force of the type we used in the 
foregoing discussion. From Eq. (16) we then find for the 
polarizability, since q = Ze, 

« = (18) 


and it is simply proportional to the volume of the atom. Using 
this value of a. in Eq. (17), we find the dielectric constant of a 
gas to be given on the basis of this approximate model by 

/c = 1 -1- 4:7rnR^ (19) 

The number of atoms per cubic centimeter of a gas is about 
3 X 10^® under standard conditions, and for the atomic radius 
R we may use a rough value of 10~* cm. == 1 angstrom. Thus 
the term dimP* becomes approximately 0.4: X 10~® or about 
0.04 per cent. This is the actual order of magnitude of k — 1 for 


53. Boundary Conditions on D and — Our examination of 

the manner in which the electric intensity and displacement 
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vectors change as one moves across a boundary separating two 
dielectric media has thus far been confined to the special case 
in which the interfacial surface is normal to the direction of these 
field vectors. We must now examine what happens when the 
field vectors are no longer normal to the surface of separation 
and in so doing we shall be able to understand why the law of 
Coulomb is not valid under all conditions. Thus the law of 
Gauss becomes one of the fundamental and universally applicable 

laws of electricity. Let us consider 
the case of two dielectric media of 
different permittivities, ei and eo, 
and apply Gauss’s theorem to the 
infinitesimal volume enclosed by 
the pillbox shown in Fig. 127. The 
pillbox is so chosen that a portion of 
the boundary surface lies inside the 
volume and we can, by making the pillbox infinitely shallow, 
neglect the flux of D across its curved surface, which is normal to 
the boundary between the dielectrics. For the two flat faces, we 
have for the flux of D emerging from the volume 

drA = (Dan - Dxn) dA 
so that Gauss’s theorem yiodds 

(I^in — Din) dA = 47rO' dA 

where <r is the surface density of charge on the interface. Din 
and Dan are the components of D normal to the boundary sur- 
face at the point in question. Thus we have 

D 2 n — Di„ = 4x<r (20) 

or, if there is no surface charge on the interface, 

Dm = Dan (21) 

In words, the lines of the electric displacement vector must 
have continuous normal components when crossing an uncharged 
boundary surface between two dielectrics. Applied to the 
example of the dielectric slab between the plates of the con- 
denser (Fig. 124), this condition states that the value of D is 
unchanged as one crosses the surface of the slab, since the lines 
of D are normal to this surface. Evidently, this will be true 
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in all cases for which the boundaries are normal to the direction 
of the field. 

For the components of the field tangent to the boundary, 
we must apply the Faraday induction law to a closed path such 
as is shown in Fig. 128, in which the sides perpendicular to the 
boundary are made infinitely short compared to the parallel 
sides dl. As the lengths of the short sides are made smaller and 
smaller, the area enclosed by the path approaches zero, so that 
the magnetic flux through this area also approaches zero. Hence 




the Faraday law requires that the e.m.f. around this path be 
zero. We then may write 

ds = Sit dl — S 21 dl = 0 

or 

Sii = Szt ( 22 ) 

where €u and € 2 * are the tangential components of the electric 
intensity in media 1 and 2 at the point in question. Note that 
this condition is automatically satisfied in cases for which the 
boundary is normal to the field, such as the example of Fig. 124. 

The two boundary conditions (21) and (22) are sufficient 
to determine uniquely the relative directions of the lines of S 
or D as one passes across an uncharged boundary between two 
dielectrics in any case. Let ai and be the angles between 
the normal to the boundary and the directions of €1 and S 2 at 
the point where the normal is drawn as shown in Fig. 129. We 
'mite, in accordance with Eq. (22), 

€1 sin exi = €2 sin oii (23) 

and, according to Eq. (21), using D = e€, 

eiSi cos OCi = € 2^2 cos Q ’2 


(24) 
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Dividing Eq. (23) by Eq. (24), tiicre followK 

tan cxx ei K] 

tan <X‘2 €‘2 K2 

and this is the law of refraction for the electric field at the 
boundary between two dielectrics of dielectric constants ki and 
k 2 , respectively. It is obvious that the same law gives the 
relative direction of the line.s of Z). If the direction of the field 
at a boundary is known in one medium, Eq. (25) uniquely fixes 
its direction at that boundary in the second medium. Note 



that the lines of force are bent more toward the normal in the 
medium of smaller dielectric constant than in the other medium. 
Thus Fig. 129 is drawn for the case /ci > /ca- 

We are now in a position to state precisely the limitations 
which must be imposed on the simple definition of Z> as given by 
Eq. (3) or Eq. (4) of Chap. -II (Coulomb’s law) and on the state- 
ment that the field of D is determined solely by the positions 
and magnitudes of the “real” charges. These statements are 
true only (1) if the field produced by the charges is appreciably 
different from zero in empty space or in a single homogeneous 
dielectric medium or (2) if the boundaries of the dielectrics 
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present are everywhere normal to the direction of the field which 
would be set up in the absence of these dielectrics. In the 
presence of arbitrarily shaped dielectrics of finite size, the only 
property of the field of D which is unaltered by these dielectrics is 
the total flux of D, due to the “real” charges present (Gauss’s 
law). At the boundaries the direction of D undergoes a change 
in general, but the number of lines of D is unaltered by the 
presence of the boundary. We thus see why Gauss’s law is so 
important. The above statements may be clarified with the help 
of a simple example. Consider the field produced by a single 
point charge q in the presence of an infinite slab of dielectric as 
shown in Fig. 130. 

In the absence of the dielectric, the lines of D are radial and 
are shown dotted in the figure. The solid lines show the actual 
field of D in the presence of the dielectric. One sees that the 
direction (and magnitude) of D is altered even in empty space 
by the presence of the dielectric. However, the total flux of D 
is Irg in any case. 

The solution of the general problem, e.g., one such as that 
shown in Fig. 130, involves the simultaneous solution of the 
equations 

'' XdS = 

closed 

surface 

ds = 0 
D = ee 

for the case of electrostatic fields, subject to the boundary 
conditions derived in this section. This would take us far 
beyond the scope of this book. 

64. Polarization, and Displacement Current in Dielectrics. — 

We now turn to a brief discussion of transient or nonsteady 
fields in dielectric media. For simplicity let us first consider 
the case of a parallel-plate condenser with a dielectric of per- 
mittivity € filling the space between the plates, as shown in Fig. 
131. Suppose the switch S is closed and a charging current 
starts flowing. As the field between the condenser plates builds 
up, the dielectric becomes polarized, positive charge moves, as 
shown, across the surface aa, and negative charge moves in the 
opposite direction. This motion corresponds to a transient 
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current while tlie dipoles arc being formed, and this current is 
called polarization current. The polarization current can be 
expressed in terms of the polarization vector P. From Eq. (3) 
it follows that the charge crossing the area aa = A in time dt 
is A dP, wh(u-e dP is tlu> increase in the polarization vector in 

-CA^rge ,* charge *™‘'- Consequently the 

moves tnf his q //? 7*/?/^ polarization current is 

direeffon p ' — 



/ 

/ 

/ 

^ j 



c/zreciton 


\ j and the corresponding current 

— density is 

1 . dP 

“ = Si P7) 

llllllll ' This polarization current con- 

I I I I ~ tributes to the total displace- 

mont current flowing between 
the condenser plat(\s. The displacvnncuit current is given by 
{A/Ajr){dD/dt) and, using Eq. (7), can be written as 

eoA dS , j dP . . 

= '-*■ AT + 


Thus the displacement curnuit (uin Ix^ tliought of as the sum of 
two terms, one a disiolacement current which would 


flow in vacuum and the other the; polarization current in the 
dielectric. The ratio of the polarization to the vacuum dis- 
placement current is then, using Eqs. (13) and (14), 


A(dP/dt) _ 47r6oAx(dS/dt) _ ^ ^0Q^ 

(€oA/4x)(d€/dO " eoA(dS/dl) ^ 1 (29) 


Thus in the case of the medium of dielectric constant k = 2, one- 
half the displacement current is polarization current. 

More generally, if we consider the case of nonuniform polariza- 
tion of a dielectric, the total polarization current flowing across 
a fixed closed surface is given by 


ip = f^jPndS (30) 

closed 

surface 
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and we have seen from the considerations leading from Eq. (10) 
toEq. (11) that 

^ P n dS Qp 

where Qp is the polarization charge inside the closed surface. 
Consequently we may write 

ndS = (31) 

where pp is the density of polarization charge. Equation (31) 
is just the equation of continuity for polarization charge and 
current, stating that the current flowing out of the volume equals 
the rate of decrease of charge inside this volume. 

Problems 

1. Consider a parallel-plate condenser with a medium of permittivity e 
between its plates. Following the arguments of Sec. 16, Chap. Ill, show 
that the electrostatic energy density in the medium is given by 

Stt Sttc 

and that the force of attraction of one plate for the other is given by 

27rA<r^ 6<S^ 

F == = ^ - A 

€ Stt 

2. A parallel-plate air condenser is connected to a battery which main- 
tains a difference of potentia.! Vo between its plates. A slab of dielectric of 
dielectric constant k is inserted between the plates, completely filling the 
space between them. 

a. Show that the battery does an amount of work Fo — 1), if go is the 
charge on the condenser plates before the slab is inserted. 

b. How much work is done by mechanical forces on the slab when it is 
inserted between the plates? Is this work done on, or by, the agent insert- 
ing the slab ? 

3. A parallel-plate condenser with plate areas of 200 cm.^ and a separa- 
tion of 2.0 mm. is immersed in oil of dielectric constant 3.0 and permanently 
connected to a 300-volt battery. 

a. Compute the charge on the condenser plates. 

b. Compute the induced dipole moment per unit volume and the electric 
field intensity in the oil between the plates. State units. 

c. What is the force of attraction of the plates for each other? 

d. If the plates are separated to a distance of 4.0 mm., maintaining the 
potential difference constant at 300 volts, calculate the mechanical work 
done in effecting this separation. 
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e. How much energy is supplied to the condenser by the battery during 
the process described in part d? 

4. A parallel-plate condenser of separation d has a capacity Co in air 
A slab of dielectric of diehHd.rie constant k, thickness t < d, and area equal 
to that of the plates is introduced betw(5en the plates, the faces of the slab 
being parallel to those of the rioiuhmser. Neglecting end effects, prove 
that the capacity of t.he condenser btuM)mes 


C 


n 


1 




6. A condenser is formed of two concentric spherical metal shells of radii 
2 and 6 cm. The inner sphere is covered by a wax coating 3 cm, thick, and 
the remainder of the space between the spheres is filled with a liquid of 
dielectric constant 4.2. The dielectric constant of the wax is 2.0. 

Compute the capacity of the condenser thus formed in microfarads. 

6. If the plates of the condenser of Prob. 5 ar(^ maintained at a potential 
difference of 3,000 volts, compute the total energy stored in the condenser. 
What is the surface density of polarization charge at the wax-liquid interface? 

7. The inner sphere of a spherical condenser of inner and outer radii a 
and &, respectively, is coated with a t.hin coat of varnish of thickness i and 
dielectric constant /c. Show that the increase of capacity due to the varnish 
is approximately given by 


€0 


^(/c - JO 
kQ) - a) 2 


t 


8. The dielectric constant of the material between the plates of a parallel- 
plate condenser varies uniformly from one plate to the other. If ki and jca 



that the condenser has a capacity 




Ki 


CqA 

47rd In (/C 2 A 1 ) 


Fig. 132. 


9. A parallel-plate condenser con- 
sists of two square plates 15 cm. on a side separated by a distance of 0.3 cm. 
A slab of glass of dielectric constant 6.0, thickness 0.3 cm. and 15 cm. on a 
side, is inserted, as shown in Fig, 132, between the condenser plates, and the 
condenser is connected to a 600-volt battery. Neglect the edge effects. 

а. Compute the capacity of the condenser so formed. 

б. What is the total charge on the condenser plates, and how is it dis- 
tributed? 

c. How much energy is stored in the condenser? 

d. Suppose the battery is disconnected, leaving the condenser charged, 
and the glass slab moves in a distance dx farther to the right. Obtain an 
expression for the increase or decrease of energy in the condenser. 
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e. From your answer to part d compute the force tending to pull the glass 
slab between the plates. How does it depend on the length of slab already 
inserted? 

10. Suppose that the thickness of the glass slab in Prob. 9 is 0.2 cm. and 
that the battery is left connected to the plates. 

a. Compute the force tending to draw the slab between the plates. 

b. How much work is done on the slab if it starts as shown in the figure 
of Prob. 9 and ends with 10 cm. of its length between the plates? 

c. How much energy does the battery supply to the system during this 
process ? 

d. Compute the change of field energy in the condenser during the process 
described in part b, and show that it is equal to the energy supplied by the 
battery minus the mechanical work done on the glass slab. 

11. A parallel-plate condenser of plate separation d in air is charged by a 
battery, and the battery is then disconnected. A slab of dielectric of thick- 
ness t < d and area equal to that of either of the condenser plates is intro- 
duced between the plates, the slab faces being parallel to the condenser 
plates. 

Prove that the electrostatic energy in the condenser field is decreased by an 
amount given by 



where v is the volume of the dielectric, P the polarization vector in the 
dielectric, and €o the field intensity which existed before the insertion of the 
dielectric. 

12. Consider the electrostatic field set up in air by a number of fixed 
charged conductors. If a small rigid dielectric body is introduced into the 
field in a position far enough from the conductors so that the distribution of 
true charge on these conductors is not sensibly altered by the introduction 
of the dielectric, the field energy may be shown in general to change by an 
amount 

U - Uo i 


(the result of Prob. 11 is a special case of this general formula). Given the 
fact that the field intensity € inside a dielectric sphere is uniform when the 
sphere is placed in an originally uniform field of intensity So, and that S is 
related to €o by the equation 


K 2 


derive an expression for the change of field energy caused by the introduc- 
tion of a dielectric sphere of radius a into a position where the field originally 
was 6o. Take the volume of the sphere small enough so that So does not 
sensibly vary over the region of space occupied by this volume. 

13, Let the dielectric sphere of Prob. 12 be displaced slightly to a point 
where the original field had a value slightly different from So. Compute 
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the change in electrostatic energy, a,nd, using the fact that this must equal 
the mechanical work done on the sphere, show that the mechanical force F 
acting on the sphere is given by 


F 


eK)^ ( k — 1 ) 

“2 ^ (k + 2 ) 


grad 


14. A small dielectric sphere of susceptibility x radius b is placed at a 
largo distance r from a rnetal sphere of radius a which is maintained at a 
potential V. Assume i.hat 6 <$C r and that a <3C r. Using the result of 
Prob. 13, derive an expression for the force with which the metal sphere 
attracts the dielectric sjoherc. 

16. The vertical plates of a parallel-plate condenser are dipped into an 
insulating liquid of susceptibility x- Neglecting surface tension, show that, 
if a potential difference V is established between the plates, the liquid will 
rise between the plates to a height h above its initial level where h is given by 

, XeoV^ 

h = 

2pgd^ 

d is the separation of the plates and g is the acceleration of a freely falling 
body. The susceptibility of air is neglected. 

16. Prove that, at an interface between two dielectrics of dielectric con- 
stants Ki and k 2 which carries no true charge, there is a surface polarization 
charge density a-p given by 



where Sm is the component of S in medium 1 normal to the interface at the 
point in question. 



CHAPTER XII 


MAGNETIC MEDIA 

The study of magnetism was pursued as a branch of physics 
entirely distinct from that of electricity up to the time of the 
discoveries of Oersted and Faraday and probably is the older 
of the two subjects. The early study of magnetic fields con- 
cerned itself with the interactions of permanent magnets and 
particularly with terrestrial magnetism. The laws governing 
the behavior of the magnetic fields of permanent magnets were 
formulated in a manner analogous to the laws of electrostatics, 
at least as far as was possible, and even today many expositions 
of the subject are treated on the basis of these analogies. In 
our study, however, we have introduced the magnetic field 
vectors, at least for empty space, in terms of the electric currents 
which give rise to them, and we shall continue to adopt this mode 
of interpretation even for the case of magnetized material bodies. 
The formulas which we shall find will be essentially the same as 
those obtained by the more classical treatment, but the inter- 
pretation we give them will be based on our present-day atomic 
ideas concerning the origin of the magnetic behavior of material 
media. This mode of interpretation is not really new, since 
Ampere pointed out the possibility of utilizing it. In Ampere’s 
time, however, and until comparatively recently, there was no 
particular reason to adopt one mode of interpretation rather than 
the other, but today we have a large amount of evidence showing 
that the electrons in matter are responsible for its observed 
magnetic behavior. 

Returning to the question of the analogy between electric 
and magnetic fields, the starting point of electrostatics is Cou- 
lomb’s law with the consequent possibility of defining and 
obtaining units of charge and electric intensity. Right at the 
start the analogy between electrostatics and magnetic fields 
breaks down completely, since it is impossible to produce a 
“magnetically charged” body. (This has not hindered writers 
from assuming its existence, however.) It is true that one 
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can magnetically polai-izo a material body .so that the external 
magnetizing field is modified by its pro.scnce, but one cannot 
impart a “ magnetic charge ” to such a body. On the other hand 
there arc substances, called magiKitic.ally hard, which can be 
magnetized and retain some of the induced magnetization when 
the external field i.s removed. These substances, permanent 
magnets, now produce magnetic fields of their own, and their 
permanent magnetization is almost independent of external fields, 
at least for weak fields. We can imagine ideal magnetically 
hard permanent magnets which are not affected at all by external 
fields and then have the possibility in principle of utilizing 
a tiny pcrmaircnt bar magnet to invc'stigate and define magnetic 
field strength and magindic, moments. In .so doing, the test bar 
is treated both as a '‘source ” (a dipole .source) and as an indicator 
of the magnetic field. 

In Sec. 31 of Chap. V wo have introduced the idea of the 
magnetic moment of a tiny current loop or “whirl” and can 
carry this discussion over as it stands to examine the behavior 
of our tiny permanent magned. test bar, thus indicating from the 
start a pos.sible interpretation of the magnetization of material 
bodies. If a test bar is suspended by a thread fastened to 
its center, it will align itself with the direction of the earth’s 
magnetic field at the point where it is located and, if displaced 
from equilibrium, oscillates with a frequency 


n 


■14 


mBo 


( 1 ) 




[see Eq. (52), Chap. V], where m is the magnetic moment of the 

bar, I its moment of inertia 
about the axis of suspension, 
and Bo the magnetic induction 
vector of the earth’s field. In 
this experiment the bar is used 



0 P B 

Fiu. 133. 

as an indicator (a magnetometer). Now suppose we use the bar 
as a “source” of a field and hold it fixed so that its long axis is 
perpendicular to the earth’s field (Fig. 133). The induction B 
produced by this magnetic moment at a point P is (x is large 
compared to the dimensions of the rod) 

2fj.om 


B = 


x‘* 


(2) 



Sec. 55 ] 


MAGNETIC MEDIA 


225 


[see Eq. (43&), Chap. V], so that the angle which the resultant of 
this field and that of the earth makes with the original direction 
of the earth’s field is given by 

, B 2fj.om 

= S. = (3) 

This angle is readily determined with the help of a compass 
needle. Equations (1) and (3) now allow a simultaneous 
determination of Bo and m (choosing fio arbitrarily, e.g., = 1 
in e.m.u.). Now we have a calibrated test body which can be 
used to measure any arbitrary magnetic field. This is the method 
utihzed by Gauss to measure magnetic moments and the earth’s 
magnetic field in an absolute system of units. {H was used 
instead of B as is done here.) 

The utilization of a scalar magnetic potential Em has already 
been discussed in Chap. V, and its convenience in describing 
the field of permanent magnets has been indicated. We shall 
not pursue the classical development any further but turn now 
to a discussion of the magnetic properties of matter on the basis 
of modern atomic ideas. 

55. The Electronic Origin of Magnetic Properties. — The 

fundamental facts concerning the magnetic behavior of material 
bodies can be most clearly presented by considering a simple 
experiment. Suppose we consider the magnetic field produced 
by a closely wound toroidal coil. In empty space this toroid 
will have a definite inductance, let us say Lo. If now we have this 
same toroid wound around a material core, it will be found that 
the inductance of the coil will be different, let us say L, and the 
ratio L/Lo is the relative magnetic permeability /x/mo of the 
medium in which the magnetic field exists when a current 
flows through the winding. This follows from the fact that the 
value of H, the magnetic intensity, at a given point within the 
volume enclosed by this coil is determined in accordance with 
Ampere’s circuital law as independent of the material medium 
present. This is true in the case of the toroid because the 
material medium completely fills the region of space in which the 
magnetic field exists (see Sec. 59). Since the inductance (for a 
given current) is proportional to the flux of B in this volume, we 
conclude that, for isotropic homogeneous media, the value of B 
at every point in the medium has been changed from its value 
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in empty space in the ratio L/Lo, or since B = ju.H, in the ratio 
li/fxo. In contradistinction to the corresponding experiment in 
electrostaticis, in which a dicle(!tric medium is inserted between 
the platens of a conckinsm- witir a (lonsequont increase of capacity 
the inductance L may be cither smalier or larger than the induc- 
tance Lo in the absence of the medium. If L < L^, i.e., m < /to 
we term the medium diamagnetic and, il L > La, i.e., /; > /xq 
paramagnetic. In the diamagiretic case, the effect of the medium 
is to weaken the field of B relative to its value in empty space 
(keeping the current in the coil constant), and this is analogous 
to the dielectric case in electrostatics in which the field intensity 
6 is weakened by the presence of the dielectric (keeping the 
charges on the condenser plates constant). There is no electro- 
static analogue in this sense to the paramagnetic behavior of 
material bodies. 


F=-e (v X B) 
Pio. 134. 


In order to understand how diamagnetism and paramagnetism 
can occur, it is necessary to consider the magnetic properties 

of atoms (and molecules). As we have 
B in lo page already pointed out, an atom consists of 
i- a massive positively charged nucleus sur- 

. rounded by a sufficient number of elec- 

V j k 

trons to make the atom neutral as a 
/ whole. Those electrons perform some 

f sort of motion around the nucleus, and, 

-e i when the atom is placed in a magnetic 
Pio 134 ^ field B, these moving electrons will he 

acted on by the Lorentz force — e(y X B), 
their motions being modified because of this force. The change 
in the electronic motions caused by the Lorentz force is always 
such that the altered motion tends to weaken the external field 
B which gives rise to the change. This is the origin of the 
diamagnetic behavior of atoms and hence of matter. We can 
see how this behavior comes about with the help of a very simple 
example. Consider an electron of charge — e moving with a 
velocity v as shown in Fig. 134. If a magnetic field B into the 
page is set up, then there will be a deflecting force, as shown 
acting on the electron, which would result in the circular dotted 
path shown were the electron free. This is equivalent to a 


current i flowing as indicated, and this current produces a 
field which is directed out of the page and hence tends to diminish 
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the externally applied field. Actually in an atom the electrons 
are not free but perform orbital motions, so that an electron 
possesses both angular momentum about the nucleus and a 
magnetic moment, the latter by virtue of the fact that the orbital 
motion of a charged particle is equivalent to a tiny current loop. 
The torque of the Lorentz force on this electron must act at right 
angles to its angular momentum (since it is a deflecting force) 
and caimot change the magnitude of the angular momentum, 
w-ith the result that the angular momentum vector processes 
about the direction of the applied field in a manner similar to the 
precession of a gyroscope. This precession of the electron orbits 
induced by a magnetic field is called the Larmor precession and 
gives rise to the diamagnetic behavior of the atom. 

Besides the magnetic moment possessed by an electron because 
of its orbital motion, an electron possesses an inherent magnetic 
moment very much as if it were a spinning sphere of charge 
and this is called electron s^in. The resulting magnetic moment of 
an atom will then be the resultant of the orbital and spin magnetic 
moments of all the electrons of which it is composed. There 
are some atoms, e.g., He in its normal state, in which there are 
two electrons and no resultant magnetic moment, the magnetic 
effects of the electrons just neutralizing each other, but many 
atoms and molecules do possess resultant magnetic moments in 
their normal states. The diamagnetic effect discussed in the 
last paragraph will be present whether the atoms have a resultant 
moment or not; if they have a resultant moment, there is a 
possibility of another effect due to the tendency of this moment to 
orient itself in such a direction that its potential ener^ in thh 
field is a minimum corresponding to stable equilibrium. We 
have already seen in Chap. V, Sec. 27, that a current loop 
assumes a stable equilibrium position in the presence of an 
external field in which the plane of the loop is at right angles 
to the external field, its magnetic moment in the direction of 
the external field. In this orientation the field of the current 
loop aids the external field at the point where the loop is located. 
This orientation effect gives rise to the paramagnetic behavior 
of material bodies, the magnitude of the natural atomic magnetic 
moments being large enough to more than compensate for the 
diamagnetic effect which is always present. The paramagnetic 
behavior, being an orientation effect, is very much like the 
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orientation effect of polar moleenles in that it is a function of 
temperature, incroaHins with dee.rc^asing temperature since the 
thermal agitation of the atoms and molecules tends to hinder 
the orientation. The diamagnetic effect is essentially tempera- 
ture independent. One must always keep) in mind the fact 
that inside paramagnetic mc;dia the field produced by the 
natural atomic magnetic moments aids the external field, whereas 
in the dielectric case the field inside the dielectric always opposes 
the external field whether we have induced or oriented dipoles. 
So much for the qualitative atomic picture. 

58. Intensity of Magnetization; Amperian Currents.— In 
describing quantitatively the magnetic behavior of bodies, 
it has been customary to introduce the concept of a vector M, the 
so-called intensity of magnetization, which is analogous to the 
polarization vector P in electrostatics. This vector is defined 
as the i'nduced magnetic moment per unit volume oft 
the magnetized body. In the case of isotropic 
media, and w(i shall restrict our attention to this 
case, the atomic magnetic moments induced (dia- 
magnetic case) or the not result of tlui orientation of 
the permanent atomic magnetic moments (paramag- 
netic case) arc opposite to or in the direction of the 
applied field, so that the intensity of magnetization 
is a vector in the same direction as the applied field at every point 
of the medium. Consider a volume clement inside a magnetic 
medium of area A A and altitude Ax, as shown in Fig. 135, and let 

mo be the magnetic moment per atom produced by an externally 

applied field. The total magnetic moment Am of this volume 

element is the vector sum of all the atomic mo’s in this element, and 
the intensity of magnetization becomes 


App//e<d f'ieto/ 



U--/1X ---4 

Fio. 135. 


M = 


or more strictly as Ar — >■ 0 


M = lim 


Am 

Av 


Am 

Av 


as 


Av — 0 


( 4 ) 


( 5 ) 


where Am = Smo, the summation extending over all the atoms 
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in Nu. If tfie vector field of M is uniform, we say that the 
substance is uniformly magnetized. 

Since each induced magnetic moment mo is the equivalent of 
an elementary current loop, we can equally well attribute the 
state of magnetization of a body to circulating currents, called 
Amperian currents after Ampere, who first suggested them, and 
these Amperian currents resemble currents in superconductors 
rather than ordinary currents since their flow involves no dis- 
sipation of energy. In describing the magnetic effects of these 
Amperian currents we make use of the construction of Ampere, 
as discussed in Sec. 31, Chap. V. For simplicity, consider a 
cross section of a uniformly magnetized rod as shown in Fig. 
136, of thickness is.x, and suppose the direction of the magnetiza- 
tion vector M is into the paper. The induced magnetic moments 


are equivalent to current loops 
of area dA, each carrying an equal 
current A4 as shown, the intensity 
of magnetization being uniform. 
By Ampbre’s construction these 
current loops are equivalent to a 
surface current Aia flowing around 
the periphery of the bar as shown. 
To obtain the relation between 
this induced surface current (the 
magnetic analogue of the induced 
surface charges on polarized dielec- 



trics) and the magnetization vector M, we proceed as follows: 


From the definition of M we have 


M = 


Smo 
A Ax 


■ dA ) 
A Ax 


1 dA 
A Ax 


since 2) dA is the total cross section A of the rod. The expression 
Aia/Ax is just the surface density of current, current per unit 
length measured along the surface normal to the direction of 
current flow, which we shall denote by the superscript (s) to 
remind us that it is a surface current density rather than a 
volume current density. We thus have the fundamental relation 

= M (7) 

giving the relation between the magnitudes of the induced surface 
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current density of Ampcrinn currents and the magnetization 
vector M. We can include the specification of the directions 
with the help of a unit vector n drawn normal to the surface. 
From Fig. 136 it is clear that the vector relation 


oCa) 

Ja 


M 'X. n 


(81 


gives the correct direction of the surface current and it can be 
shown that Eq. (8) is valid in general. Besides the surface 
currents required by E(p (8), one will in general have a volume 
distribution of AmtJorian currents in the case of nonunijom 
magnetization, just as one obtaincKl a volume density of polariza- 
tion charge for nonuniform polarization of a dielectric. One can 
readily shov/ that the Amperian volume currents are related 

to the magnetization by the equation 


J {j,)n dS = 


ilf s ds 


^ current crossing any area in- 

vlg side the medium eciuals the line inte- 
^ gral of the magnetization vector 

around the boundary of the area, the 
directions as shown in the accompanying figure. 

67. Relations of B, H, and M; Magnetic SusceptibUity. — ^In 
our discussion of magnetic fields in empty space, we found it 
convenient to introduce a magnetic intensity vector H in addition 
to the fundamental induction vector B. This was defined essen- 


tially as [see Eqs. (23), (24), and (27), Chap. V], and this 

simple definition must now be extended for the case of magnetic 
media, since just for this latter case is this auxiliary vector 
extremely useful. Wo shall approach the problem of extending 
the definition of Ji with the help of a simple example, viz., a long 
solenoid of circular cross section, the length large enough com- 
pared to the cross-section dimensions so that end effects become 
negligible, and let us suppose that we insert a cylindrical rod of 
material coaxially into the interior of the solenoid (Fig. 138). 
Let the number of turns per unit length of the solenoidal winding 
be n and the current i. If the cylindrical rod were not present, 
this would produce a uniform magnetic field inside the solenoid. 
Thus we see that the rod becomes uniformly magnetized, and we 
have shown in the last section that the effect of this magnetiza- 
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tion is equivalent to Amperian currents flowing solenoidally 
(circumferentially) around the surface of the cyhndrical rod. 
These currents are indicated as dotted in Fig. 138, whereas the 
“true” current i in the winding is indicated by full lines. We 
now consider the fundamental induction vector B as produced 
by all the currents, external plus Amperian (just as B in electro- 
statics was the field of all the charge, true plus polarization) and 
replace the material rod by the equivalent Amperian currents, 



thus leaving a problem in empty space which we can readily 
solve. 

We now apply Ampere’s circuital law to the path ahcd in the 
usual manner, and, remembering that for empty space H = 
we have (the length ah is 1) in the usual manner 


1 = 4Tr(itotal) (10) 

Mo 

where wi is the total current (including the Amperian currents) 
passing through the area ahcd. We have for the total current 

Wai = nil -H = {ni M)l (11) 

utilizing Eq. (7). Thus Eq. (10) yields 

T> 

— = 47rm -j- 4nrM 

MO 

or 

— — 4i7rM = 4^ni ( 12 ) 

Mo 

Thus we see that the quantity 47rm, which is a measure of H 
inside such a solenoid, is no longer equal to 5 /mo when matter is 
present, and we define H by the more general relation 
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j[ = a - 4^M 

Mo 

This reduces to the previous if M is zero, as in the case of 
empty space. Wo sec^ in this (‘xaiupUi that H is the field of the 
external currents, and B the fiedd of the total current, both 
external and hidden (Anip(n-ian). 

The general probhnn of <le:terinining the magnetic inductions 
thus involvc^s a knowhulge <jf botli H and M. The magnetization 
vector M, however, is in general a fiuudion of 11 (or 5), and 
consequently we must distinguish amotig various cases which are 
actually found in material bodies. Led; us rr^strict ourselves for 
the present to those mat(! rials in which B, H, and M are all 
proportional to each oth(‘,r, the magnetization being proportional 
to the field. Calling the; r-atio of B to H the magnetic permea- 
bility of the medium, m = B/H, wo have from Eq. (13) 

= 1 + (14) 

and the ratio M/H is called the magnetic susceptibility of the 
medium and is denoted by Xm- For most materials (the notable 
exceptions being iron, ni(;kel, cobalt, and other so-called ferro- 
magnetic substances) the intensity of magnetization is propor- 
tional to H, and Xm is a constant. Materials for which Xm is 
negative are called diamagnetic (/x < go), and those for which Xm 
is positive are termed paramagnetic (g > go) . For paramagnetic 
media the Amperian currents aid the external currerits, and in 
diamagnetic media they oppose them. In terms of the suscepti- 
bility, Eq. (14) can then be written 

— = 1 + 47rXOT (15) 

go 

The susceptibilities of ordinary paramagnetic and diamagnetic 
substances are very small compared to unity, being of the order 
of 10~® for diamagnetic bodies (bismuth is a notable exception 
with about ten times this susceptibility) and somewhat larger, 
of the order of 10“®, let us say, for paramagnetic bodies. Thus 
it is possible to treat most substances as being nonmagnetic for 
the purposes of many practical problems. 

68. Ferromagnetism. — From a practical standpoint, by far 
the most important magnetic media are the so-osAXed ferromagnetic 
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materials which are characterized by abnormally large values of 
the magnetization M and by the fact that the magnetization is 
not proportional to H‘, indeed in some substances it is not a 
single-valued function of H. The elements iron, nickel, cohalt, 
and a number of alloys display this abnormally large para- 
magnetic behavior. Equation (13) still holds, since it is a 
definition, but the permeability defined as B/H is at best a 
function of H. Not only is the magnetization intensity much 
larger for these substances than for ordinary paramagnetic 
materials (sometimes a million times larger), but also it is possible 
to attain a limiting saturation value of M at relatively low field 
strengths. The saturation value of M is relatively independent 
of the mechanical state and small amounts of impurities, but the 
B-H or M-H relation (the so-called 
magnetization curve) is very strongly 
dependent on these factors. It is 
convenient to classify ferromagnetic 
materials into two groups: 

a. Magnetically Soft Substances . — 

These are substances for which M is 
at least approximately a single- valued 
function of H. This function is 
shown in Fig. 139 and has the following general characteristics; 
an initial sharp rise in M and a later flattening out and saturation. 
Actually there are no strictly reversible ferromagnetics, but one 
can only speak of “softer” or “harder” magnetic substances 
depending on the size of the hysteresis loop (see below). 

h. Magnetically Hard Substances. — In these the magnetization 
intensity not only is not a single- valued function of H but 
depends on the previous history of the sample under considera- 
tion. If one subjects an initially unmagnetized sample of 
magnetically hard steel to an increasing magnetic field iT, the 
initial magnetization curve (shown dotted in Fig. 140) is not 
unlike that of Fig. 139. If now the applied field is reduced and 
reversed, the magnetization follows the solid curve PAQ. The 
value of M for H = 0, the ordinate OA in Fig. 140 (a measure 
of the so-called “remanence ” of the substance), and the reversing 
field OB necessary to reduce M to zero (the so-called “coercive 
force)” can be used as measures of the magnetic hardness of the 
material. If one now carries the substance back to the point P 
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by increasing II, the; lower curve is i’ollowed, and this cyclic 
operation is exactly what octnirs in a.c. transfornaers. The loop 
PAQCP is called a “ hystenvsis ” loop, and there is an energy loss 
whenever such a loop is traversed. Consi<ler a toroidal coil closely 
wound around a stenU core of c.ross se(d,ion A and mean length 1. 
When, a current is set Uj) in the magiudizing cioil, energy is sup- 
plied to the systenn at tlu-; rate. Ei, wlu'.n'. E is t,he voltage across 
the coil and i the current through it. N(\glecting the resistance 
of the coil (taking this into account, would simply add the ordi- 
nary i'^R heating), this voltage is givcm Ijy Faraday’s law as 


47tM 



E = W.4- 


where N is tlu^ number of turns of the 
coil. Th(^ value of H is related to 
the current i by 

AttNI 

U ^ 

so that 

. _ III 
^ ArrN 


and the , rate of doing work is 

Al,/W V ,/lB 

El = -j-I-I-TT = i-E—jr 
4x (it 4-7r (It 


where v is the volume of the stool speuamon. The total work 
done in carrying the substance around the hysteresis loop is hence 

W = ^ J //f dB (16) 

so that the hysteresis loss per cycle per unit volume is l/4Tr times 
the area of the loop on a B-H diagram. 

In the interior of a permanent magnet the direction of the 
magnetic intensity H is generally opposite to that of the mag- 
netization and induction. Such a magnetic state corresponds 
to a position such as is found on the portion of the curve of Fig. 
140 lying between A and B. Furthermore, the internal field of 
such a magnet depends, for a given magnetization, on the 
geometrical shape of the magnet. 

69. Boundary Conditions on B and H. — Up to this point in 
our discussion of the magnetic behavior of material bodies, we 
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have confined ourselves either to the ease of a single material 
medium completely occupying the region of space in which the 
magnetic field existed, or to the case where the boundary surface 
between two media (the case of Fig. 138) was everywhere parallel 
to the direction of the magnetic field which existed before the 
insertion of the material body. In both these cases the direction 
of the lines oi B or H is unaltered by the presence of the material 
body, and we were not concerned with the possibility of the 
refraction of these lines at the 
interface. We must now investi- 
gate the relations which hold at a 
boundary which is not parallel to 
the lines of force, let us say a 
boundary surface between two 
media of permeabilities ixi and M 2 - 
Since the field of B is solcnoidal 
(the lines of B closing on themselves) Gauss’s theorem, applied 
to the flux of this vector, states that the net flux of B emerg- 
ing from any closed volume must be zero. We apply this 
theorem to the shallow pillbox shown in Fig. 141, and we may 
neglect the flux of B emerging from the curved sides, since it 
vanishes as the altitude of the pillbox approaches zero (the 
boundary surface always lying between the flat faces). The flux 
of B emerging from the top face is B 2 ri.dA, where B^n is the 
normal component of B^. at the point where this surface element 
dA is located. Similarly the emergent flux across the bottom 

face is —B\n dA. Hence, we have 

i?2n dA — Bln dA = 0 

(17) 

The normal component of B is con- 
tinuous at the boundary surface 
between two media. Note that this 
condition is automatically satisfied if the boundary is parallel to 
the lines of B. 

For the tangential components of the field we make application 
of the Ampere circuital law and choose a closed path as shown in 
Fig. 142, in which the sides perpendicular to the boundary can be 
made vanishingly small compared to the other sides, each of 
length dl. As this occurs, the displacement current through the 
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area enclosed hy this path l)(U‘,om(\s vanisliingly small and does 
not contributes to tlio inagmstomotives forces around the closed 
path. This magnetomotive force is givesu l)y 

= Hudl - l[.udl 

and this must equal 47r timess the' true' esurrent flowing across the 
area enclovsed by e)ur eilesmesnta,ry jsal.h. If tins surfaeso density of 
this current on the iuterfaeu^ is wei luive^ 

Hn dl - dl = 47ri(«^ dl 
or 

Hu — //at = 47r;/<“> (18) 

as the relation which must be satisfieel by the', tangential com- 
ponents of H. If ru) tl■U(^ surfae'.e^ euirreuits are^ present (there 
may be Amperian curremts, lie)weweM-), /•■*' = 0, and Eq. (18) 
becomes 

Hu == H 21 (19) 

establishing the ce)ntinuity of the tangemtial (‘.()i'upe>nents of E 
for this case. 

Using the relations 

one finds readily the law of refraction of the lines oi B ox H at an 
interface which carries no true surface current. It is 

tan oc 1 M 1 (20) 

tan 0:2 

where oti and 0:2 are the angles which H or B makes with the nor- 
mal to the surface in media 1 and 2, respectively. This law is 
entirely similar to the corresponding law for the ckictric field. 

We are now in a position to state precisely the conditions under 
which Ampere’s rule [Eq. (24), Sec. 28, Chap. V] may be 
employed to calculate the field of H and thereby bring out 
clearly the generality of the Ampdre circuital law, which is 
always valid, over the Ampere rule. From our discussion of the 
boundary conditions it becomes clear that Ampere’s rule will give 
correctly the field of B in two cases, (1) when the region of space 
in which the magnetic field exists is completely occupied by a 
single homogeneous material medium, or when the boundaries 
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between media are so far from the region of space under con- 
sideration that they produce no sensible effect in this region, and 
(2) when the boundary surface between bodies is everywhere 
parallel to the magnetic lines, so that the field pattern is inde- 
pendent of the presence of the boundary. This follows from the 
facts that Eq. (17) is automatically satisfied and Eq. (19) insures 
an unchanged value of H as one crosses the boundary. Only in 
these cases may we say that H is completely and uniquely deter- 
mined by the true currents and their relative positions, whereas 
the magnetomotive force around any closed path is always given 
uniquely by the true current (including displacement current) 
which traverses any surface bounded by this path. We can 
illustrate these statements with the help of a simple example. 
Consider the magnetic field produced by a very long solenoid in 
air carr 5 n.ng a steady current. Near the center of this solenoid 
the field is confined to the region of space enclosed by the winding 
and is uniform in this region (see Sec. 29, Chap. V). If a cylin- 
drical rod of magnetic material is inserted coaxially into this 
solenoid, either filling or only partially filling it, the field of H is 
exactly as it was before (still confining our attention to the central 
portion of the solenoid), and the pattern of magnetic fines is 
unchanged. The only change which occurs is the change in the 
value of B inside the magnetic material. Now, however, let us 
imagine that we insert a short cylinder of this magnetic material 
coaxially into the central part of the solenoid. The whole 
field pattern changes violently and is neither uniform in the 
central part of the solenoid nor is it confined to the space enclosed 
by the solenoidal winding. We can obtain a good qualitative 
picture of the field in this case with the help of the concept of 
Amperian currents, replacing the material cylinder by a solenoid 
of equal length. The number of ampere turns of this short 
solenoid may be enormous if the material is ferromagnetic. The 
field pattern will now be that obtained by superposing the field 
produced by this finite ‘'Amperian” solenoid (compare Fig. 65, 
page 107) and that produced by the original very long solenoid 
in air. It becomes evident that the presence of the flat surfaces 
of the rod (or the ends of the “Amperian” solenoid) play an 
important part in modifying the original field pattern. 

Let us investigate more closely the effect of these boundaries in 
a very simple case. Suppose we consider the case where the lines 
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of B or H arc normal to the intoi’facc Ix^t wcc'n two media as 
shown in Fig. 143. In this figure wo hav(^ indicated the lines of 
II in the two media, assuming that > mi. Since the field is 
normal to the boundary, Eq. (19) is satisfied and Eq. (17) 
demands that 

ixjly — tl%II-z 


or 


IIv 


/Z2 yjr 

JtJ 2 

Ml 


so that the number of lim'.s of II emerging per unit area of the 
interface into medium 1 is larger than the number incident per 
unit area on the i.nt(u-fac*.c in medium 2. This discontinuity is not 
l^resent when we c.onsider the lines of B, since B\ = B^. When- 



Fici. 14;^. 


ev(H‘ new lines of force start (or stop) 
at definite points of space, it is natural 
to think of tdiesc^ tu^w lines as originat- 
ing in “sources” of the field at these 
l)oints. Thus we may say that it is 
possildcb to have sources of the field of 
II but not of B. These sources of 


H have been called magncMc polea, and, bed’oro it was recognized 
that B is the fundarmnital magnetic vc(;tor and II merely an 
auxiliary aid to calculation, rcud physical signifi(;ance was given 
to these poles. It seems better, in the light of our present 
knowledge of the subject, to look upon them merely as possible 
modes of description and indeed they arc very convenient con- 
cepts when applied to many engineering problems, especially 
those in which one is interested in the magnetic field in an air gap 
which has been introduced in an otherwise closed “magnetic 
circuit” (see below) composed of a ferromagnetic substance of 
high permeability. 

One can set up a measure of the “strength” of a magnetic pole 
in terms of ' the number of lines of H produced by it. For 
example, suppose we consider an interface area A in Fig. 143, 
and let us suppose that the medium 1 is empty space, so that 
fix = Mo and that medium 2 is a ferromagnetic body. The 
number of lines of H starting at the pole on this surface A is 
clearly 


(Hx ~ HDA 
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and, since we have the relations 

= 


Mo 


and 




— - AttM 

Mo 


where M is the magnetization intensity at the surface, the expres- 
sion for the strength of the magnetic pole on this surface is 


Pole strength = {Hi — H‘i)A = 4fKMA 


or alternatively. 


Pole strength 
Unit area 


= AwM 


( 21 ) 


Clearly one might adopt units of pole strength such that it equals 
l/47r times the net flux of H emerging from the surface, in which 
case the pole strength per unit area would be simply equal to the 
intensity of magnetization at the surface. This has been the 
common definition. More precisely, the M in Eqs. (21) and 
(22) is the normal component of M at the surface, as is evident 
from our derivation. One fact becomes very clear from these 
considerations, namely, that the constancy of magnetic pole 
strength implies constancy of the magnetization intensity, and 
only for substances which are so hard magnetically that the 
remanent magnetization is practically independent of the external 
field is it possible to assign even an approximate meaning to the 
term pole strength as a pi^oi^erty of the system independent of its 
external surroundings. In electrostatics, however, the electric 
charge on an insulated body is strictly constant and thus can be 
used uniquely to detect and measure electric fields. With 
magnetic poles we arc never quite sure of our basic assumption, 
for even in weak fields, immersion of a permanent magnet in a 
medium of high permeability will certainly modify the pole 
strength by virtue of the “induced” magnetization and the 
consequent induced poles. For reasons such as these we have 
preferred to introduce the magnetic field concept on the basis of 
electric current rather than from the standpoint of permanent 
magnets, as is commonly done. 

60. Magnetic Circuits ; Reluctance. — The determination of the 
field of magnetic induction in the presence of arbitrary magnetic 
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bodies is, in gcuonil, tin extnniuily diffioult tnsk and far beyond 
the scope of this book. }>:(nun-al problem for steady fields 

involves the si^nultan(^olls solution of the eciuatioiis 

^//a (is — 47rt 

j Bn da = 0 

cloaod 

Hxirfaijc 

B = /x// 

subject to the boundary conditions cxpixissed by Eqs. (17) and 
(19). There arc, however, cen-tain probhims of practical impor- 
tance, involving so-calkal magnetic circuits, for which it is possible 
to readily obtain approximates solutions. Tlui name magnetic 
circuit has its origin in certain analogi('s between this sort o! 
problem and that of the flow of steady currents in linear con- 
ductors. The fundamental i-eason for the analogy lies in the fact 
that both the current-density field and tlu^ magnetic induction 
field are solenoidal, then', being no sourca^s or siidcs, and the lines 
are closed on themselves in both cas('.s. If one compares the ' 
equations 

i = 0-6 and B = ixH 

(the first is Ohm’s law), one sees that in a sense ^ can be looked 
upon as the analogue of the conduc.tivity a. Now, in simple 
electrical problems, the current can bo easily confined to con- 
ducting bodies. In particular for linear conductors, such as 
wires, the lines of current flow are parallel to the boundary 
surfaces of the wires and are uniformly distributed across the 
cross section if the latter is uniform. For this case. Ohm’s law 
applied to a simple series circuit takes the more convenient form 

E = ^ 6 , ds = iR, 

where the resistance R is related to the conductivity by 



I being the length of the conductor and A its cross section. 

In the corresponding magnetic circuit one has a closed path 
of highly permeable material such as iron, as shown in Fig. 144, 
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with an exciting winding of N turns carrying a steady current i. 
We make the following assumptions: 

1. The lines of B are confined to the circuit and are parallel 
to the boundaries of the magnetic medium. The higher the 
ratio ju/mo and the smaller the cross section A relative to the 
length I of the circuit, the more nearly is this fulfilled. 

2. The magnetic permeability ju is constant. This is not 
nearly so true as the corresponding statement that cr is a constant 
(at constant temperature) for a con- 
ductor. We shall use m to denote a 
mean value. 

3. The values of H and B over any 
cross section of the circuit may be 
replaced by mean values over such a 
cross section. This involves a choice 
of mean length I of the circuit which, 
at least in practical cases, has not a 
very small ratio of cross-section dimension to length. 

With these assumptions we can set up equations analogous to 
those describing the corresponding electrical circuit. The 
magnetomotive force around the path I is, using Ampere’s 
circuital law, 

ds = HI = AirNi 



where now H is the mean value of H in the medium and I the 
mean length. From this we obtain the magnetic flux A as 


cp = BA = ixHA 


AirNifiA 
I ' 


or rewritten 


AirNi 

_ 


m.m.f. 


01 


(23) 


where AirNi is the magnetomotive force around the circuit 
(m.m.f.) and the script 01 is called the reluctance of the magnetic 
circuit. The reluctance is the analogue of electrical resistance 
as we see by writing Ohm’s law for a corresponding simple series 
circuit. 

. e.m.f. 
z = 


B 
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Fi’om th(^ vsimilaril.y of (.ho otiiuilions ouo can readily see that 
subject to the same assuiuptious, the analysis of two or more 
reluctances in series or in parallcd ('.an be handled by the same 
method. Wo shall illust.i-ate t.his for l.lu', ('.ase of a simple electro- 
magnet, as shown in Fig. 145, in which there is an air gap of 
length d. Denoting by ff the valu<>, of If inside the iron and by 
Hq its value', in tlu'. air gap, we have for the’; magnetomotive force 
around th<i jrath (Z + eZ), 

m.m.f. — (^Ifsds = TTl + Ifod — 4TrNi 

If we assume that tlu'; (vfbud.ivc^ air-gajr area is equal to d, that 
of the iron (this n(’!glo(^ts fringing and is a good approximation 


A 

✓ 



Fid. 145. 


only if <SC A), we can s(d- the magiuitic flux 4p equal to BA. 
From the above ecpiation liave 



= AirNi 


using B — fjiH and tlu^ fact (.ha,t B is continuous at the boundaries, 
so that 


<3? = BA 


AirNi 

+ {d/jj-uA) 


m.m.f. 
^ “b (Ho 


where (His the reluctance of the iron path and Olo is the reluctance 
of the air gap. Thus wo see that reductancavs in series add just 
as do resistances. The magnetomotive^ force across the gap is 
given by 


(Ho4> = j- 


47^iV^• 

H~ {l/j'o/dd) 


and if the ratio l/d is 100, let us say, and the permeability of the 
iron is 2,OOOgo, then this magnetomotive force is ^ of the total 
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a.f, around the circuit, i.e., about 95 per cent of the Mrop” 
cross the air gap. 

Problems 

L. A very long solenoid having 20 turns per centimeter is wound on an 
core 3 cm. in radius and a current of 10 amp. flows through the winding, 
permeability of the iron (assumed constant) is 2,000;uo. Neglecting 
effects, calculate: 

The self-inductance per centimeter length of the solenoid. 

. The intensity of ttiagnetization inside ilie iron core. 

. The induced Amperian current pcsr centimeter flowing solenoidally 
md the core surface. 

. The number of ampere turns per centimeter for a solenoid in air of 
ilar dimensions needed to produce the same inductance. 

. The magnetic field energy stored per centimeter length of the solenoid. 

2. A toroidal coil has a mean radius of 10 cm. and a cross section of 
m®. It has 1,500 turns wound on a core of permeability SOO/to- If the 
stance of the winding is 2 ohms, compute the time constant of the coil. 
;sume the field uniform over a cross section of the core.) 

3. Explain how the cavity definitions of T) and €> in electrostatics may 
carried over to the magnetic case, showing that the field inside a needle- 
tped cavity with its long axis parallel to the direction of magnetization is 
en by H, whereas tliat inside a pillbox cavity with its faces normal to 
! magnetization direction is B. 

4. A long straight copper wire 1 cm. in diameter is surrounded coaxially 
a long hollow iron cylinder of permeability l,0C0/xn, inner radius 2 cm., 

d outer radius 3 cm. The wire carries a steady current of 20 amp. 

3. Compute the total magnetic flxix inside a section of the iron cylinder 
neter long. 

b. The induced Aiiipcrian currents flowing on the surfaces of the iron 
Under are parallel or antiparallcl to that in the copper wire and are uni- 
:mly distributed over these surfaces. Compute the magnitudes of these 
rrents on both inner and outer surface of the hollow cylinder and their 
rections relative to the current in the copper wire. 

c. Compute the intensity of magnetization at a point 2.5 cm. from the 
is of the copper wire. 

d. Prove tha t the Amperian current density inside the iron is zero. 

e. Show that the magnetic field outside the iron cylinder is the same as if 
.e iron were ^dosent. 

6. A veryj'long solenoid of radius B is wound with n turns per unit length 
id a long cylindrical rod of radius r < 12 is placed coaxially inside the 
ilenoid. 

a- If the permeability of the rod material is ju, derive an expression for 
le sell-inductance per unit length of the solenoid. 

b A coil of N turns is wound around the cylindrical rod, and an alternating 
rrent 7 sin oit flows in the outside winding. Derive an expression for the 
[u.f. induced in the secondary coil of N turns, assuming it to be on open 
rcuit. 
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6. A .l,20()'“luru ionyid is wound on an iron ring of inc^fui diameter 18cm 
and cross scctaon i) a,nd a, <*urr<Md* of 2 ainp. Hows in the winding. The 
pcnncjibiliiy of the iron is li,0()0/xo. 

a. Compute tbc lluK of H in t lu^ ring, 

b. If an air gap of loiygtb O.f) mm. is c.ui in th<' ring, compute the 
this air gap, ass\iming its clTccdivc a.r(\a io tluit of the ring. 

c. Ooinputc the inductancu'i of the coil wit h ajid without the air gap. 

(L CalculaU^ i.luy total fuld (ann-gy wium (luu’c^ is no air gap. 

e. Chdculat(i tlic tot.al field eiuu’gy a.n<l ih<^! (idd <‘nergy in the iron and in 
the air gap. 

7. An iron rod of square cross scxd.ion (2 by 2 (um), of rdative permeabil- 
ity 1,600, is bent into the form of a ring of inner ra,dius 5 cm., and the ends 
arc welded together. Wire is wound toroidally a.roui\d tlie ring to forma 
coil of 500 turns and a current of 1 amp. fiow%s through tin*, winding. 

а. Compute the total flux of B in th('. ring, t aking into acconnt the vari- 
ation of B inside the iron. What is (Ik's indu<*.tiin<H‘. of th<^ coil? 

б. What is the magnitude of the Amperia,n curr(mi. flowing around the 
surface of the ring? 

0. What is the maximum percentage varial.ion of th(^ magnetization inten- 
sity inside the iron? Whore is the magnctizat.ion largc^st and where is it 
smallest? 

d. Prove that the density of Amperian currents is z(u*o (werywhere inside 
the iron. 

8. A S-mm. air gap is cut in the ring of the toroid of Prob. 7. 

a. Compute the flux of B inside the ring and the self-induct ance of the coil. 

b. A square slab of iron (2 by 2 cm.), of tliickness 2 min. and relative 
permeability 2,400, is inserted into the air gap so that the cidges of one of its 
faces coincide with those of the toroidal core. liow much work must be 

done by the sources which, maintain the cur- 
rent in the coil constant during the insertion 
process? 

c. What is the increase of magnetic field 
energy during the process described in part 
b, and how much mechanical work is done by 
the force which pulls the slab into the gap? 

9. Suppose the iron rod used i n construct- 
ing the toroid of Prob. 7 is hollovy and has the 
cross section shown in Fig. 146./ Compute the 
self-inductance of the toroid in.^enrys, taking 
account the variation of \;^ith position. 

10.^ Prove that the magnetic field energy stored in a magnetio\circuit can 
be wntten as o . x, 





where $ is the totd fliix of B in the circuit, (R the reluctance, and 
the magnetomotive force around the circuit. 
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11. Consider the magnetic circuit of uniform cross section A shown in 
Fig. 147. The air-gap lengths are very small compared to the cross-section 
dimension. 

a. Using the results of Prob. 10, show that, if the air gaps are closed, the 
field energy increases by 

(rn.ii 1 1 \ 

8 ^^ 


where (Ra is the reluctance of the circuit without air gaps and (31 1 its value 
with the air gaps. The current in the wind- 
ing is kept constant. 

6. Using Faraday’s induction law, show 
that the sources of e.m.f. maintaining the cur- 
rent constant do an amount of work on the 
system equal to twice the above expression 
while the air gap is being closed. What 
happens to the difference of these energies? 

.12. Starting with the magnetic circuit 
shown in Fig. 147, suppose the top half is held 
fixed and the bottom half is allowed to move 
up an infinitesimal distance dx. Derive an 
expression for the increase of field energy during this displacement, keeping 
the current in the magnetizing coil constant, and, using the results of Prob. 
11, show that the force with which the two sections attract each other is 
given by 



F = 


B'^A 

2 - 

OTT/^O 


13. Two long iron plungers of permeability 2,000 are inserted into a very 
long solenoid, the plungers each of 4 cm.^ cross section and fitting tightly 
in the solenoid. If the magnetic induction in the iron is 5,000 gauss, com- 
pute the force in pounds with which one must pull to separate the plungers. 


>j [ • 2 mm. 



Fig. 148 . 


14. A long solenoid of 10 turns per centi- 
meter contains an iron rod, 2 cm. in diame- 
ter cut in two, and carries a current of 3 
amp. in its winding (the primary). Com- 
l=30cm. pute the force necessary to separate the 
two halves if the following experimental 
data are known: On reversing the current 
in the primary a charge of 60 microcou- 
lombs flows through a secondary circuit 
consisting of a coil of 10 turns and 100 
ohms resistance, wound on the same core. 

16. A magnetic circuit has a core of 


mean length 30 cm., cross section 6 by 6 cm., and an air gap 2 mm. long. 


as shown in Fig. 148. The magnetizing coil has 100 turns and carries a 


steady current of 1 amp. A slab of iron 6 by 6 by 0.2 cm. is inserted into 
the air gap as shown. Assuming the relative permeability of- the core mate- 
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rial and slab to be const a, nt. an<l <Kiual to 1j200mo, coni])iite the work done 
in pulling the slab into tlu^ air gn|). 

16. Consider a n^gion of spa<‘(' in which then^ (exists a nmgnetic field wkicli 
is not quite uniform. A rigul ina.gmdic body of jan’ineability volumes 
is brought into ilui fudd n.t a point, vvln^n* i \\o. magiudic induction was b'. 
Suppose the volunu^ v of llu^ body is sinati (uiough so that B does notvary 
appreciably tbrougho\it t,l\is voliinui juhI t.ha.(. ih<^ susc(q>tibility of the body 
is extremely stnan c.onipa.r(Ml to unit.y (ibis is n.lwa.ys t rue of ordinary para- 
magnetic and diamagneti(^ nuMlia.), so t.hat. wc^ may consider the induction B 
unaltered by the pres<‘nc(^ of t he body. Show t.hat ilu^. d(icreasc of magnetic 
field energy caused by i.his insertion is given very nea.rly by 


V 

Stt 


(m — —(/x — A»n)//“ 

jUq Stt 


where H is the magnetic inUuisity at the point. wh(u*e the body is located 
prior to its introduction. 

Now consider a small displacement of t.he ]>ocly i <> n point where the mag- 
netic field has a slightly different value. C'Oitipiit.e t.he decrease in field 
energy due to this displacement, and, (npiating this i.o the work done by 
mechanical forces on the body, show that the mechanical force F acting on 

the magnetic body is given by 


V 

F = gxm/wo grad 


whore xm is the magnetic suscepti- 
bility of the body. 

17 - An elocstromagnet as shown in 
Fig. 149 is dc'.signcd to support a 
weight of 100 lb. (including the 
weight of the keeper K). The cross 
section of all parts of the magnetic 
circuit is 25 cm. 2 , the length of the 
. magnetic path in the iron (including 

the keeper) is 50 cm., and the air gaps are each 0.1 mm. long. The per- 
meability of the iron is 1,800/xo. If the wire of the magnetizing coil can 
carry 1 amp., compute the least number of turns needed in the coil to sup- 
port this weight. 

18. Suppose that the iron in Prob. 17 has not a constant permeability but 
that M varies with B according to the following table: 



B, gauss 

3,500 

4,000 

4,400 

4,900 

5,300 

5,800 

m/mo 

1,650 

1,600 

1,560 

1,500 

1,450 

1,380 


Compute the least number of turns needed in the coil, assuming a maxi- 
mum current of 1 amp. 
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19. A magnetic core of constant length and uniform cross section has 
an adjustable air gap. On this core there is wound a coil. When the air 
gap is reduced to zero, the self-inductance of the coil is 3 henrys. When 
the length of the air gap is 0.05 in., the inductance is 1 henry. To what 
length must the air gap be increased to reduce the inductance to 0.2 henry? 
Assume a constant permeability of the magnetic core. 

20. Two coils are wound side by side on the same magnetic circuit. The 
first has 500 turns, a resistance of 2.5 ohms, a self-inductance of 0.5 henry; 
and the second has 1,000 turns and a resistance of 50 ohms. If an e.m.f. of 
4.3 volts (direct current) is impressed on the first coil, what voltage must be 
impressed on the other coil so that the total flux in the core will be reduced 
to zero? What will be the flux in the core when a voltage of 15 volts is 
impressed on the second coil alone? 

21. Starting from the fact that 


—<£Bsds = 4'7r(ztotal) 

MO*' 


where itotai is the sum of the true and Amperian currents flowing across any 
surface of which the closed path of integration is a boundary, prove, with 
the help of the general definition of H, that 




Msds 



where u is the Amperian current flowing across the above mentioned sur- 
face and ja is the volume density of Amperian currents. M is the intensity 
of magnetization. 

22. Consider the volume enclosed by a hemispherical surface in a region 
where a magnetic field changes with time. Compare the expressions for the 
e.m.f. induced around the equator of the hemisphere by considering (a) the 
magnetic flux crossing the plane surface of the hemisphere and (b) the mag- 
netic flux crossing the curved surface. Equating these expressions (they 
both express the same e.m.f.), prove that 

Js^dS = 0 

closed 

surface 


i.e., that the field of B, not of II, is solenoidal. 



(niAi^TKH xni 


ELECTROMAGNETIC WAVES IN MATERIAL BODIES 

111 Chaps. VIII and IX wn havn wcni how tho introduction 
of tho coiK'.cpt of dis])lac(uii(',nt c.iirrc'.nt into ilu'. fundamental 
laws of oloctromagnotic; theory lod to tho pr(uliotioii of the possi- 
bility of electromagnetic waves, traveling in (unpty space with a 
velocity 

c = — = 8 X 10'"’ (un./see. ((he vdointy of light) 

V et)Mo 

We have shown that, at least for plane waves, the waves are 
transverse, both € and H having no (toinpoiuuit/S in the direction 
of propagation, and that 6 and H are perpendicular to each other. 
The energy transported by tluisc wav(vs can be expressed by 
means of the Poynting vector 8 = (c/4t)(6 X H), this vector 
giving the direction of propagation as well as tho intensity. In 
this chapter we shall study the behavior of such waves when they 
are propagated in material media, cspcrdally in dielectrics, and 
in particular we shall examine their behavior as they impinge on a 
boundary surface which separates two dielectric media. Accord- 
ing to the electromagnetic theory of light, wo should expect that 
the laws so found will be valid in describing opti(;al phenomena, 
and we shall concern ourselves largely with applications to the 
field of optics. Throughout this chapter, and in all our discussion 
of optical phenomena, we shall use Gaussian units exclusively. 
Reformulation of the laws in m.k.s. units (or any other) is left 
as an optional task for the student. 

61. Plane Waves in Dielectrics. — We start with a discussion 
of electromagnetic waves in uncharged nonconducting stationary 
bodies for which the fundamental laws governing the electric and 
magnetic field vectors may be written in exactly the same form 
IS we wrote them for empty space, since the density of true 
charge p and the real current density j vanish in both cases. In 
Haussian units these laws may be written in the form 

248 
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^ DndS = 0; 

closed 

surface 


closed 

surface 





( 1 ) 

( 2 ) 


In addition to these we have the relations D — e£ and B — {j,H. 
For all but ferromagnetic bodies — and these are conductors — the 
magnetic susceptibility is so extremely small compared to unity 
that we may take /i == 1 (e.m.u.) without appreciable error. We 
shall, however, write most of our equations in a general form, 
retaining an arbitrary value of /j.. 

Let us first review briefly the arguments leading to the equation 
for linearly polarized waves traveling along the rc-axis. We have 
seen that Eqs. (1) demand that 
the a;-componcnts of all the 
vectors be zero (or at the most be 
constant and hence not of inter- 
est for the study of waves) and 
that both S and H (also B and D) 
must lie in planes normal to the 
rc-axis. Equations (2) were then applied to the elementary circuits 
shown as I and II in Fig. 150. The first of Eqs. (2) applied to 
circuit I led to the relation 



Pig. 150. 


_ 1 dB, 

dx c dt 


and the second of Eqs. (2) applied to circuit II gave 

dHz 1 dPy 

dx c dt 


( 4 ) 


These equations are to be supplemented by two more in the 
general case of plane waves traveling along the x-axis with 
arbitrary polarization, and these are 

dx c dt ’ dx ‘ c dt ^ ^ 

although we shall not need to make explicit use of these last 
relations. The only difference in the argument from that of 
Chap. IX is now to replace B by iiH (instead of /j.qH') and D by 
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(£ (iusioad o^tufi). 'Tlun-o IIk'ii follows ilu'. wave oquation for 

'ar“ r- ai- w 


with an identical {Halation for //;. If we consider linearly 
polarized waves, tluax oidy £„ a.nd //> an* ditlerent from zero, all 
other components t)f tlu'st'. \'(>(d.ors beinji; z(u-o. Equation (6) 
may be written in tlux form 


a-%, ^ I 
'aP' ' ?/“' at^ ' 


(6a) 


where v — cf-\/eJl is the velocit.y of tlKx wave which is now 
different from its vcdocit.y c in (uixpty spac.cn In the case of 
nonmagnetic bodies we may s(d. n = 1 and find the relation 


V — 





(7) 


where k is the dielectric c.onstant of the medium. In optics it is 
usual to denote the ratio of the v(docity of light in empty space 
to its value in a material medium as tlu'. i?idex of refraction n of the 
substance. Hence we predict the rrdation 


n = "v/k (8) 

between the index of refraction and dielectric constant of a 
dielectric. Experimentally it turns out that this equality is not 
true in general, and there are violent excciptions. For example, 
water has an index of refraction of about 1.3, wluu'cas -s/k = 9. 
The reason for the discrepancy lies, not in the inadequacy of the 
fundamental laws of electromagnetic theory, but rather in the 
tacit assumption that the dielectric constant of a dielectric is 
strictly constant, independent of frequency. This assumption 
is not justified when dealing with waves of optical frequencies, 
and we shall investigate the theory of the variation of k with 
frequency in a later chapter on the dispersion of light, i-o., the 
variation of index of refraction with frequency (or wave length). 
Equation (6a) is satisfied by traveling sine waves of the form 






sin 2ir 



( 9 ) 
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or, similarly ior Hz, 

Hz = i?o sin %cv(^ - ^ (10) 

These represent plane waves traveling along the positive a:-axis 
and have a wave length X — v/v, the surfaces of constant phase 
being given by the equation x — constant at a definite instant of 
time. For example, let us consider one of these y-z planes, as 
shown in Fig. 151, in which, at a given instant of time, S and H 
have their maximum values €o and Ha. We have the same values 
of 6 and H at every point in this plane, and this represents a 
“crest” of the wave. The plane containing these maximum 



Fig. 161. Fig. 152. 


values of € and H moves to the right with the phase velocity v 
as is evident from the form of Eqs. (9) and (10). Thus we can 
schematically represent a traveling plane wave by a figure such as 
Fig. 152, in which the vertical lines represent the intersection 
of the crests with the plane of the paper. 

In Chap. IX we derived the relation between the amplitudes 
6o and Ha which must exist in plane waves, and, since this relation 
is fundamental for our later considerations, we repeat the argu- 
ment here for the case of dielectric media. Equations (9) and 
(10) can represent the electric and magnetic vectors of the same 
wave only if Eqs. (3) and (4) are satisfied. This imposes a 
restriction on the relative values of € and H. From Eq. (9) we 
find 


-€o cos 27r 


and from Eq. (10) 


= ^ttvHo cos 2x1/1 


t-i) 

(■-?) 
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Now Eq. (3) d(uniui(ls that l.hc; first, of ihcsci (expressions be equal 
unci opposite^ in sign to iiroduet of f lue scecond and ju/c. Tliis 


and, using the redation v — c/y / this (ean b<e written as 

■s/ €& — s/ ii.ll ( 11 ) 

For nonmagneticj nnedia, hlcp (11) taktes tlueinone (jonvenient form, 

ne = H ■ (12) 

since n = -%/« = -x/e and /x = juo = 1- It is left as an exercise 
for the student to show that this redation can also be obtained 
by using Eq. (4) instead of Eq. (3). 

We shall need expressions for plane waves traveling in an 
arbitrary direction, not only along th(‘. ;r-axis, and we must 

investigate th<', form taken by 
A \ ^ Idq. (9) , for (example, for this case. 

First, wc note that in Eq. (9) the 
1 ^ / planes of constant phase are 

determined by the equations a: = 

y/v ^ constant. Elence, in the expres- 

sion for a plane wave traveling in 
^ Fig 153 arbitrary direction, we must 

replace x by an expression such 
that, when placed equal to a constant, it yields the equations of the 
constant-phase surfaces, f.e., planes whose normals make arbitrary 
angles with the x-, y-, and z-axes. Thus we must investigate the 
general expression for the equation of a plane. Let AA be the 
intersection of such a plane with the plane of the page, h a unit 
vector the direction of which is perpendicular to the plane, and r 
the radius vector from the origin to any point P in the plane (Fig. 
153). It is clear that the projection of the radius vector r along 
the direction k (normal to the plane) has the same value (OQ) no 
matter where the point P lies in the plane. Thus the plane is the 
locus of all points, the radius vectors of which have the same pro- 
jection OQ along the normal. Hence the equation of the plane 
can be written in the convenient vector form 

r ' h = OQ = constant 


(13) 
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Now let the components of the unit vector k along the x, y, and 

2 axes be /, g, and h, respectively. The components of r are 
X, y, and z (the coordinates of the point P). From the rules for 
forming the scalar product of two vectors, we have 

r ' k = fx gy hz 

f, g, and h are the cosines of the angles which the normal to the 

plane (k) make with the positive x-, y-, and g-axes, respectively. 
It then follows that the equation of a plane in Cartesian coordi- 
nates is 

fx gy hz = constant (14) 

The equation of a plane wave (of €) traveling in the direction 
— ^ 

k normal to the planes of constant phase can now be written. 
It is 

fx -h gy -\r kz' 


£ = So sin 27rA t 




9 


(15) 


where the vectors S and So are perpendicular to the direction of 
propagation, as they must be for a transverse wave. An exactly 

similar expression can be written for H. Utilizing Eq. (13), we 
can write Eq. (15) in the more concise fashion 


So sin 27rv[ t 




(16) 
= 0 , 


Note that, if k points along the positive a:-axis, f — 1, g = h 
and Eq. (15) reduces to the form of Eq. (9), as it must. 

62. Reflection and Refraction of Plane Waves. — Suppose a 
plane electromagnetic wave traveling with a velocity vi in a dielec- 
tric medium impinges on a boundary surface separating this 
medium from a second dielectric in which the velocity of electro- 
magnetic waves is Vs. In accordance with the general boundary 
conditions developed in Chaps. XI and XII, waves will be set up 
in both bodies. The normal components of B and D and the 
tangential components of S and H must be continuous at the 
boundary surface at all points of the latter and for all values of t. 
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In general, it will not Ix^ possible to satisfy these conditions by 
postulating only a wave travtding in th<^ second medium, but one 
must also rciquirc', that, a ndkadod wave be set up in the first 
medium. Application of t lu' boundary conditions then yields 
the relations which must c^xist among t.lu^ amplitudes, frequency, 
and directions of propagation of these various waves. 


For the sake of simplicity h 
which wo choose as tlu’i plane 



j us (!onsid(jr a plane boundary, 

; == 0, the a;-axis normal to this 
plane; and let the plane deter- 
mined by th(^ a:-axis and the 
Foynting vector of the incident 
wave be tht^ x-y plane* as shown 
in Fig. 154. In this figure are 
shown the directions of propaga- 
tion of the incident, reflected and 
refracted waves, denoting the 
angles between these directions 
and the x-axis by i, r', and r, 
respectively. Since, for the inci- 
dent wave, we have the relations 


/ = cos i; g = sin i; h = 0 


the electric vector of this wave may be widttc'.n in accordance 
with Eq. (15) as 


s; = ^ _xcos i + y sinj\ 

where vi and Vi are the frequency and the velocity of the wave 
in medium 1. 

Now consider the refracted or transmitted wave. The wave 

normal Jc of this wave has direction cosines 

/ = cos r; g = sin r; h = 0 

as is evident from Fig. 154. Hence the electric vector of this 
wave may be written in the form 


sin 2,rv^(t - ? COS r + y sin A 


( 18 ) 


where and Vz are the frequency and velocity in the second 
* This plane is known as the plane of incidence. 
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medium. Now the boundary conditions, e.g., the continuity 
of the tangential components of must hold at all points of the 
boundary surface, i.e., for all values of y and z when x: = 0, and 
also at all instants of the time t. Comparing Eqs. (17) and (18), 
in which we place x = 0, we see that this can be true only if 


and if 


yi = V2 


sin i _ sin r 
Vl ~ Vz 


no matter how we choose the amplitudes €oi and € 02 . From 
the first of these conditions we see that the frequencies of the 
waves must be the same in both media; hence the wave lengths 
are different. The second relation fixes the direction of propa- 
gation of the refracted wave if that of the incident wave is given. 
Using the relations Vi = c/nx and Vz — c/nz, nx and nz being the 
indices of refraction of the two media, this relation takes the form 


sin i _ ^ 
sin r ~ rix 


(19) 


The ratio of the sine of the angle of incidence (i) to the sine of the 
angle of refraction (r) equals the ratio of the indices of refraction. 
This is the well-known law of refraction in optics, and is called 
Snell’s law. 

Finally, let us consider the reflected wave. Its wave normal 
has the direction cosines 


/ = cos (x — r') == ~ cos r'; g — sin (x — r') = sin r ' ; 

h = 0 


remembering that the angles are measured with respect to the 
positive a;-axis. Hence Eq. (15) for the electric vector of this 
reflected wave takes the form 


27^ • o X Gos r' — y Bin r'\ 

Cl = Coi sin 2Trvx\t H — 1 (20) 

and we can repeat the arguments of the previous paragraphi 
Since the boundary conditions must hold at all points on the 
surface x = 0, we must have, comparing Eqs. (17) and (20), 


sin t 


sin r' 
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or 

•?. - r' (21) 

The angle of incidence equals the angle of reflection, another 
familiar law of oUmu^iU-ary oi)l,ios. 

L<'t us now (’ixamiiu^ somr^ of iho c.onscKiiKmccs of Snell’s law, 
I'lq. (19). Th(U’(’! an^ two oases t.o consitku*: (1) the case for which 

'^2 > ni and (2) 1-lu^ {‘.as(‘. for which 'n-i > n-^. In the first case, 
speaking of oy)1.ical wave’s, W(^ say t,hat t.lio wave travels from an 
optically “rareu*” mcMlium to an optic:ally "dense'.r” medium, and 
conversely for th(', second c.aso. SiiuM' sin i can take on all values 
from zero to unity, sin r [which is ccpial t.o ( fii/nf) sin i] takes on 
coiTcsponding values lying lad/Wtum Z(u-o and ni/n^.. Now in the 
case for which aj/ua < 1, this corres])onds to a real angle of 
refraction for oveny angle of incid(nic(U On the other hand, for 
waves traveling from an o])tically d(uis(u- medium into a rarer one, 
rix/n^ > 1, and in this cast’: I’cfraction (uinnot take place for all 
angles of incidence. If the angle; of iiundmua; is smaller than 
sin-^ (n 2 /ni), then sin r has a valium btd.wcum z(u-o and unity, and 
a refracted wave exists. For angles of iiK'.ichmcc; larger than this 
value, i.e., if sin i > roilrix, the angle of refraction becomes 
imaginary, and there is no refracted wave, only a reflected one. 
For such a case one speaks of total reflection. 

When one applies the boundary conditions to the wmves 
described by Eqs. (17), (18), and (20), and to the corresponding 
expressions for H, the resulting equations fix the relative values 
of the amplitudes and hence the intensities of the incident, 
reflected, and refracted waves. The laws of reflection and 
refraction, embodied in Eqs. (19) and (21), must hold in any 
case, provided these waves are present. These laws yield 
information as to the relative directions of the waves but leave 
the question of relative intensities untouched. We can, however, 
answer the last question with the help of the method indicated 
above and thus see that our fundamental electromagnetic equa- 
tions embody, not only the laws of so-called geometrical optics, 
but also those of physical optics. 

63. Intensity Relations for Normal Incidence. — In this sec- 
tion we shall carry through the calculations for intensities in the 
special case of normal incidence, i.e., when the wave normal 
of the incident wave coincides with that of the boundary (Fig. 
155). Let St be the electric vector of the incident wave and 
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and 62 those of the reflected and refracted (transmitted) waves, 
respectively. At a given instant of time the magnetic vectors, 
El, H'l, and H 2 all point into the plane of the paper, and the 
corresponding directions of the electric vectors are shown. In 
the reflected wave €( must be opposite to 61 , so that the Poynting 
vector S represents a wave traveling along the negative a;-axis. 
One must have either £ or H reversed in phase for the reflected 
wave, and we choose S arbitrarily as the one which is changed. 
Our final equations will answer uniquely the question as to 
which vector suffers a 180° phase change on reflection. 



Fig. 155. 

The following conditions must be satisfied at the boundary 
a: = 0: 

1. The normal components of D must be continuous at the 
boundary. 

2. The normal components of B must be continuous at the 
boundary. 

3. The tangential components of 6 must be continuous at 
the boundary. 

4. The tangential components of H must be continuous at 
the boundary. 

In our special case of normal incidence the first two conditions 
are obviously satisfied, since all the vectors are parallel to the 
boundary surface. Condition 3 yields 

tSi - = £2 (22) 

and condition 4 gives 

+ = H (23) 

In these equations the £’s and H’s denote the magnitudes of the 
vectors for a: = 0 at any instant of time. Since the vectors 
€1, €1, and £2 are given by 
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6i, = <S() sin 2Trif 
sin 2Tri' 




in accordance with the general Eqs. (17), (18), and (20), we see 
that only at the boundary, x = 0, asm Eq. (22) be satisfied for all 
values of t. Now we make use, of th(> relation between the 
magnitudes of € and H in a xrlauo wave, and have from Eq. (12) 

Equation (23) can then be written in the form 

£, + e; = (24) 

Equations (22) and (24) show the necessity of assuming the 
existence of both reflectc'd and rcfracited waves. Were either 
assumed missing, wo could not simultantiously satisfy both these 
equations. From these equations there follows. 



W2 - » 

— ~“Ci 

U \ 4 " ??,2 


( 25 ) 


giving the electric vector of the reflected wave in terms of that 
of the incident wave. For the transmitted wave one finds 



2ni jp 



fix 4 “ ^2 


(26) 


Equation (25) now shows us that, if > ni, the wave impinging 
on an optically denser medium, the electric vector at the surface 
suffers a phase change of 180° upon reflection, and the magnetic 
vector undergoes no phase change, as we assumed. On the other 
hand, if iiz < Ui, as one would have when a beam of light travels 
from glass to air, the electric vector of the reflected wave is in 
phase with that of the incident wave at the surface, whereas the 
magnetic vectors are 180° out of phase with each other. 

One is generally more interested in the intensity relations than 
in the amplitude relations. The energy incident per unit area 
on the boundary surface per unit time is given by the Poynting 
vector of the incident wave and is 
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& = X 

since Hi = ni€i. 

The reflected intensity is 

s; - £(ei X Hi) - 

SO that the ratio of the reflected to incident intensities is given by 

^ ~ Si ~ €l 

R is known as the reflecting power of the surface. Using Eq. 
(25), we then have for E 



as the reflecting power at normal incidence. The reflecting power 
is always less than unity and approaches this value as becomes 
large compared to ni, or vice versa. For a glass-air boundary, 
the glass having an index of refraction of about 1.5 and setting the 
index of refraction of air equal to 1, we obtain as the reflecting 
power of the glass surface 



Thus about 4 per cent of the intensity of a light beam falling 
normally on a glass surface is reflected. 

The calculation of the intensity relations at boundaries for the 
case of an arbitrary angle of incidence follows the same scheme 
as for normal incidence. It is more involved however, since the 
reflecting power depends on the polarization of the incident light, 
i.e., on whether the electric vector oscillates in, or at right angles 
to, the plane of incidence, and we shall not carry it through. 

The propagation of electromagnetic disturbances in conducting 
media, such as metals, is a much more complicated phenomenon 
than in dielectrics, so that we must content ourselves in this 
treatment with a few qualitative remarks. If we consider 
metals and assume the validity of Ohm’s law, the Ampere cir- 
cuital law must be extended from the special form employed in 
this chapter to take into account conduction currents. Thus 
it would take the form 
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^' 7 /., (h = I I Sn dS 

Tho effect of tlie last I t^rni on the rijjjht, would he to modify our 
equations so that, even in tlu' Hiin])lei e.n.se of an (dectric field with 
but one component, Ka.y €p, which (Uqxuuls only on z and t, 6y 
docs not satisfy tlv(‘. wa,v('. (upiation hut a more complicated 
(equation. It is still tnu^ that, the; disturbanecis will bo transverse, 
and they will to somc^ extcnit resetnhhi ordinary transverse waves. 
The essential differencxis for plane', (dec.tromagnetic waves in 
metals as compared to thos(^ in diele.c*. tries may bc'. summarized as 
follows: 

1. The amplitude of the vecd.or (S or 77) d(xuxmsos exponentially 
as z increases. Thus tho Poyuting vcuitor d(H*,reasos as the wave 
travels, and the rate of decrease of this vector is a measure of the 
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joule heating produced in. the metal. Wo say that we have a 
space-damped wave. 

2. The velocity of propagation depends on the frequency, even 
if e and cr are assumed independent of frequency. 

3. The magnetic and electric vectors are not in phase with 
each other, as they are in the case of plane waves in dielectrics. 

In Fig. 156 is shown the variation of the amplitude of the 
electric vector with distance in the direction of propagation of 
an electromagnetic wave in a metal. 

Problems 

1 . Assaming linearly polarized plane waves traveling in a nonconducting 
medium of the form of Eqs. (9) and (10), show, by using Eq. (4) of the text, 
that the electric and magnetic vectors are related by the equation 

V^6 = -k/mH 
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2. Given a cube of edge a, the edges lying along the x-, y-, and z-axes, 
and the origin O at one corner of the cube. 

a. What is the angle between the body diagonal from the origin O to the 
opposite corner P and an edge of the cube? 

b. Find the equation of a plane perpendicular to this body diagonal which 
contains the point P. 

c. At what points does this plane intersect the x-, y-, and g-axes? 

3. A plane wave of light is incident on one side of a glass plate of thick- 
ness d. 

a. Show that the plane wave emerging from the other side of the plate 
has the same direction of propagation as the incident wave. 

b. Consider a given normal of the incident wave. Prove that, as the 
wave passes through the glass, this normal undergoes a lateral displacement 
given by 

d sin (i — r) 
cos r 

where i and r are the angles of incidence and refraction at the first glass 
surface. 


A 



B C 

Fig. 157. 


4. A plane of light falls on the face AB of a glass prism at normal inci- 
dence, as shown in Fig. 157. The index of refraction of the glass is 1.50. 
Find the smallest or largest value of the angle a such that the wave will be 
totally reflected at the surface AC'. 

a. If the prism is surrounded by air. 

b. If the prism is surrounded by a liquid of 
refractive index 1.40. 

6 . Liquid of refractive index 1.63 stands at 
a height of 2.00 cm. in a flat-bottomed glass 
vessel. The refractive index of the glass is 
1.50. Show whether or not a plane wave of 
light incident on the top surface of the liquid Pia, 153 . 

can be totally reflected at the bottom surface. 

6 . Find the largest value of the angle <p of the glass prism in Fig. 158 
such that a light wave incident as shown will pass through the prism: 

а. When the prism is surrounded by air. 

б . When the prism is surrounded by water. 

The angle a is small enough so that cos a is practically equal to unity. 
The index of refraction of the glass is 1.55 and that of water is 1.33. 

7 . A plane light wave passes normally through a glass plate with plane 
parallel faces. 
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a. Compute tlie ratio of the inicuisity of tho transmitted to that of the 
incident wave takii\g into aecanint only one reflect ion at each of the glass 
faces. 

b. Sot up a gcaieral expression for t lui above ratioy taking into account ail 
the internal reflcHhions inside t he glass. 

8. A plane light wave is normally ineitkmi on iiie liquid surface in Prob.5. 
If the electric vtad-or of tiu*. inendent wn.v<^ has a maximum value of lO''^ 
volt/meter, comput.e the intensity of tlu^ wave t,ra,nsmit1-ed through the glass 
vessel. (Consider only one reflection at (^a.(‘.}i inierhice.) 

9. Two dk^lectrics of in(lex<\s of rc*rra.<*.lh>n ni and no are separated by a 
plane boiUKhiry, A phuu^ wav<^ in lh<^ tnediuin of index ni falls on the 
boundary at normal incidence. C -oinpute expressions for the Poynting vec- 
tor for th(^ incideni reflcHd.cul, a, ml i ransmitted wavers, and show that the 
energy incident- on the boumhiry per unit time is equal to the sum of the 
energies carried away from tlu^ boundary per unit tiirie by the reflected and 
transmitted waves. 

10. a. Show, for t-hc (‘.ase of an (dcmtromagnotic disturbance traveling 
along the x-axis in a metal, that Eejs. (3) and (4) of the text become 

dS, ^ 

()x c dt 

1 ODy 

dx c dt 

where <r is the conductivity of the metal. 

5. From these equations show that Sy a-nd Hz both satisfy equations of 
the form 

€^^. d^^y 4circr}x d^y 
dx^ c2 ’ dp C2 dt 

11, Following the argument of See. 44, Chap. VIII, show that in a metal 
the rate of decrease of field energy in a vohiixio clement dx dy dz is equal to 
the net rate at which energy flows out of this element (computed from the 
Poynting vector) plus the rate of joule heating in this element. Use the 
equations of Prob. 10, part a» 
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GEOMETRICAL OPTICS AND SIMPLE OPTICAL 
INSTRUMENTS 

In Chap. XIII we have seen how the fundamental laws of 
electromagnetism led to the laws of the reflection and refraction 
of plane waves at a boundary separating two dielectric media. 
By far the most important practical application of these laws is to 
the case of the reflection and refraction of light waves, electro- 
magnetic waves of wave lengths ranging from about-.4 X 10"® cm. 
to about 7 X 10~® cm. in air, at the surfaces of mirrors and 
lenses. In this chapter we shall concern ourselves specifically 
with this type of problem. The general problem of following the 
propagation of electromagnetic waves is far too complicated to 
allow a complete analysis in this book. We may, however, make 
a few remarks concerning some 
of the simpler aspects of the 
general method, which is embod- A 
ied in a principle known as 
Huygens’ principle. Suppose 
that we know the shape of one 

of the constant-phase surfaces of A 

a wave, e.g., one of the crests of 

the wave, at some instant of time. We can find the shape of 
this wave surface at a later time M by considering each point 
on the original wave surface as a source of secondary spherical 
waves which diverge from these points. If one constructs 
spheres of radii equal to v At, v being the phase velocity of the 
waves, with centers at the various points on the initial wave 
surface, the envelope of these spherical wavelets then yields the 
shape of this wave surface at a time At later. Thus in Fig. 159 
there is shown the trace of the initial wave surface A A and its 
trace at a time At later. This geometrical construction (Huy- 
gens’ construction) is only part of the story, however, and offers 
no advantage over the simpler method of rays which we shall 
discuss shortly. To complete the analysis, we must know how 
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t.lio amplitiUdoH of (,1 h\s(‘. Mdcondary \vjiv(^[(^i,s vary with direction 
and it turns oui. t.hat l.his varial.iou of aini)litudo with direction 
of propasat.iou is ratlun- (*.(>nipli(;at.<ML It, is just the solution of 
this part of tlu^ ])rohl(uu wiiioh is prohihiiivcdy diflficult. 

In our study of platu^ wavos wo havc^ soon that the constant- 
phase surfaces could doscrilxMl by constructing the normals to 
those surfaces (the; wav(' normals or rays), and one can follow the 
motion of these! surface's by movitig along tlu', directions of these 
rays. This moch’; of d(’!Scri])t,ion is evichuitly possible for waves 
other than plane; wav(;s. Foi- (;xamf)le, in the case of spherical 
waves in a hoinog(;neous m(;dium, the rays consist of straight 
lines radiating in all dire<;tions from a common point, and the 
surfaces of constant phase arc conc,(;ntric spherical surfaces. 

If tlu; Poynting vector is directed 
outward from the center, one speaks 
of a diverging wave, if toward the 
(;cntcr, of a converging wave. One is 
often int<;r(;st<;d in following the 
motion of a limit(;d portion of a wave 
surface, and one can construct a 
bundle or 'pencil of rays through this 
portion of the surface. Such a pencil 
of rays is call(;d a team, and for plane 
waves the beam consists of a parallel bundle of rays. For a spheri- 
cal portion of a wave surface the rays diverge from (or converge 
on) a point F, known as the/ocaZ point of the pencil, as indicated in 
Fig. 160. Such a pencil is called stigmatic. The pencil of rays 
from a portion of a wave surface which has different radii of curva- 
ture in two mutually orthogonal dii’cctions (such as one shaped like 
a blowout patch) form an astigmatic pencil and do not pass 
through a common point. In the case of the propagation of 
waves in a homogeneous medium the rays always are straight 
lines, and the wave surfaces do not change shape as the wave 
propagates. If, however, the velocity varies from point to point, 
the rays will be curved lines, and the wave surfaces will not 
maintain an unaltered shape. 

Thus far our remarks are valid for waves of any wave length, 
and the advantage gained by describing wave motion in terms of 
rays becomes evident if we consider what happens when we 
try to form a narrow beam from a plane wave by allow- 
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ing the latter to fall on a screen, in which there is a hole, 
placed perpendicular to the direction of propagation. The 
waves emerging from the hole will, in general, not form a section 
of a plane wave with a parallel bundle of rays, but will spread out 
more or less in all directions. As we shall see later, if the wave 
length of the waves is very small compared to the linear dimensions 
of the aperture, this spreading effect, or diffraction, as it is 
called, becomes extremely small, and, just in the case of 
light waves, the wave length is very small compared with 
the dimensions of^ ordinary objects. In this chapter we shall 
neglect diffraction effects and treat the bundle of light rays 
emerging from the aperture as strictly parallel. Similarly, 
we shall assume that an obstacle placed in the path of a beam 
of light casts a sharply defined geometrical shadow. The laws 
of optics and optical systems, to the approximation in which one 
can neglect typical wave effects such as diffraction and inter- 
ference, comprise the subject of geometrical optics and in this 
chapter we shall concern ourselves with this study. 



Fig. 161 . 


64. Fermat’s Principle. — The calculation of the path of rays of light may 
be effected with the help of a general principle due to Fermat, bearing his 
name. The principle states that the 
path of a ray between any two points Pi 
and Pa will be such that the time required 
for light to traverse the path jwill_ be > 
minimum. This principle is valid for 
media with varying indices of refraction 
or for the case in which the light ray passes from one medium to a 
second with a different index of refraction. Let us formulate this principle 
quantitatively. Consider an arbitrary path connecting two points P i 
and P 2 as shown in Fig. 161, and let us compute the time necessary for 
light to pass along this path from Pi to P-. The time, needed to traverse a 
portion of length ds is ds/v^ where v is the velocity of light at the point where 
ds is situated. The total time is then 


JPx f oJp^ 


( 1 ) 


where we have set v = c/n, n the index of refraction of the medium. The 

integral f* n ds is called the opticcd length of the path from Pi to P 2 . In 
JPl 

Eq. (1) the integral is a line integral and wull have different values for differ- 
ent paths connecting the end points P 1 and P 2 . Now suppose we choose a 
path only slightly displaced from the one shown in Fig. 161. The difference 
of time of traversal for the two paths will, in general, be of the same order of 
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itia.j!:niiu(lc jis tha.l of a. (|Uiintit y the displiuuaucnt of the paths. 

P(H*nKit ’s st a.i(^s that j if \v<‘ hjiv<^ iho. (‘orroci path, the difference of 

time' of triiv(M-sa.I of it itnd a. n<aj»;hlH)ririg ])a.th will b<^ of the order of magni- 
tudes of t he' sepia n' or higluu* poweu-s of ( lies (pia.nt.il y nunisuring the displace- 
menit of the* two pa.t.hs. ddiis is a.na.l<)gous to thes staienumt in ordinary 
(udesulus that. a. fuiudion fix) ha-s a. inininuun (or nuixiiuuiu) at the point 
X vz: a, Siip}>os(‘ wes wish t lu^ valuer of i.his fiuuvtion at a point x close to 
T = a, Theai by Taylor^s liua>riun wes (snn write 


/(.) =/(.) + (. ~ a) + - a)^ + . . . 

and, if tins funeP-ion ha,s a. ininiinuin at x = a, wes have df/dx = 0 for rr = a, 
and find: 


iM - m 


2\dx'y 


(x — + 


so that* this ditT(sr(sn(s<^ in tins value of 1.h(s function at. x and at a is of the order 
of ina,gnit.u<l(s of (x — a)^. On t.lie other hand, if (.here is no minimum at 
X = a, f(x) — f(a) is of thes onksr of magnitude of (x — a). 

Jxst UB B(se how t.his priiHjiplc works for i.hc simples (sn,so of a light ray in a 
A homogesneouB nusdium. Then the time of 

^ t.ravesrsal in Bimply ~ I dSj and this is a 

-i:::— 3 3 miniimnn for the Bt.raight-line path con- 

^ '^2 iicdtins juid Fi. Now consider a 

J'Ki. 1()2. slightly varied path such as PiAPi (Fig. 

162). The length of the path PiAP-i is 

21 = 2-\/a^-f~x^ 

and the time of travcsrsal is 

V v\ « 

The traversal time for the correct path is 

2a 

V 

so that the difference is 


— 1 - Jl + (- 

V \ \a> 


t' - t 


Using the binomial theorem, we can expand 1 + I - ) and find 


, a/x^ , \ 
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which is of the order of magnitude of the square of the small quantity x. 
Thus the straight line is the correct path. Let us carry out the same sort of 
calculation for two neighboring incorrect paths as shown in Fig. 163, where x 
is a small quantity. The difference of time is clearly 

t' - t = -{V - 1) 

V 

Now {V — 1) — AB and AB is very nearly equally x sin so that 

, 2x sin $ 
t ^ — 

V 

which is now of the order of magnitude of provided sin (9 0. 



In applying Fermat^s principle to find the correct path of a light ray, we 
proceed as follows: Compute the times needed for hght to pass from one 
point to another along any two neighboring paths. Form the difference of 
these times, retaining only terms of the order in small quantities. Set- 
ting these equal to zero then gives the correct path. 

As an example of this procedure we shall 
ray of light passing across a boundary 
which separates two media of refractive 
indices n\ and n 2 . In Fig. 164 we show 
two rays starting from a point Pi in medium 
1 and reaching a point P 2 in medium 2. 

The ray P 1 AP 2 travels a longer distance 
BA in medium 1, but the ray POP 2 travels 
a longer distance OG in medium 2. Thus 
the difference of time At is 

_ BA PC 

Vi Vo 

The distance BA is equal to x sin i and OC 
is X sin r. These expressions are approximate but differ from the exact ex- 
pressions by terms which involve higher powers of x than the first, and 
hence these suflSce for our purpose. Thus we find 




Fig. 164. 
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wln'i'c tli(‘ (lots in(lic.!i((' icM'iuH involving 
corn'ol. path occuns wluni 

sin i sin r 

th v-i 


u;- and 


0 


higlua- powers. 


Thus the 


or 


rti sin i = n-i sin r (2) 

jind this is the law of refriudion wliicdi we d<n’iv('(l in CHiap. XIII. Further 
examples are left to the probUnns. 


66. Reflection of Light.— W(^ have (l<n-ived the law of reflection, 
angle of ituudeaud^ (Hpials angle of rtdlec.tion, for the case of plane 
wavt'.H r(dl<d*-t(Hl from a plane Hurfaecn It iw justifiable, however, 
tiO UKC'. it for otlurr t-ypes of waves, e.g., splun-ical waves, reflected 
from curvfdl surfaces. W(i can. sch^ this as follows; Consider an 
infinittnsirnal ekanemt of anni on th(\ wavt^ surface of an arbitrary 
wave. Th(^ normal to this elemtutt.ary arc^a gives the direction of 
th(^ ray at the point wludX'. th(‘, ekammt/ is locatt^d, and, since we 
are dtailing with a,n infinitesimal ar<‘.a, it. may bo considered as 

plane. N ow, if this wave impinges 
on a curved surfatic, our elemen- 
tary area will come in contact with 
an infinitc^simal section of the 
i‘(‘.fl(K*.ting surfact^, and the latter 
may be considered as plane. Thus 
we can apply the law of reflection 
to this particular ray, and we must 
simply take into account the fact 
that different rays of the same 
beam have different directions and 
the reflecting surface varies from 

point to point. 

For example, consider a spherical wave diverging from a point 
source of light S and incident on a plane mirror. In Fig. 165 we 
show a diverging beam of rays from S incident on the mirror MM 
and the reflected beam of rays which appear to be diverging from 
a source S' in back of the mirror. This focal point S' of the 
reflected rays is called the image of the source S, and we say that 
it is a virtual image since the rays do not actually pass through 
this point. There are cases where a pencil of rays actually do 
pass through a definite point in a medium and then diverge from 
that point. In such cases one speaks of a real image. One can 


S 
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readily show that an object of finite size is imaged in a plane 
mirror in such a manner that each point of the image is just as 
far back of the surface as the corresponding point of the object 
is in front of it and that the linear dimensions of object and image 
are identical. Thus the linear magnification, the ratio of linear 
dimension of image to object, is unity for a plane mirror. 

An important case of reflection is that in which the reflecting 
surface is a portion of a spherical surface, a so-called spherical 
mirror. In the elementary discussion of spherical mirrors one 
learns that a bundle of rays parallel to the mirror axis (the normal 
to the mid-point of the mirror) is brought to a focus at a point 
halfway between the center of 
curvature of the mirror and the 
intersection of the mirror sur- 
face and the axis (the so-called 
vertex) . This statement is true ^ 
only if the rays lie very close to 
the mirror axis, so that in 
practice it can be apphed only 
to mirrors of small aperture, i.e., 
when the mirror forms only a 
very small part of the whole spherical surface. Let us examine 
the general case. In Fig. 166 are shown the mirror and an incident 
ray parallel to the axis, which we call the rc-axis. The vertex 
of the mirror is taken as an origin, and we wish to find an expres- 
sion for the distance x, the point Q being the point where the 
reflected ray crosses the mirror axis. In the triangle CPQ we 
have immediately from the law of sines 

R ~ X sin i sin i _ 1 

R sin (tt — 2i) ~ sin 2i 2 cos i 

and solving for x, we find 

a:=i?(l-s =) (3) 

Thus we see that the point at which a reflected ray crosses the 
axis depends on the angle of incidence of the ray, the value of 
X decreasing as the angle of incidence increases. Only in the ease 
of angles small enough so that we may place cos ^ = 1 do we 
find the reflected rays all passing through a single point. For 
this case we have from Eq. (3) 
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and this point is callcnl thn princijyal focus of the mirror and the 
di, stance', a^o is called tlu'. focdl length of i,hc mirror. The departure 
from sliarf) foc.rusing of a hiindlo of paraxial rays coming from 
infinity by a mirror of larg(^ aix'.rtun^ is c.alled spherical aberration. 
If the mirror surfaces is in the form of a paraboloid of revolution, 
objects veu’y far from the mirror (at infinity) will be brought to a 
sharp focus. In asivonomic-al mirrors oiu^ is always interested in 
imaging objeK'.ts which are', practieially at infinity, so that 
paraboloielal mirrors are^ invariably used. 

If we^ rcvstrict oursedve\s te) the eiaso of fsphcrical mirrors of such 
small aperture that all the^ rays diven'ging from an object (which 



Fia. 167. 

may be at a finite distance from the mirror) make very small 
angles with the mirror axis, then the image will be sharp. We 
shall compute the position of the image by considering the object 
as a point on the mirror axis. First we note that a ray from the 
object coincident with the mirror axis is reflected on itself, so 
that the image must lie on the mirror axis. 

In Fig. 167 we show an incident ray from the object A making 
an angle 6 with the mirror axis, and the reflected ray intersecting 
this axis at B. The distance OA is denoted by u and is called 
the object distance and OB — v the image distance. In the 
triangle CPB we have from the law of sines 

R — V sm t sin t 

R sin [tt — (2i + ^)] sin {2i + 6) 
and using the triangle APC there follows 

u — R sin i 
R sin 9 


( 6 ) 
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By eliminating the angle i from Eqs. (5) and (6), we can follow 
the reflected ray for every value of d, and in general v will depend 
I on d. If the angles i and 6 are small enough so that we may set 
sin i = i and sin 9=6, simultaneous solution of Eqs. (5) and (6) 
yields easily 

1 + 1=2 

u V R 

which is the usual expression relating image and object distances 
for a spherical mirror. Essentially the same formulas hold for 
the case of a convex mirror, and the derivations for this are left 
to the problems. 

In any case it is clear that one may always find the image of 
any object by graphical construction, tracing a bundle of rays 
diverging from the object and, using the fact that the angle of 
incidence equals the angle of reflection, then tracing the corre- 
sponding reflected rays. 

66. Refraction of Light at a Spherical Surface. — The refraction 
of light at a spherical interface between two transparent media 
is fundamental in the study of optical instruments, since plane 
and spherical surfaces are the only ones which can be produced 
at sufiiciently low cost for most practical purposes. In problems 
of this type, we have to do with incident light in a medium of 
refractive index rix, let us say (the so-called object space), and 
refracted light in a medium of refractive index (the so-called 
image space). In order to minimize the chance of algebraic 
errors, it is essential to adopt a set of conventions for the coordi- 
nate systems to be employed and for the algebraic signs of the 
distances appearing in the calculations and to adhere rigidly to 
them. We shall adopt the following conventions: 

1. Draw all figures with the light incident on the refracting 
surface from the left. 

2. In object space measure positive object distances to the left 
along the axis of the system from an origin which, in the case of a 
single refracting surface, is located at the vertex of the refracting 
surface. 

3. In image space measure positive image distances to the 
right along the"* axis of the system from an origin which, in the case 
of a single refracting surface, is located at the vertex of the refract- 
ing surface. 
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angles di with the axis (the so-called paraxial rays), we find that 
the image distance is the same for all rays coming from A. In 
this approximation the object A is focused at B. If the angles 
di and 02 are sufficiently small, we may write approximately (see 
Fig. 168) 

sin = -; sin 02 = - 

u V 


so that 


sin 02 _ u 
sin 01 V 


( 11 ) 


Substituting this value in Eq. (10), there follows 


u -j- B _ _n2 , u 
R — V ni V 


an equation from which the angle 0\ has disappeared. This 
equation, although derived for rays making small angles with the 
axis, is still valid for large angles when the surface has been cor- 
rected for spherical aberration, and is fundamental in geometrical 
optics. Equation (12) is usually written in the more convenient 
equivalent form 


nx , 712 _ — '^1 

~ R 


(13) 


Although we have derived Eq. (13) for the case of a convex 
refracting surface {R positive), it holds equally well for a concave 
surface {R negative), as can be readily demonstrated. The 
convention as to the algebraic signs of u and v must be kept in 
mind when applying Eq. (13). 

In optical systems one is frequently confronted with a situation 
in which a series of refracting surfaces are employed. The 
method to be employed in computing, let us say, the position 
of the image of an object in such a case, is to successively apply 
Eq. (13) to each refracting surface, treating the image formed 
by the first surface as the object for the second, and so on. 
If the image which would be formed in the presence of the first 
refracting surface alone lies to the left of the second refracting 
surface (using our conventions), it acts as a real object for the 
second surface, whether it is a real or virtual image of the original 
surface. If, however, the second refracting surface is so placed 
that a converging pencil of rays from the first surface is inter- 
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coptod bc'l’on^ conuiifi; l.o ti f()(‘.us, t.hd ohjiud. distance for the second 
refracting surfaces is to Ixs t,ak<sn as lusgativo and equal numerically 
to the distance from tins v(sr(.<sx of 1,he second refracting surface 
to thes focal ])oint of the pesncil of rays from the first refracting 
surfa(!(s. Such a ctises is shown in Fig. 169, in which O' A is the 
object distanceislio Ixi ustxl in computing the refraction at surface 2. 



Concisely stated, we treat the imago space of the nth surface 
as the object space of the (n + l)st surfacio, using the appropriate 
indices of refraction in Eq. (13). 

Consider an ol>ject of liiumr dimension y perpendicular to 
the axis of a single rt'lVacting surface, as shown in Fig. 170, and 
lot the corresponding linear dimension of the image be y'. The 
linear dimension y' may bo found by (;onstructing the ray shown 



which passes through the center of curvature C of the refracting 
surface. This ray is not refracted as it is normally incident on the 
surface. We shall treat y as positive and y' as negative, corre- 
sponding to the ordinary conventions of coordinate geometry. 
Furthermore, we define the linear magnification (more precisely, 
the linear lateral magnification) m as the ratio of y' to y. From 
Fig. 170 it is evident that 
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and, using Eq. (10), we may write for the magnification 

m sin 01 

y n 2 sin 02 


(14) 


This equation is known as “Abbe’s sine condition.” To the 
approximation of paraxial rays, we may utilize Eq. (11) instead 
of Eq. (10) and obtain 


y' 

m = — 

y 


Vi — 
n 2 u 


(15) 


67. Thin Lenses. — By far the most important application of 
the results obtained in the preceding section is to the case of 
lenses in air. By a lens one means a portion of glass, or some 
other transparent substance, which is usually bounded by plane 
or spherical surfaces. It is assumed that the reader is familiar 



Fig. 171. 


with the qualitative behavior of the different types of con- 
verging and diverging lenses. In our discussion of the behavior 
of lenses we shall assume that the apertures are sufficiently small 
or that aberrations have been corrected, so that Eqs. (13) and (15) 
may be used to describe the refraction at the lens surfaces. 

For the sake of simplicity, we shall examine in this section the 
so-called thin lens, i.e., one for which the thickness t betw’-een the 
vertices of the lens surfaces is small compared to the object and 
image distances entering into the discussion. In Fig. 171 is 
shown such a thin double convex lens with surfaces of radii of 
curvature Ri and R 2 as shown. 

An object A will be imaged by the left-hand lens surface at the 
point A', and, according to Eq. (13), we have 


1 n _ n — 1 
v' ~ Ri 


(16) 


where v' is the image distance in the image space of index n for 
this surface and is negative as shown in the figure. This image 
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A' now .s(n-v(‘,8 as the, obj(‘,et Tor tJie right-hand lens surface in an 
object, space of index n. The object distance A'O' = w' is posi- 
tives aecsording to our conventions, and for a thin lens we may 
places it esepial to —v', neglesesting t compared to v' . Thus, apply- 
ing hlep (13) to tins second surface, wo find 


n JL __ 1 — n 

v' V li-i 


(17) 


Since is negative and sineses n > 1, the right-hand side of 
Eq. (17) is positive. If we now add Eqs. (16) and (17), we find 


h- ^ ■ 
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Fic3. 172 . 


the usual equation for the object-image distances for a thin lens. 
This is 

i + 1 = (n - 1)(^ _ 1 (18) 

u V ^ \jKi 2?2/ / 

where we have set 




(19) 


and u and v are measured from either vertex or from the center of 
the lens, /is known as the focal length of the lens, and it depends 
only on the material and dimensions of the lens. Positive values 
of / correspond to converging lenses and negative values to diverg- 
ing lenses. If an object is placed at a distance / to the left of 
the lens = / in Eq. (18)], the emerging rays will form a parallel 
beam, and we say that an image is formed at infinity. This 
point is called a principal focus or focal point Fx of the lens. 
Similarly, parallel rays incident on the lens from the left (cor- 
responding to an object at infinity) are focused at the second 
principal focus of the lens, Fz, a point which lies at a distance / 
to the right of the lens. T?hese principal foci are shown in Fig. 
172. Any corresponding object and image points, such as A 
and B, are called conjugate points. 
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There is an important and interesting way of rewriting Eq. 
(18) (the so-called Newtonian form) which, in many respects, 
is more useful than the equation we have derived. This form 
of the equation is obtained by using the focal points of the lens 
as origins, F-y for object space, and Fz for image space, instead 
of the vertices of the refracting surfaces. If we denote by U 
the object distance measured from the first focal point and by V 
the image distance measured from the second focal point, we 
have from Fig. 172 

Y z “ r/} . (20) 

Substituting in Eq. (18), we find 

1,1 1 

U+f^V+f f 

or simplified 

UV = P (21) 

This is the Newtonian form of the lens equation. 

The lateral magnification of a thin lens may be readily com- 
puted with the help of the results of the preceding section. If 
the linear dimension of an object at A in Fig. 171 is y, the cor- 
responding linear dimension of the image formed by the first 
surface at A' is, according to Eq. (15), 



= miy 


Similarly, the corresponding linear dimension y" of the image of 
A' formed by the second surface at B is 


y 


,// 


' / nv \ f( nv\ f 


Thus the magnification of the lens is 


m 



V 

u 


( 22 ) 


In any case we have the relatipn 

m — myrn^ (23) 

If we now express the magnification in terms of the focal 
distances U and V, we have from Eqs. (22) and (20) 
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m 


V y + f 
u - ( 7+7 


Of tho more'. coiivxHiicuit form, usiiis lOc^. (21), 


m. = 


/ = „z 

f 


(24) 


It iH customary in optomctiy to spcaik of the ‘‘power” of a 
lens instead of its focal l(nip;th. ''riu'! power of a lens is defined 
as the', re(dpro(;al of tlu'. focail k'nf>;th, and the conventional unit 
is (allied a diopter, whiedi is I meter~h Since the lens power 
1//, according t,o Idcp (19), is the sum of two terms, each cor- 
rc^sponding to oiu^ of the; Urns surface's, one speaks also of the 
“ pow<a' ” of a kuis sx’irfacxa The sum of tlui surface powers is then 
the power of tlu'; k'ns in a<aH>rdan(a5 with the above-mentioned 
e<iuation. 



68. The Thick Lens in Air. — ^We shall now drop the restriction 
that the axial thickne;ss of the lens be small compared to object 
and image distances from the lens vertices, and we shall analyze 
the behavior of a thick lens in air for paraxial rays. For con- 
venience we redraw Fig. 171, relabeling the distances as shown in 
Fig. 173. The object distance from the vertex 0 of the left- 
hand lens surface (radius of curvature Ri) is now denoted by 
Xi, and the image distance from the vertex O' of the right-hand 
lens surface (radius of curvature R^) is now x^. The relation 
between the object distance Xx and the image distance d = A'O 
for the first lens surface is, according to Eq. (13), 


JL n _ n — 1 _ 3^ 
xi^ d ~ Rx ~ fx 


(25) 


where /i is used as an abbreviation for Rx/in — 1). Using A' as 
an object for the second surface, the relation between d and Xi is, 
using Eq. (13) again and remembering that d is negative for the 
case of Fig. 173, 
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t — d 


where /2 is defined as R ^/ (1 ~ n). For the double convex lens of 
Fig. 173 both /i and /a are positive, but our results will hold 
equally well for other types of lenses. Equations (25) and (26) 
may be written in the forms 


— fi 
Xi — U 


(25a) 

(26a) 


Eliminating d between these equations, one finds readily 


ZxXi — azi — hxi — c = 0 (27) 

where we have placed 


a = 




c 



/l +/2 


n 


(28) 


In these relations t is essentially a positive quantity. Writing 
Eq. (27) in the form 

(xi — b)(x 2 — a) = a6 + c (29) 

we see that the first principal focus of the lens, Fi, lies at a distance 
b to the left of the vertex 0 as shown in Fig. 173. For the object 
A placed at Fi, xi = b and Xz = according to Eq. (29). 
Similarly, the second principal focus Fz lies at a distance a to 
the right of the vertex O', since an object at infinity (xx = oo), 
corresponding to parallel rays incident on the left-hand lens 
surface, gives rise to an image at ^ 2 ( 2:2 = a). We have thus 
found the positions of the focal points of the thick lens. The 
planes perpendicular to the lens axis through these focal points 
Fx and Fz are called the focal planes of the lens. 

Now let us measure object and image distances from the focal 
planes at Fx and Fz, respectively, and denote them by U and,.y, 
just as we did in the case of the thin lens. We have evidently 
(see Fig. 173) 
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(30) 


utHi. lC<i. (29) takx^B tht*. familiar Nx'wtoniatx form 


IJV = a& + c = 



(31) 


utilizing lOq. (28) and dcifining/^ by this (iqxiation. The positive 
square root of tluH (^xprx^ssion for i.s called the focal length of 
the lens, and we have 


/ = 


/’/•I.. 


fl + f'Z 



(32) 


The Newtonian form of the lens equation which we have 
derived for the thick lens suggests strongly that it should be 
possible to obtain an equation of the form of Eq. (18) for the 
thin lens. This is possible by proper choice of origins, and 
these new reference points from which one may measure object 
and imago distances are called the principal points of the lens and 
are denoted by Hx and Hz, respectively. Wo determine the 
positions of these principal points as follows: I^et Ux and Fi be 
the coordinates of the principal points Hx and Hz in object and 
image space, respectively, referred to the focal points as origins. 
If, then, u and v are object and image distances measured from 
the principal points, we have evidently 



where U and Y are the object and image distances from the focal 
points. If now the thin lens equation 

U V f 
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1,1 1 

U - Ui^ V - Vi~ f 

or, rewritten, 

fV - fVx -hfU- fUi = P - UV^ - FC/i + t/iFi 

where we have used the fact that UV — p. This equation is 
evidently satisfied if we place 



so that the principal points are also conjugate points of the 
lens. We thus have the important result that the thin lens 
equation holds equally well for a thick lens, provided the principal 
points Hi and iJg are used as origins for object and image dis- 
tances, respectively. Clearly the separation between either 
focal point and the corresponding principal point is the focal 
length of the lens. 

Let us compute the positions of the principal points (or planes) 
relative to the vertices of the lens surfaces which we used orig- 
inally as reference points. xi is the object distance from the 
left-hand vertex O, and u is the object distance from the first 
principal point Hi. The relation between u and xi is given by 




u = U — Ui = Xi — b +/ — Xi -\- 


n 


(35) 


h +* - s 


using Eqs. (30), (32), and (34). 

Similarly, the image distance v as measured from the second 
principal point H^ is related to the image distance x^ measured 
from the right-hand vertex 0' by 


V = F - 


Vi = X2 — CL-\-f=Xz + 



/l +/2 — 


n 


(36) 


Note that for a thin lens u = xi and v — xz, so that the principal 
points coincide and lie at the center of the lens. Equations 
(35) and (36) locate the principal points of a thick lens with 
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n'HpcMit 1() its \-(Mi i(U‘S. 'I'lius II i lids at. a distance 


h\ 


fi 


/i +/a 




(37) 


from t.hc U^ft.-hand v('rt,(^x in <)l)j<'ct. spa(^<^ (in our case to the right 
of O), and IL> li<\s a,i. a dist aucc^ 


Ih 



fl f‘Z — 


t 

n 


(38) 


from tho rif);ld.-luvn(l v<'.ii.(''.x in iinast^ s])ac(^ (iu our case to the 
left of O'). 

For th(‘, sak('. of (■.omi)l<d,en(ws, we nulraw t.he Ions of Fig. 173, 
showing tho principal [xniit.s, forail points, focal length, and object 
and images distancess (h’ig. 1.74). 



Not only tho objesestr-i mages distances eepiatiesns but also the 
magnitScation foi'mulas are identical in form for thick and thin 
lenses. The magnification of the lens is the product of the 
magnifications of the two surfaces, and this is, using Eq. (15) 
(see Fig. 173), 

\ nxi/\ t — a/ 

From Eqs. (25a) and (26a), we have 

d _ X2 — /2 ./i£i 
t — d ~ xi — fl hxz 
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771 = ~ _ (i F + g — /2 

fi Xx - fx f^U + h — fx 

the last equality following from Eq. (30). 

Using the definitions of a and h and of the focal length / 
[Eqs. (28) and (32)], one finds readily that 

a — h = ~f 

Ji 

so that 

m 


and, since UV = p (Eq. 31), this becomes 

f V 

m = -jj = -j (39) 

■which is identical with Eq. (24). It immediately follows that 
Eq. (22) also holds for the thick lens, remembering that u and 
V are measured from the principal points. Equation (39) for the 
magnification holds for all object-image pairs, U and V being 
object and image distances as measured from the focal points 
Fx and F 2 . For the special case for w^'hich object and image 
lie at the principal points U = V = — we have unit magnifica- 
tion and a virtual image. 

It is a property of the principal points that an incident ray 
through one of them emerges through the other parallel to the 
incident ray. The proof of this is left to a problem. Finally, 
it should be pointed out that all our results are valid for any 
lens or combinations of lenses, provided the object and image 
space have the same index of refraction. If this is not so, then 
only the form of the magnification formulas becomes modified, 
and the conjugate points for unit magnification (the so-called 
nodal 'points) no longer coincide "with the principal points. 

69. Lens Aberrations. — ^Thns far our considerations iia've been restricted 
largely to what may be termed the “first-order" theory of the behavior of 
both thin and thick lenses. There have been two fundamental assumptions 
in the theory; (1) The objects and images have been treated as if they were 
situated on the axis of the lens, so that at best the theory gives a good 


and 




-/ 


h 
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:ippr<)xinutti<>n r<yr a,n<l poinis of which lie very close 

to th<‘ axis; a,ri<l (2) rays from a. point. ohjccM on the axis have been con- 
sidc'rcal a,s a. v<a'y narrow p(au':ih wo tha.t. tli<‘ a riguhir oixaiiiig of the cone of 
ray-s is snia.ll (Uiough to a llow us to r('pla.(a> ( h<‘ siiu^ of tJic a,ngle by the angle 
Thus \vv. spcxik of pfira.xiar^ ra.ys. 

In g(aua*a,l, a. hais nmst. inia.g<' points not. on its a.xisj a.n(l t-hc cono of rays 
from any point, of tJu^ ol)j(M*.t will Ix' of tinit*^ a.ngula,r opening. Further- 
inon^, if individinil ohjead. poinis wcuh' slnirply focnisiHl at correspondmg 
iunigi', points, \V(^ might st ill ol)t.a,in distori.ion of t-h(^ ima.ge in the sense that 
the g<H>m<d rie.a.l sha-pc^ of t lu^ iinaga^ would not. coin<ad(‘, with that of the 
object.. Idmtily, ha.v<’! d<>a.lt with (1 h‘. irnh^x of r(d'ra>(*.tion as a constant. 
While t.his is t.nn', for ligid. of a giv<m fre(pien<‘,y (nionocdiroinatic light), white 
light is a Tuixiun^ of wa.v(\s of nniny wa.ve Icngt.hs a,nd i.he index of refraction 
of glass, for (^xaanph^, va,ri(‘s wit h wa.ve hn^gth (a.nd frequency). Thus, even 
in t.he lirst.-ordcr th(a)ry, one eintonnt.cu'S so-c^a-lhal chromatic aberration^ 
va.riation of foc.al hnigt h wit h color of Mu' light,. The various defects of the 
image forincal by a. p(n*le(dly spheric.a.1 Icms a,r(^. iiwonul aherraMons^ and we 
shall brudly cixa-ininc^ th<s(': va,rious i,yp<\s of a.b<nn*a.t ions, A quantitative 
st.udy of t.lu\s('. a.l)<'rra,bon>s a.n<l nnd.hods of mininuzing t lnnii are far beyond 
the scopes of t his book. I<\>r t lu^ sa.k<^ of simplicity we shall consider the 
abcTOitions for tJu^ (^as(^ of a. t lun lens in a.ir, although the same general 
considerations hold for thie.k lenses a.nd combinations of lenses. 

We classify tlui various alxwrations a,s follows: 

1. If a narrow pemdil of ra,ys (paralhd or si. igmat.ic.) b(w along the lens axis, 
wc have the conditions of our first.-ord<u* theory saiisfiod and have no 
r.berratiom 

2. If a narrow pcmcil of rays i)aHS<\s obliquely iirrough the lens, as does a 
portion of the cono of rays from a. point objcxd. not lc>cat.(al on the lens axis, 
this pencil Ixxtonu^s astigmxitic aft.cw it passes i.lirough the lens. This 
astigmatic pemdl does not focus a.t a point, but all the rays pass through two 
mutually ortliogonal liru^s whi(4i arc displaced from each other (focal lines). 
This aberration is called astigmatism. 

3. If a wide pencil of rays lias its axis coincident with that of the lens or if 
we have a broad beam of parallel rays which are parallel to the lens axis, the 
rays of the pencil emerging from the lens will not pass through a single point. 
This aberration is called axial spherical aberration. 

4. If a wide stigniatic pencil of rays (or broad parallel beam) passes 
obliquely through a lens, it becomes greatly confused upon enaerging from 
the lens, and this type of aberration is denoted as comatic aberration^ or 
simply as coma. 

5. For objects of finite siz:e, e.g.^ an object in the form of a straight line 
perpendicular to the lens axis, there will result an image which is curved, 
and this aberration is known as curvature of the field. It is intimately con- 
nected with astigmatism, being essentially due to the astigmatic nature of 
the narrow pencils of rays from the various points of the object. 

6. Image distortion is an aberration arising from a variation of magnifica- 
tion with distance of the various object points from the lens axis. 
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7. Chromatic aberration, as we have already mentioned, is due to the 
variation of index of refraction with the frequency of the light and results in 
the formation of a series of images at different distances and of different 
magnifications, one for each color present in the incident light. 

We thus have classified six types of aberration of a simple thin lens. It 
iihould be kept in mind, however, that the monochromatic aberrations are 
classified into the types 2-6 for the sake of convenience, but they are not 


Pos/i/on of circle 
\of ieasi confusion 


Secondary 
' focal line 


'Primary focal line 
Fig. 175. 


independent, and in general it is only approximately correct to consider 
any one type as being present to the exclusion of all the others. We shall 
now describe the above aberrations in more detail. 

Astigmatism and Curvature of the Field. — Let us first remind ourselves as 
to the properties of an astigmatic pencil of rays. These rays are the normals 
to a small portion of a surface of constant phase which has two different 
radii of curvature in two mutually orthogonal directions. The pencil of 
rays is indicated in Fig. 175. All the rays of the pencil pass through two 


Side View 
.A 



focal lines, as shown in the figure. The cross section of the pencil is in 
general elliptical for an elliptical boundary on the wave surface, the ellipse 
degenerating into straight lines at the positions of the focal lines. Between 
these two positions there is a position where the cross section of the beam is 
circular, the major and minor axes of the ellipse becoming equal, and this 
circle is known as the cirde of least confusion, ghdng the best image formed 
by an astigmatic pencil. As we have stated, a narrow pencil of rays passing 
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obliquf^y through a thin lens gives rise to an astigmatic transmitted pend 
In Pig, 176 arc shown two views (top and Kside) of such a pencil of ra^* 
(exaggerated for thi^ sakc^ of clarity) from the tip of an arrow used as f 
object, for a tliiii kms. A' and A" arc the locations of the focal lines of the 
pencil, and BB is t he lo(^a.tion of the circle of least confusion. A' and A"' 
are often called the prinniry and s<HH)ndary images of A. 

If one cousid(u\s all tlie points of t.he arrow, inst.oad of only the tip the 
io(uis of all th(^ primary images will form a curve, as will the locus of the sec- 
ondary images. Th(\se t.wo curvc'is will be tangent to each other at the axis 
and sauiewhere l>etween tliem lies a surraco containing the circles of least 
confusion lor all tlie points ot t,ho object. Tliis is the surface of best focus, 
and in general it is not a, plane, giving rise to the curvature of the best possi- 
ble image of the object. The sliapo of the image surfaces depends on the 
shape of the lens and on the positions of stops or apertures on the lens axis. 
It is not possible to eliminat^o botli curvature of the field and astigmatism 



with a single lens, but either may be readily corrected. A narrow aperture 
lens corrected for astigmatism is called anastigmaiic. 

Spherical Aberration , — In Fig. 177 is shown the effect of spherical aberra- 
tion. A finite cone of rays from a point A on the lens axis is not imaged at a 
single point. All the rays making a given angle with the axis are imaged at 
the same point, the wddost angle rays at A' and the small angle or paraxial 
rays at A". The crass section of the beam is everywhere circular, and the 
circle of least radius is the circle of least confusion, the best image of A, 
Spherical aberration may be reduced by ^Sstopping down'' the lens (using 
only the central portion), but only at the expense of the amount of Mght 
transmitted by the lens. A lens of given focal length may be designed for 
minimum spherical aberration by choosing appropriate radii of curvature 
for the two surfaces. In general, this type of aberration is cut down by 
dividing the deviation of the rays equally between the two surfaces. 

Coma, The image of a point object not on the lens axis, when the lens 
intercepts a cone of rays of large angle, is very confused and is called comatic. 
Let us assume that astigmatism may be neglected, so that there is a well- 
defined plane of best focus. The finite cone of rays from the point object 
may be considered as a sum of very narrow pencils with a common focal 
point. As we have seen, each of these narrow pencils gives a best image in 
the form of a circle of least confusion. In general, the centers and radii of 


Sec. 69] 


GEOMETRICAL OPTICS 


287 


these circles of least confusion will be different for the different narrow pen- 
cils making up the cone of rays, so that the final image may be thought of as 
a superposition of circles of different radii and centers. The resultant 
figure is shaped somewhat like a comet (hence the name coma) and is illus- 
trated in Fig. 178. Coma may be eliminated completely for a single thin 
lens for one pair of object-image points by proper choice of the radii of 
curvature of the lens surfaces. Such a lens will then necessarily show axial 

P/ane of besf 



spherical aberration, since the condition for no coma is not the same as for 
minimum spherical aberration. A very wide aperture lens may be cor- 
rected for axial spherical aberration and for coma for slightly oblique rays. 
It is then said to be aplanatic^ and the single pair of object and image points 
for which this correction is valid are called the aplanatic points of the lens. 

Image distortion^ caused by the variation of magnification with lateral 
distance of an object point from the lens axis, may be of two types, depend- 
ing on whether the magnification increases or decreases "with distance from 

□ rm 

Object . Imcjie Image _ 

(p-n c-si'.cn (.barrel disforTion) 

distortion) 

Fig. 179. 

the axis. In the former case the distortion is known as ''pincushion'' dis- 
tortion and in the latter case as "barrel" distortion. A rectangular object 
will give rise to the two images shown in Fig. 179 for these two types of 
distortion. 

Chromatic aberration and the methods of minimking it will be discussed 
in the chapter on chspersion of light. 

It is clear that it is impossible to eli m i n ate or even to minimize simul- 
taneously all the aberrations discussed above for a single lens, but it is possi- 



Image 

(barrel distort ion) 
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ble, by conibininff a number of kmsos i o form a compound lens, to balance tte 
aberrations of oiui part of llio syst.cmi against the other. The larger the 
number of dements of a e.oinpound hms, (he higher the degree of correction 
wlvich may be obtained. In practices, at.tention is directed toward correct- 
ing those aberrations which would he most disturbing for the particular 
purpose to which the; lens is put. Whcui w(j discuss chromatic aberration 
we shall illustrate l,he maumu- in which a compound lens may be designed to 
compensate for chromatic aberration. 

70. The Eye. — The ossoni.ial parts of the human eye, treated 
as an optical instrument, arc shown in Fig. 180. The eye is 
roughly si^hcrical, the front surface of the eyeball being somewhat 
more sharply curved and (iovorod with a tough transparent 
membrane C, the cornea. Between the cornea and the hns L 
is a watery liquid known as the aqueous humor. The remainder 
of the eyeball is filled with a transparent viscous liquid, known 

as the vitreous humor. The front sur- 

O face of the cornea and the lens surfaces 

are nearly spherical and constitute 
essentially a compound lens which pro- 
jects images of external objects upon a 
sensitive membrane, the retina R, in 
. which terminate the ends of a great 
many nerve fibers entering the eye at 0, 
Fig. ISO. iiervo bundle being known as the 

optic nerve. The pupil P is an aperture 
in a muscular membrane called the iris and serves to cut down 
or increase the amount of light entering the eye. 

The lens of the eye may be compressed into a more nearly 
spherical shape by the action of a muscle attached to it and 
thus may have its focal length varied. The process of focusing 
the eye on objects at varying distance from it is called accommoda- 
tion, and the range over which distinct vision is possible deter- 
mines the so-called near and/ar points of the eye. For the normal 
eye the far point may be taken as infinity. The position of the 
near point depends on how much the curvature of the lens may be 
increased by accommodation, and the power of accommodation 
diminishes with increasing age. For the normal eye we shall 
take the near point as about 15 cm., and the distance of most 
distinct vision as 25 cm. (or 10 in.). 

71. The Simple and the Compound Microscope. — iWhen looked 
at directly with the eye, an object seems large when the retinal 
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image is large, and the angle subtended at the eye by the object 
(the so-called visual angle) is a measure of the apparent size 
of the object. In Fig. 181 the angle d is the visual angle. In 
order to examine an object in detail, it is brought as near to the 
eye as possible to obtain a large visual angle. Since the eye 



cannot focus sharply on objects closer than the near point, the 
maximum visual angle obtainable by the unaided eye is hmited 
by the power of accommodation. By placing a converging lens 
in .front of the eye, one can in effect increase its effective accom- 
modation. The eye then looks at an enlarged virtual image as 
indicated in Fig. 182. Such a device is known as a magnifying 



glass or simple microscope. The magnifying power M of a 
magnifying glass is defined as the ratio of the angle subtended at the 
eye by the image to that subtended by the object when the latter is 
placed at the distance of most distinct vision do, which we shall 
take as 25 cm. 

If 0 is the angle subtended at the eye by the image of Fig. 182 
and yi its length, we have 

| = dtan(|) 


(40) 
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If the ol)j(H“.t has a loiigi.li •//(, and is Joeadul at the distance of 
most (listinet vision (U, it subtends an angle do at the eye, where 


2 


do tan 



(41) 


For small angl(\s we may rc^placai l,hc tangents of the angles by 
tlie angles and hav(^ for tilu' magnifying pow(a- 


M 


^ ^/i d() 

<9(1 y/o d 

W('- have further from Fig. 182 

Ui = ^ ~ 

;//() u 

so that Eq. (42) b( (comes 


M 


- 0 - 3)1 


( 42 ) 

( 43 ) 

( 44 ) 


In general, the ey(( is placcid (dose ('iiough to the magnifier that 
the distance e in Eq. (44) may be neghuded compared with d, and 
hence w<( have simply 


M 

u 


(45) 


If the imago is foi’med at the distance of most distinct vision, 
we have v = ~dt\, and from the lens equation we have 

1 _ i. = i 

u da f 

SO that the magnifying power becomes for this case 

M = ^ = ^ + I ■ ( 46 ) 

u f 

If the image is formed at infinity, we have ^ = j; so that for 
this case 

Jkf = y" ( 47 ) 

Thus the magnifying power is somewhat greater when the image 
is formed at the point of most distinct vision. 

According to the above results, a high-power magnifydng 
glass must have a very short focal length, and it must be held 
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close to the object under examination and near to the eye. 
The difficulty of accurately grinding a lens of small focal length 
and freeing it as far as possible from aberrations, in addition to 
the inconveniences of operation just mentioned, place a practical 
upper limit of about 20 X on the magnifying power of a simple 
microscope. For higher powers one utilizes a compound micro- 
scope, consisting essentially of a lens, called the objective, which 
produces a real enlarged image of the object, and a magnifjdng 
glass or ocular for viewing this image. The arrangement is 
shown in Fig. 183 in which both objective and ocular are treated 
as simple lenses, although in an actual microscope both would be 
highly corrected compound lenses. The object O is placed 

To arrow -f-a/l of image l' 



" To arrow head of image l' 

Fig. 183 . 

just outside the first focal point Fi of the objective, yielding an 
enlarged real image I. This image lies just inside the first focal 
point F'l of the ocular, giving rise to a virtual enlarged image F 
of I (not shown in the figure). The position of I' may be taken 
at the point of most distinct vision of the eye. 

The magnifying power of the compound microscope is the 
product of the magnifying powers of the objective and ocular. 
Since the objective forms a real image which is examined by 
the ocular, its magnifying power is just the linear magnification 
mi, which, according to Eq. (39), may be written as 

wi = —j- (48) 

Ji 

where V is the focal distance of the image I (the distance from 
F 2 to J) and/i the focal length of the objective. The magnifying 
power of the ocular is, according to Eq. (46), 

ilTi = ^ + 1 


(49) 
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M = ,„,M, = + l) (50) 

or 

M = m^Mi = -(|)(^) (60a) 

the latter equation beiiis valid when /' is formed at infinity, 
It has bo(;oin(^ standani pra(d,ic(; to make F = 18 cm., so that 
using the vahui of 25 cm. for do, W(^ may write in place of Eq. (50a) 

» - -(?)(“) 

where fi and fs are expressed in camtimeters. 

72, Oculars. — In ac.tual practice thci magnifying glass shown 
in the compound microH(a)p(i of Fig. 183 is replaced by a com- 



pound lens. When a compound lens is used to examine the image 
formed by a system of lenses (or mirrors), it is called an ocular or 
eyepiece. In addition to the primary purpose of magnification, 
a well designed ocular increases the field of view and, of course, 
lends itself to a better reduction of aberrations than a simple 
lens. The fundamental difference between a real object and an 
image used as an object lies in the fact that the rays from the 
former diverge in all directions, whereas in the latter the pencil of 
rays from any point forms a cone of limited opening. This 
is illustrated in Fig. 184 in which are indicated the cone of 
rays coming from the head and tail of an image which is being 
examined by a simple magnifier. If the eye is placed at A, it 
is clear that none of the rays from the arrowhead reach it, so 
that the arrowhead lies outside the field of view. Similarly at B 
the tail of the arrow is not visible. By placing the eye at C, one 


GEOMETRICAL OPTICS 


Sec. 73] 


293 


can see the whole arrow, but in most instruments it is desirable 
to have the eye close to the eyepiece. 

The method employed to increase the field of view for an 
eye placed near the eyepiece consists essentially of the use of 
two lenses in the ocular. The function of the first lens, called 
the field lens, is to alter the direction of the rays from the various 
points of the image under examination, so that pencils of rays 
from each of these points pass through the central portion of 
the second or eye lens and hence can all enter the pupil of an eye 
placed near this eye lens. Two common types of oculars are 
shown in Figs. 185 and 186. In the Ramsden ocular the lenses 
are of equal focal length and the image is formed in front of the 


,'From objective 



From 



field lens as shown. If cross hairs or a scale are to be mounted 
in the ocular, so that measurements may be made, they should 
be placed in the plane of the image I. In the Huygens ocular 
the field lens intercepts the rays from the objective before the 
image is formed, and thus we have a virtual object 1' for this 
field lens, giving rise to the image J, which is then examined with 
the help of the eye lens. Clearly the Ramsden ocular may be 
used to examine a real object but the Huygens ocular cannot 
be so employed. 

73. Telescopes. — The simple astronomical telescope consists 
essentially of an objective converging lens of long focal length 
and an ocular for examining the image of a distant object formed 
by the objective. A schematic sketch of the optical system 
is given in Fig. 187, in which no attempt has been made to show 
the paths of the rays. Since the object is practically at infinity, 
the image 1 is formed at the second focal point of the objective, 
and, if the image formed by the ocular of I is also at infinity, I 
lies at the first focal point of the ocular. The angles d and e' 
are the angles subtended by the object at the objective and by 
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ilu'- invMg-(^ at. t.lu' oculnr. The nuignift/ing power M of a telesco'pe 
is defined an the- ratio of ihene anglen, and, Kiiicc in the telescope 
shown \v(' have an inverted image, we wriki 


M = 


d' 


and, ])eeaus<'. in gxMU'i-al tlu^ angkvs a.re! small, this can be written 
in the form 


M 


/ 


(52) 


as is (withmt from Fig. 187, \vh(M-(i / is tlu^ focal length of the 
objeetiv('. and /' t hat of t.lu^ ocular. 


ObfecHve 



Fi<}. 187. 


Ocular 



1 

■■•4’* — 4 


The inv(n't(sd image formcxl by the simple telescope described 
above is not <lisadvantag(a)us for astronomical work, but for 
terrestrial purposes it is dcisirable to have an upright image. This 
can be ace.omplishcHl by the addition of an erecting lens to the 
astronomicial telescope as shown in Fig. 188 to form a terrestrial 



telescope or spyglass. The disadvantage of this arrangement 
is that the length of the instrument becomes unwieldy. Since 
the shortest object-image distance for a thin convex lens which 
forms a real image is four times its focal length, the minimum 
length of the telescope tube becomes the sum of the focal lengths 
of objective and ocular and four times the focal length of the 
erecting lens. 
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This disadvantage may be overcome by using a diverging 
instead of a converging lens for the eyepiece, and a telescope so 
constructed is called a Galilean telescope. The ordinary opera 
glass is such a telescope. Figure 189 shows a diagram of the 
elements. It is readily seen that the magnifying power M is 



given by Eq. (52) and, since f is negative, this 

indicates the upright image. The length of the telescope is 
the difference of the focal lengths of the two lenses instead of the 
sum, as in the case of the astronomical telescope, thus yielding a 
compact instrument. 



s 

Fig. 190. 


74. The Projection Lantern. — Figure 190 shows the essential 
parts of the optical system of a projection lantern. The con- 
densing lens C , usually consisting of a pair of plano-convex 
lenses as shown, serves to deviate the rays from the source 
through the lantern slide SS so that they are all intercepted 
by the projection lens P. Its function is thus very similar to 
that of the field lens in an ocular. The projection lens usually 
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coiiHiHls ol' two ,st']);iral(^ Iciisc's as shown, ('a<*.h of which is a com- 
pound lens with two kinds of }>:la.ss (to c.oiToct for chromatic 
alxn-ral.ion as wo slndl S(U‘ lat(‘r) and must [x* oorrcctod for curva- 
(,ur(^ of (h(‘ fu'ld and for inia,f!;t‘ distortion. Since t,he final image 
is produc<Hl by tiu* proJ(H-tion hms only, it is not necessary to 
oorrtxd. for a.l)('rrations in I h<‘ ('(uuhmsinf;' Urns. 

Tlui simpl(‘. optietd inst.runumts wliicdi w(^ have discussed are 
all of l.lu^ iina,f>;(‘-fornnnf>; type, and w<^ post.pomi discussion of the 
so-ealhul analyzing inst runn'ids, i.c., thos<' employed to deter- 
mine the', speed, ral c.omi)osit,ion or int.(‘nsit,.y of a biaim of light, until 
\v(^ liav<^ (xuuision to st,u<ly t.lie r<\sult,s ol)t,aiued l)y their use. 


Problems 

1. What is Ihci appHnnit depth of a. swiinining pool in which, there is 
water of (Uipkh (> ft,., 

a. Wtxni vi<nve<l from ahove. a,l. nornia.1 iiieideiua*? 

h. Wticai view(al at a.n a.iifi;le of (50" witli t lx^ surface? 

Tlie iiidcix of refrachion of water is l.tPl. 

2. A la..v<a’ f)!’ etlua’ (n -- l.ih)) 2 cm. (haip floats on water (n = 1.33), 

■1 (!m. <l(a'p. Wlui.t. is the apparent distance 
froni ttie ether surfaecj to the bottom of the 
vva,tc!r wluui vienved at normal incidence? 

3. To tmvisun^ lilie refractive index of a 
cryHt,al in l.lui form of a fla,t plate 12.62 mm. 
Iliick, a mic.roscopo is focu.sed on a scratch on 
the top Hurfac(^ and then lowered a distance of 

5.-13 tnin. to foeus on a scx’atch on the bottom 
surface. Computer the I'd'ratdive index of ttio crystal. 

4. Dcriv(^ the law of ladiect ion xisiiiK Termat’,s principle. 

6. Light is d(wial,<Ml h.y a glass jirism of indcix w as shown in Fig. 191. 
The ray in the prism is parallel (.<> tlu^ base. Show that the index of refrac- 
tion is rtdated to the angle of deviation 5 and prism angle by the equation 

.sin («A/2) 

for this angle of incidence. The deviation angle 5 is a minimum for this 
angle of incidence and is known as the angle of minimum deviation. 

6. What is the relation between the size of an observer and the minimum 
size of a plane mirror, if the observer is to see his complete image? 

7. A concave spherical mirror has a radius of curvature of 50 cm. Find 
two positions of an object such that the image be four times as large as the 
object. What is the position of the image in each case? Is it real or 
virtual? 




GEOMETRICAL OPTICS 


297 


8. Derive the appropriate form of Eq. (7) of the text for the case of a 
convex mirror. 

9. A convex mirror has a focal length of 10 in. Compute the position of 
the image of an object 6 in. in front of the mirror. What is the magnifica- 
tion for this case? 


10. A glass lodj index of lefi action tIj has its ends ground spherically ^ the 
radii being Ei and Rz as shown in Fig. 192. The length of the rod is I = 2R 
and a small object is placed at A. Show that the image of A hes at a dis- 
4 — n 


tance R 


\3n - 4/ 


from the right- 


,Rr 


R 


A ^ 

(Assume small -> r- •1=2R-— 

U=R 0 

Fig. 192. 


R9=-R 


Ax/s 


'O' 


\S7i 4 y 

hand vertex O', 
angles of incidence.) 

11. A narrow pencil of parallel 
light rays is normally incident on a solid glass sphere of radius B and refrac- 
tive index n. How far from the center of the sphere are the rays brought to 
a focus? 

12. A narrow pencil of parallel light rays is normally incident on a hollow 
glass sphere of inner radius 2 in. and outer radius 2.5 in. If the index of 
refraction of the glass is 1.60, )vhere will these rays be brought to a focus? 
Make a careful drawing of the pencil of rays. 

13. Prove that Eq. (13) of the text is valid for refraction at a surface of 
negative radius of curvature (concave toward the object). 

14. The focal length of a thin lens is determined as 25 cm. by using a 
lamp as an object, placing the lamp far from the lens, and measuring the 
image-lens separation. Plow far away must the lamp be placed to attain a 
precision of 3 per cent? 

16. A thin glass lens of focal length 12 in. and refractive index 1.52 is 
immersed in water of refractive index 1.33. What is the focal length in 
water? 

16. Prove that, when two thin lenses of focal lengths fi and /2 are placed 
in contact, they are equivalent to a single lens of focal length / equal to 


/1/2 
fl +/2 


17. Prove that the focal length of a double convex thin lens of diameter d 
and axial thickness t is given by 


/- 


8(n - l)t 


where n is the refractive index of the lens material- 

18. Derive the appropriate form of Eq. (18) of the text for a double con- 
cave lens. 

19. A thin double convex glass lens (n — 1.50) has a focal length of 

3.00 cm. and a diameter of 2.00 cm. An object in the form of an arrow 

2.00 cm, long is placed perpendicular to, and bisected by the lens axis at a 
distance of 5,00 cm. to the left of the lens. Locate the image, and construct 
a careful diagram of the pencil of rays intercepted by the lens. 
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Wluit. friiciionjil pari- of ( his will Ix' visihio lo an vyo on the lens axis 

ai> :i point 22.5 o.m. to th<' right- of (h<* l<Mis? 

20- Ma,k<^ a. ea-roful i)lot of inia.g(^ dista-iua^ as a. funot ion of object distance* 

а. For a, thin <a)nv(M'ging hajs. 

б. For a- thin div(a*ging Uais. 

21. A thin (a)nv<‘X and a, thin <*.on<aa.v<‘ hais oa-tdi of 20 (nu. focal length are 
phuunl (a)a,xia.n.v at a. s<‘pa-ra.t ion of (> <‘ni. Find tJic position of the image 
fornual by t his hais Systran of a-n objead. a.t. a. distance' of 30 cnu.; 

a. H(\yon<l t-lu^ conva^x hais. 

h, Bt^yond t-lu^ c,on(xa,\a> hais. 

22. A idiin (*.onv(^x l<nis of fot^al l<n\gj.h/]>roduc(‘s a n^al image of magnifica- 
tion ni. 8how Unit tlu*. <>bj(‘ct dist.a.nc<‘- is 

?tt, H“ I _ 

- / 

7n 

23. An 5nia,g(^ of lunglit a is fornual on a. senam hy a, thin convex lens. It 
is found by moving t.h<‘ hms t-owa-rd t ho senam t-luU. t-luax^ is a. second lens 
})osilion in whic-h it. forms a, sca-tond sha.rp imag<^ on the screem of height b. 

81iow tihat. t-lu^ lu'igld. of objtad. is \/ ah. 

24. Prove. t.ha.(» dist-a-mu^ Ixd-wiam a.n obj<*(d- a.nd its n^al image formed 
by a dun <a)nv(^x l(ms is always gr(ai(.<n' than four tinu's the focal length of 
the hms. 

26. Th(^ ra.dii of (uirva,t-uro of a. doubh' (a)nv(^x hms hav(^ magnitudes of 
20 a.nd 30 (un. Tlx*: ghiss of wdiie.h it is ma.do has a- r(d‘ra(‘.tiv(^ index of 1.52. 
Find t lu^ foe.aJ kmgt h of t.lu'. Urns. 

What, is tlu^ ro(*.a.I haigth of a. c.onv<‘x mcmis<nLs hms with tlic same radii 
of curval.un^ and nuuh^ of t In': sa.m<^ gla.ss? 

26. JOacdi of two similar thin convu’irging l(ms(\s has a fo(‘.al length of 10 in. 
They an', mountcnl coa.xia.lly, a, ml ar<^ s<d>Hrat(Ml l)y a dist.ance of 10 in. Find 
the positions of tli<^ infia.g(^s of a, small ohjeud. placed on the axis at a point 
20 in, to the loft of tlu^ first kms. 

27. A pla.nO"(a)nv(’!X kms of glass of r(^fra,(*;t.iv(^ imk'x 1.6 and radius of 
curvature 2d cm. is 2 cm. thick along the axis. Calculai.c its focal length, 
and find th(i position of t.he ima.ge wdieii the object, is 50 cni. from the convex 
stirface : 

(a) When on the conve^x side. 

(h) When on the phuu^ side. 

What is the magnification in <m.ch of thciso cases? 

28. An objc^ct is displaced a small distance du along the axis of a lens. 
Find an expression for the cori*esponding displacement dv. of the image. 
Treading du as an object Icngtb a.long the axis and dv as the correspond- 
ing image length, the ratio dv/du is often referred to as the longitudinal 
magnification. Prove that it is equal to the square of the ordinary lateral 
m agnifi cation . 

29. Prove that the focal longtli f of a compound lens consisting of two 
coaxial thin lenses separat.ed by a distance a is given by 
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1 _ ^ 1 a ■ - 

I ~ 7ih~ 

where /i and fz are the focal lengths of the two lenses, respectively. 

30. Prove that, if an incident ray on a thick lens is directed so that it mp. 
pass through one of the principal points, the emergent ray has a direction 
which is parallel to the first and passes through the other principal point. 

31. Derive expressions for the positions of the principal points and of 
the principal foci for two coaxial thin lenses separated by a distance a and 
of focal lengths fi and /a, respectively. 

32. Two thin convex lenses of focal lengths 30 and 10 cm. are mounted 
coaxially, the 30-cm. focal length lens being on the left. Compute the 
positions of the principal points and of the principal foci for the following 
separations; 5 cm., 15 cm., 25 cm., 40 cm., 55 cm., and 70 cm. 

Construct a diagram in which these points are located approximately to 
scale, plotting the six configurations one under the other with the left-hand 
lens always at the same position. 

33. A glass hemisphere of radius 5 cm. and refractive index 1.5 is used as 
a lens, rays passing through it very nearly coinciding with its axis. Where 
are the principal points of this lens, and what is its focal length? 

34. Sketch the lenses described below and locate the positions of their 
principal planes. The radius i2i is that of the left-hand surface, R 2 of the 
right-hand surface, t the thickness. Take n — 1.5. 



Lens a 

Lens b 

Lens c 

Lens d 

Lens e 

El, cm 

+10 

—10 

—10 

00 

+ 5 

-10 

E 2 , cm 

+10 

2 

+ 10 

+10 

— 5 

tj cm 

2 

1.5 

1.5 

1.5 


36. An image is formed in a space of refractive index of an object in a 
space of index ni by a thick lens of index n. Prove that the lateral magnifi- 
cation is given by 

rii U 

where / is the focal length of the lens and U is the object distance measured 
from the first principal focus of the lens. 

36. Prove that, if an object is located inside a transparent sphere 
of radius R and index n at a distance B/n from the center, the lens is free 
from spherical aberration. Derive a formula for the position of the image. 
Is it real or virtual? 

37 . Discuss the axial spherical aberration of a convex mirror for a wide 
beam of parallel rays which are parallel to the mirror axis, computing the 
length of that part of the axis which is crossed by the reflected rays. 

38. a. If the near point of an eye is 100 cm., what sort of lenses are needed 
in spectacles for reading? What focal length should these lenses have? 
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h. If apect'.aoIc'K wifli clivorgiiig I<‘ns(\s of focnl longili of 40 cm. are pre- 
scrilxid to comxit, (l(4'(ui(.i v<^ vision, wh.at i.s tlui fur point for the eye? 

39. A jnuK'iif.vii'K Khiss luis n, focal U'ngih of 4 cm. How far from the 
lens whould an object Ix^ placed ao that il, ia seen clearly by an observer whose 
('yci ia ac.(Xnnmod.'>,tc-d for a. diala.nce of 25 cm.? What is the magnifying 
power of th(‘ gjlaas? 

40 . What is t lu^ lUHgnifyinfi!: j)<)vv<'r of n <'n\. in diameter, if the 

iruiox of rofra-ct ion of gla.ss is 1.5? 

41. A coinpouiul mi('‘.ros<‘.op<^ <‘<)nu‘s (‘<iulj)p(Hl with objectives of focal 
U'Hf^t.bs 2 and (> nuti. and with ocubirs of nnijiinifying power 4X and lOX. 
h'ind t.he possible nia.jJcnifyinK p<>vv<n's obia.inabh*. Wliat are the focal 
Icnigibs of the ocuhtrs? 

42. A propcu'ly foeusiHl U^l(^s(t<>j)(^ is si|>;ht(Ml at. the sun. Plow far and in 
what direction must thc^ ey(^pie<u!: he moved i.o project a sharp image of the 
suu ou a screen 2 in(d.(u*s ba,eJc of t.he ey<^.piec(^? The focal length of the 
eyepiece is 5 cm. 

43. The ol)jc‘.ctivc of a, field ghiss has a. foca.1 h'ugth of 24 cm. When used 
to exainiiK^ a.n ohj^ud. 2 m(d.(u*s a-way, it s magnify ing pow('r is 2.5. What is 
the focal hmgih of the ocuhir? Wha.l. will th<^ magnifying fjower be when 
viewing ail ohjoe.i. a.t infinity? 

44. The obje.ct.iv(^ of an astronomica.! t(d(\s(‘,op(^ has a fo(‘.a.I kmgih of 40 cm. 
and the ocular a focaJ longt.h of 5 cm. Plot, t he magnifying power as a func- 
tion of olijcct disbinc.c^ if t.lie lat.t.er varies from 5 mcdcirs to infinity. Through 
what distance must t.he ocmlar ])c moved to maintain a sharp focus for this 
variation of object dista-nce^? 

45 . What focablengt-h i>roj<Hd.mg kms is requir<‘d to cmhirge a 3- by 4-m. 
lantern slide to a 3- by 4-ft. imago on a screen 25 f L from the lens? Where 
should the slide be placed? 
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DISPERSION AND SCATTERING 

In this chapter we shall examine the question of the variation 
of the velocity of sinusoidal electromagnetic waves in dielectrics 
with the frequency of these waves. In the realm of optics, 
this effect is called the dispersion of light and makes itself 
evident in the variation of refractive index (and hence of the 
velocity of light) of nonconducting media with wave length 
or color. This study, when carried out in terms of an atomic 
picture, will lead us to an understanding of another phenomenon, 
the so-called scattering of light, as well as to a deeper insight 
into the nature of the refracted light wave, both in isotropic 
and in crystalline media. In Chap. XI we have given an atomic 
explanation of the electrostatic behavior of dielectrics, and we 
must now extend the ideas presented there to the case of electro- 
magnetic fields varying with time. We have seen that the 
polarization of a dielectric by an electrostatic field resulted 
either from the orientation of permanent molecular dipole 
moments or from the atomic dipole moments induced by the field. 
Let us now inquire as to how we would expect these effects to 
vary as the frequency of an alternating field impressed on the 
dielectric is increased. For both types of polarization we may 
justifiably introduce the idea of a natural frequency (or fre- 
quencies). ■ For the permanent dipoles the effect of temperature 
motion is to tend to restore a random orientation, very much as 
the restoring torque of a torsion pendulum tends to restore the 
equilibrium orientation of the pendulum. For the induced 
dipoles the restoring force, as we have seen in Sec. 52, may be 
taken as a linear restoring force, as if we had springs holding 
the electrons to the atoms. 

In both the above eases the natural frequencies will depend 
on the stiffness coefi&cients of the force (or torque) and on the 
masses involved. In the case of the permanent dipoles the 
masses are extremely large compared to the electronic mass, and 
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(‘onscquciitly tlui natural fivuiiKnin'u's for ilu'sc dipoles are very 
mueh smaller tlian for tlui (dastically hound electrons. For fre- 
(iu(nu‘.ies low comparc'd to the natural frecpKnicies, the steady- 
state*. motions of the peu-maiumt dii)oles or of the electrons will 
be sinusoidal witdi amplitude's ])racl,ically (Hiual to the static 
displacements, as one always obtains vvhcui a system is set into 
■foreual osenllation by an e^xten-nal forea*. of freejuency very much 
below its natural fr(H|uen(\y. As tlu', freeiuency increases, the 
inductMl Tuomeuits increase'. sle)wly until we*, reuu'.h frequencies not 
far from the*. le>we^st natural freHpie'.iu'.y. Hen-e^ we emcounter the 
phonomene)n of resonanea^, a sharp ineireuise of the amplitude of 
the forceal motion wit.h fried.ion alone*, limiting the motion. In 
this range*, wei have*, absorptiem of emen-gy fre>m thei electromagnetic 
field, this abse)rbe*.el emen-gy lu>ats the^ substance, anel wc say that 
we have an ahaorpUon baml in thei tu'ighbe)rhe)oel of this natural 
fr(5quency. The diedeaitric ee)nstant beduive^s “anomalously” in 
this region e>f freepiemcic'S, anel, if the'.sei freepiemcies lie in the 
ejptical region, the substance is ne) lemgeu* transparent, the 
eniergy of the (*.lectromagneitic fiedel benng continually dissipated, 
bet us inc.rease. the freupie*.ncy still moreq passing well beyond 
the natural frequencie^s e)f tlui pen-mancmt dipoles. In this case 
the permanemt dipe)les ne> le)ngeir cf>n tribute to the dielectric 
corivstaiit (or ind(*,x of red'ractie)n) of the*, bexiy, since they can no 
longer follow the rapid variations of the*, fic'.ld. For a substance 
like water, for which the abnormally high static dielectric con- 
stant of 80 is due to the peu.-manent dipole moment of the water 
molecule, the pei’manemt dipoles arc (completely ineffective 
at optical froqucncieis, with the rcisult that the dielectric constant 
is much the same as that of a nonpolar substance at these 
frequencies. 

Proceeding farther in the direction of increasing frequency, 
we must get into the infrared, visible, or ultraviolet region of 
the spectrum before the natural fi-cquoncies of the electrons 
which are responsible for the induced dipole moments become 
evident. We then have resonance phenomena, strong absorption 
of the electromagnetic waves at one or more frequencies, and 
regions of “normal” transparent behavior of the substance 
between these absorption frequencies. This is the region of 
the electromagnetic spectrum which concerns us in the study 
of optics, and we can entirely disregard the effects of the per- 
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manent dipoles in this connection. Our problem is the study 
of the motion of bound electrons under the influence of a sinu- 
soidal electromagnetic wave. From the motion we can calculate 
the induced dipole moment as a function of the time, from this 
the polarization vector and the dielectric constant, leading us 
to a theory of the variation of index of refraction with frequency 
or wave length. 

75. Dispersion in Gases. — In the case of a gas, in which the 
atoms are relatively far enough apart at moderate pressures so 
that we may neglect the interactions between particles, the 
calculation outlined above may be readily carried out. In the 
case of solids and liquids, the resultant force acting on an electron 
is the sum of the external force and those due to the neighboring 
induced dipoles; hence the calculation becomes more delicate. 
If an electromagnetic wave travels in a gas, the electrons in the 
atoms are set into an induced motion, and the resultant force 
acting on an electron is given by e [6 •+- (y X B)], where e is the 
charge on the electron, v its velocity, and S and B are the electric 
intensity and the magnetic induction vectors of the electro- 
magnetic wave at the point where the electron is located. Since 
the electron velocities are very small compared to the velocity 
of light in the case at hand, we may neglect the magnetic force 
because it is of the order of magnitude of v/c times the electric 
force. 

For the sake of simplicity, let us consider a plane electro- 
magnetic wave, linearly polarized so that its electric vector has 
only an ^-component, traveling in the ^-direction. We have 

= 6o sin 2Trv{^ — (1) 

and, if we consider an atom located at a position 2 = 0, let us 
say, the force acting on an electron in this atom will be given by 

Fx = = ^^0 sin 2-Kvt (2) 

Here we have assumed that the phase of the electromagnetic wave 
does not change (at a given instant of time) over the region of 
space occupied by the atom. Since the diameter of an atom is 
about 10-8 cni, and the wave length of light about 5 X lO"® cm. 
in the visible, we see that this is a justifiable procedure. It 
would be wrong, however, to proceed as above for the case of 



304 


KLKCTHfCJTY AND OPTICS 


[Chap. XV 


X rays. L(^t us siij^post^ tiuii wu. are not iu the immediate neigh- 
borhood of au absoi-pt.iou band (tho natural frequency of the 
electron) and (nin tlnundon’: n(‘j>;leel- “fri(diou’’ effects. If the 
el(K*,tron is displaced a distaiice x from its iiormal position, there 
will b(i a restoring fore.e —kx ac.ting on it in addition to the force 
given by Eq. (2), and its etpiation of motion is 

(I> 

2Trvt ( 3 ) 


This is the (iquafiou of the forcied motion of a simple harmonic 
oscillator, and wc^ an*. int(^r(^st(Hi only in the steady-state motion 
which ensues with the same frequency as that of the external 
fon^e. To find this motion, h'-t us try a solution of the form^ 

X — A sin ^nrvt (4) 

bcung i)reparod to nqcct it if it fails, i.e., if A does not turn 
out to be independent of t. liVom Eq. (4) we find for the 
acceleration 

—— == — 4fjr‘^v^A sin 2x1/^ (5) 


and substituting the values of x and d'^x/dt'^, as given by Eqs. (4) 
and (5), back into hlq. (3), we find readily 

A = (6) 


Po — V- 


where 


is tho natural frequency of the electron. 


2x V m 'i j 

Thus the required solution is 

_ eSa sin 2 xp^ _ eSx/ 4x^m /ys 

^ ~4xr‘^m{v% — 

The dipole moment of the atom, due to tho motion of this 
electron, is thus 

.X = (8) 

vl — 

and the total induced dipole moment of the atom p* is given by 

,, = ® 

^.Compare the foHowing discussion with that given in Frank’s "Introduc- 
tion to Mechanics and Heat," 2d ed,, pp. 116-119. 
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where the summation is over all the electrons in the atom, differ- 
ent electrons having different natural frequencies. For the 
sake of simplicity we shall consider only one electron contributing 
appreciably to the induced dipole moment and have for the 
polarizability of the atom [compare Eq. (16), Chap. XI] 


Vx _ 

Sx - j/2) 


( 10 ) 


Note that, for electrostatic fields (v = 0), this is the same 
result as is expressed in Eq. (16), Chap. XI. If there are N 
atoms per unit volume (or, far more precisely, N electrons of 
natural frequency vo per unit volume), the polarization vector P 
has the magnitude 

P 


so that 
from which 


D = e€ = eoS + 4irJVo:€ 


€ 

€0 



AjtN Oi 
Co 


( 11 ) 


[compare Eq. (17), Chap. XI]. Using the value of a as given by 
Eq. (10), there follows for the dielectric constant k and the 
index of refraction n. 


K 


= 1 + 


iVeVTrm 


A 


( 12 ) 


which predicts the variation of index of refraction with frequency 
V, when only one type of electron plays an essential part. For 
the more general case, one has a sum of terms each similar to 
the right-hand term of Eq. (12), instead of the single term. 
For the case of gases, n is very nearly equal to unity (for air, 
n = 1.0003), so that we may write instead of Eq. (12) 


n 




Ne^/2irm 
j/g — 


(13) 


In Fig. 193 is shown a plot of Eq. (13). According to our 
equation n — 1 becomes infinite for v = vq, but, as we have 
stated, in this region strong absorption takes place , consequently 
our equation is essentially correct for frequencies less than vj, 
and greater than vb as indicated in the figure, but not in between. 
Notice that, in the, range for which Eq. (13) is expected to hold, 



liLKCTlilClTY AND OPTICS 


30() 


[Chap. XV 


i hc index of rcdnie.tion ina'cases with increasing freq\ $ncy, U 
with doercasing wavci length. This is the so-callea normal 
dis 2 )ersion, wiioroas the behavior in the neighborhood of v = y,, 
is called “anomalous,” sine.e it can bo shown that the refractive 
index dcKvnarsc^s with in(*.rcasing frequene.y in this region. It is 
customary for (^xixuirmmtalists to write formulas for dispersion 
in i.(n-ms of wave', length ratluu- than frequency. One of the 



common empirical formulas, known as the Cauchy formula, is as 
follows: 

n = A+§+^ (14) 

One can easily show that Eq. (13) or (12) leads to this form 
for V < < vq, i.e., when the absorption is in the ultraviolet 
region of the spectrum. 

76. Dispersion in Solids and Liquids ; The Prism Spectroscope. 

The theory of dispersion in solids and liquids proceeds along 
the lines of that given for gases, with the exception that Eq. (2) 
for the force on an electron must be replaced by an appropriate 
expression involving the effect of the neighboring atoms. We 
shall not enter into this question but wish to point out that the 
empirical formula (14), which works well for ordinary optical 
materials in the visible region of the spectrum, can be Justified 
on theoretical grounds. In Fig. 194 is shown the variation of 
index of refraction with wave length for two common types of 
optical glass, both showing normal dispersion. As a general 
rule, the rate of increase of n with decreasing wave length is 
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larger at short wave lengths, and for different substances, the 
curve is usually steeper at a given wave length, the larger the 
value of n. 

The dispersion of optical materials is utilized in analyzing 
the spectral composition of light in the instrument known 



2,000 4,000 6,000 8,000 10,000 A 

"******^ 

Fig. 194. 

as the prism spectrometer. A beam of light, in general, con- 
sists of an electromagnetic wave field which is the superposition 
of many elementary waves of different frequencies (colors), 
amplitudes and polarization, and the study of the wave lengths of 
the various component waves is fundamental in obtaining 
information concerning the structure of atoms and molecules. 
We start with the problem of the deviation of a very narrow 
pencil of light rays by a prism of angle A, as shown in Fig. 195. 
Let us suppose that we have monochromatic light, i.e., light of a 
single color. For a fixed prism angle A, the angle of deviation 
5 varies with the angle of incidence ix, and there is one angle of 
incidence for which the deviation is a minimum. From the figure 
it is evident that 

8 = ix — ri + Tii — i% = ix + rz — A (15) 

If the deviation b is to be a minimum, we must have db/dix = 0, 
or from Eq. (15) 



( 16 ) 
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vso tliat wc must (^xpr{^sK in tonns of ii. This is most easily 
done in differential form and suffices for the condition imposed 
by Eq. (16). At each surface of the prism, we have from the 
law of nffraction 


sin ii 
n sin i‘z 


n sin ri 
sin 7'2 


(17) 



Diffcrentiatinf;; these expressions, we obtain 

cos f 1 dii — n cos ri dri 
n cos di 2 = cos ra dr^ 


and since ri + t'a = A, we have the relation dri = —diz- Thus 
there follows 


dvz = n 


cos iz 
cos Tz 


diz 


— n 


cos ^2 , 

dri 

cos Tz 


cos iz 
cos rz 


cos ii 
cos ri 


dii 


or, rewritten, 

drz _ cos ii cos iz 
dii ~~ cos rz cos ri 

and Eq. (16) requires that 


cos ii _ cos (A — ri) _ 
cos rz cos ri 

where we have used the relation ri + iz = A. Equation (18) is 
evidently satisfied if ii — rz and ri — A/2, i.e., when the ray 
passes symmetrically through the prism. When this condition 
is satisfied, we have from Eq. (15) 

A + 8 
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so that the first of Eqs. (17) gives the condition 

( A. 8\ .A /w 

sm { . — 2 — ) = n sm ^ (19) 

giving the minimum deviation 8 in terms of the prism angle A 
and the refractive index n. For small angle prisms, we may 
replace the sines of the angles in Eq. (19) by the angles, so 
that Eq. (19) becomes 


or 

5 = (n - 1)A (20) 

which is a convenient approximation. Note that the deviation 
increases with increasing refractive index, so that the shorter 
the wave length, the greater the 
deviation for a given prism. If 
the light incident on the prism is 
white light, a mixture of all visi- 
ble wave lengths, the emergent 
light will be spread or “dis- 
persed” into a spectrum, as shown in Fig. 196. One defines 
the angular dispersion D as the rate of change of the de'vd.ation 
with wave length, i.e., 

dS _ 

^ d\~ d\ 

and last equality holding for small angle prisms. The actual 
dispersion of a prism spectroscope (see below) is measured by 
the separation in angstroms per millimeter in the field of the 
telescope or on the photograph of the spectrum. This quantity 
depends not only on the angular dispersion D but also on the focal 
length of the telescope or camera objective. 

It is customary to define the dispersive power d of a small 
angle prism as the ratio of the difference in deviation for two 
extreme colors in the visible spectirum to the mean deviation 
of the spectrum as a whole. In this connection, it has become 
common practice to utilize the following wave lengths as refer- 
ence wave lengths: 
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Xi (),r)()0 A. 

X., 4,8()() A. 

\o r),<S<)() A. 


(i,h(‘ Friviinhofo 
(Mu' Kraunholu 
(Mu' Friiunliol'c' 


r C-lino; red) 
r /'-line; blue) 
r //-liiu'. ; y(41ow) 


Usiiifj; M(i. (20), \v(' find ininu'<lia(.(4y for Mie dispersive power of 
a. snuill angle prism 


d - 


- 5, 


5() 


'//,o 'll I 

7/.() — 1 


( 21 ) 


when^ Mu^ 7/.’s are Mie 
Odu^ r(^rra<dive in<lie(‘s 
two kinds of glass; 


Silioid.e Hint, ghiss. . . . 
SilidJil.e erown ginss. . 


refra(d,iv(^ i 
a.tul dispersi 


idi(H'S 

for 

th(^ 

rv. povvc'.rH 

1 are 

no 


7M 

1 . (>20 

1 . 

(513 

1 .508 

1 . 

504 


above colors. 
ta!)ulated for 


1.632 0.031 

1.513 0.018 


SiiuH^, in gemn-al, Mu> dispen-sive. iiowan,' of various optical 
ina1/<vria.ls is not propori.ional i/O Mv(^ nvauv n'.fractivc index, it is 



])ossible to eombine two or mon^ I)risms to obtain no luA deviation 
of a givc'jv wave; l('.ngl,h, siudi as the Z)-lin(^, and y('.t obtain a 
sp(ietrum. Siudi a device', is known as a direct-vision prism 
(Fig. 197) and is us(id in tlu^ direct-vision spe'ictroscope, a con- 
venient small instruinc'.nt which may be held in the hand and 
])ointed dir'(u;tly at the light source. 

It is also possible to combine two prisms so that the dis- 
persions are compensated (strictly speaking, for two wave lengths 
only), but the deviations are not. Such a prism is called “achro- 
matic.” This principle is utilized in designing achromatic 
lenses, and we shall illustrate the method in the next section. 

The ordinary form of the prism spectroscope is shown in Fig- 
198. The essential parts are as follows: A narrow slit, S, illumi- 
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nated by the light to be examined; a collimating lens C which 
produces a parallel beam of light incident on the prism P; a 
telescope lens T which produces real images of the slit at the first 
focal point of the eyepiece E. The observer sees a series of 
images of the slit side by side, each of different color. If white 
light is used, the images overlap and a continuous spectrum is 
observed. If the incident light is a mixture of a finite number of 
wave lengths, a series of bright lines, one of each color present 
in the incident light, will appear and a line spectrum is observed. 



A stigmatic pencil incident on a prism becomes astigmatic 
upon emergence unless the angle of incidence is that for minimum 
deviation, so that the collimating lens is necessary to produce 
sharp images. This lens must be achromatic (corrected for 
chromatic aberration). 

77. Chromatic Aberrations and Their Correction. — The phe- 
nomenon of dispersion results in the chromatic aberration 
of simple lenses, as mentioned in the last chapter. Since the 
focal length of a lens depends on its index of refraction, a single 
lens will produce series of colored images of an object at different 
positions and of different magnifications. It is possible to 
design a lens which will have the same focal length for two 
wave lengths. It is then said to be “achromatized” for these 
two colors. The following method illustrates how an “achro- 
matic doublet,” consisting of two thin lenses of different kinds of 
glass in contact, may be designed to be achromatic for the C and 
F Fraunhofer lines mentioned in the previous section. For one 
of these lenses we have for any single w^ave length 
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'(V - 1) 


(«" - 1 ) 


1o(-al long-lii / of |,h<‘ l,wo l(>tus(‘s is rolaicnl to/' and f" by 

J = jl -hyl- = o' (71/ - 1) + __ 


and, if f iH to b(i tlu^ sarm^ for both tlui C- and Mnos 
• havci ’ 


(23) 


we must 


or 


c'(n{ — 1 ) 4 - a"(n[' — 1 ) = (/(-/i/ — 1 ) 4 . c"(n'i 


1 ) 


vi 


K 


c" (24) 

'Hio focal Ic.iKths of I, Ik. two lcnK<.s for the intermediate Mne 

< tiC 

1 


f'n 


(n'd ~ ))r/ and = (w^' - l)c' 


f 


ISO tliat 

£l =, < - I f'o' 

c" -T /' (25) 

Oo,nbi.,ing Eqs. (24) an.l (25) one fimlK madily, using Eq (21) 

d-d" 

fo d' ( 26 ) 

f-n. dispersive powers of the two kinds of 

fonLT 1 ^ doublet must 

Ur. ^ ^ ^ Posdive and a negative lens. If the faces of the 

7?/ contact are to be ccimentcd together, we must have 

foTiT-T-ori"' conditions imposed on the 

lour radn of curvature. 



and 


(27) 



Sec. 77] 


DISPERSION AND SCATTERING 


313 


A fourth condition may be imposed arbitrarily and may be 
utilized for other corrections such as minimizing spherical 
aberration. For simplicity, if we choose R — co making the 
first lens plano-convex with the plane side toward the light source, 
we obtain the lens illustrated in Fig. 199. Numerical examples 
are left to the problems. 

It is also possible to achromatize for focal lengths by con- 
structing a compound lens of two simple lenses of the same 
kind of glass separated from each other by an appropriate dis- 



tance a. The equivalent focal length of the combination, /, 
is given by 

where f and f" are the focal lengths of the two lenses employed. 
Since 

r = - Fi) - 

and 

= c"in — 1) 

we have 

^ = (c' + c")(n - 1) - ac'c"(n ~ l)^ (29) 


If / is to be independent of wave length, we must have d\(/) 
This yields 
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SiiUK'. dn/(i\ 9 ^ 0, nuusl. havo 


+ ... (!//') + (1/r) 

“ 2(:^/ {n ~ ]) 2//7" ■ “ : 


(30) 


so l haO tho s('.{)ara.(.i<)u of ( ho, 1 (M>s<is should b<'. equal to one-half 
(,lu! sum. of llu'ir foeal huiglhs. 'Tlu’i ooiTooliiou can be made 
c^xath ly only Tor oiu^ wa,V(^ l('nj>;l,h, nanu'ly, for that wave length to 
whitdi /' and J" rc'h'i-. Ilowa^vau-, lJu‘ departure from perfect 
aciiromaliixation is smaJI for wave hmpil.hs not far from the one 
for which I'hp (30) is salisfual, and (,his method is employed in 
many lypc's of oculars. 

78. The Scattering of Light. — In oiu- calculation of the index of 
red'rantion of a gas as a funet.ion of fnaiuene.y in Sec. 75, we were 
coiHH'rned solcdy with iJu'. ma,gnitud('S of the dipole moments 
inducH'.d by a light wave, traveling Ibrough th(> gas. Wo must 
now (ionsider tlu', facd, (,ha,t. the induced oscillating dipoles are 
themselv(\s radiators of (deeta-oitmgiudfic. w'avcis, and these 
S(;condary wavers are n^sponsibh^ for t,lu'. so-caihal scattering of 
light )>y matt, (O'. Sup])os(', a liiuairly polarizKul monochromatic 
wav(‘. is incidemt on an (d(M*,tron bound to an atom of a gas. The 
electron pevrforms force', d simple harmonica motion and gives rise 
to an oscillating dii)ole moment given by Mep (8), viz., 


C“Sa sin 2Trvt 
^ 47r"W (vq — v) 

wIku’o e and vi are tho electronic charge and ma,ss, respectively, 
60 is th(i amplitude', of the (dcuitric v<a*,tor of the incident wave 
and Vo is the natural freqinmcy of tho osc.illating dipole. Absorp- 
tion is neglected as l)efor<',. This oscillat.ing dipole will radiate 
accjording to Eq. (19), Chap. IX, and the light emitted by all 
the induced dipoles constitutc'.s tho scattered light. The ampli- 
tude P of tho oscillating dipole is evidently 


P = 


e^6o 

47r‘^w(j'o — 


(31) 


so that the average rate of omission of energy of this electron 
is, using Eq. (19) of Chap. IX, 


e^ei 



(32) 
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Owing to the random thermal motion of the atoms of a gas and 
the consequent random positions of these atoms, there will be no 
fixed relations among the phases of the waves emitted from the 
various atoms — with the important exception of the light emitted 
in the direction of the incident wave — so that the intensity of 
the scattered light will be the sum of the intensity contributions 
from the individual dipoles. If there are TV dipoles per unit 
volume, the intensity of the scattered light will be TV times the 
expression (32). As a measure of the scattering power, we 
take the ratio of the light scattered per unit volume to the 
intensity of the incident light wave. Since the latter has the 
average value we find for the scattering power, 


Scattering power == 




3mV 



(33) 


If the natural frequency vo lies in the ultraviolet, as it does 
for a normal atom, then for visible light we may set > > 1, 
so that Eq. (33) takes the form 


Scattering power = 




(34) 


where X is the wave length. This is the so-called Rayleigh 
scattering formula which predicts that blue light should be 
scattered much more than red light because of the inverse fourth 
power dependence on wave length. This provides an explanation 
of the blue color of the sky, the air molecules scattering the 
blue light much more than the red. The transmitted light is 
correspondingly deficient in blue light as is evidenced in the 
red color of the sun at sunset, when the sunlight reaches us 
through a long air path. 

On the other hand, for high frequencies for which >> vl 
Eq. (33) takes the form 

Scattering power — ^^2^4 


independent of wave length. This is the Thomson scattering 
formula, and it finds important application in the field of X rays. 
Finally, if v is almost equal to vo, the scattered light becomes 
very intense, and then we may no longer neglect absorption 
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(“ fri(^(.i(>nal (vfft'.cis”). 
scattering. 


'riiis 




Ih (jailed resonance 


SiiKHJ all tli<‘ incliicc'.d (Hpohjs vilmitcj in the direction of the 
(jkictrici ve(d,(>r 60 of th(‘ inc.idcMit lij»:ht, t.luj scjattered light will 
Ik' linearly polarizK'd if t.Iu' incident li^j;ht is so polarized. There 
will IxJ Z('ro int('nsity of s(jai.t(‘r(’!d lij>;bt in the direction of the 
vcxjtor S(, and a nunxinmni at nj>;lit angles to this direction, both 
dinxdiions JxMng; normal l.o liuj dire<‘.tion of propagation of the 
in(!id(jnt wave. If tiuj ineidcmt light is unpolarized, the light 
Hcattcjnxl in a dinxd.ion perp(jndi(“.idar to the dinjction of propaga- 
iion of the incid(mi. light will Ixj liru'arly polarized, only the 
components of the elcictricj v(j(jtors of the (d(jm(jntary waves, of 
which unpolarizcxl light is (jomposcjd, whicjh arci normal to both 
the above directions Ixving ('fF<j(!tiv(‘. in producing scattered light 
in this giv(jn dinjction. TIhj fiindaincuital (iX]x>rimonts performed 
by Barlda, which showcxl that X rays are (jhjcjtromagnetic waves, 
dcpend(jd on th(JS(! fa(d.s. 

We hav(j already mentioiuxl i.h<j fa(jt that the atoms of a 
substanc<>. scatter iud(Jixmd(jntly of oruj another (so that one 
may add intensities rather than ampUtud(Js), b(jcause of thermal 
agitation, in all dinjcjtions ex(!(jpt that of the incident wave. 
In this forward diu'.ction tluj scjattcjred light combines with the 
incident light to form thc! i*efra(Jted light wave. It is evident 
that thc relative phase of thcJ incjident wave and the wave 
scattered by a giv(m atom at a point lying ahead of this atom 
does not depend on the exact position of the scattering atom, 
so that there anj fixe,d phase rcdations Ixdween the incident 
wave and the waves scattered in the forward direction. Thus 
wo must add amplitudes rather than intensities, and interference 
effects become important. Owing to thc phase retardations of 
the secondary scattered waves relative to the primary incident 
wave, the resultant refracted wave suffers a phase retardation 
relative to the primary wave proportional to the distance trav- 
ersed, i.e., to the number of scattering atoms in this path, with 
the result that this resultant wave progresses with a phase 
velocity less than that of electromagnetic waves in empty space. 
This yields a simple and effective picture of the manner in 
which the refracted wave is produced and of the reason for the 
reduced velocity of light in material media. 
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To clarify the preceding statements, let us consider a simple 
model in which we imagine the atoms arranged in layers perpen- 
dicular to the direction of propagation of the incident plane wave 
WW in Fig. 200. This incident wave excites the electrons in the 
layer A A, and they emit a secondary plane wave out of phase 
with the primary wave. We can find the phase of this secondary 
wave by a simple vector diagram. At the point B the electric 
vector oscillates sinusoidally with time, so that we can use the 
vector diagram of a.c. circuits. Furthermore, the amplitude 
of the secondary wave emitted by a single layer of atoms is 
exceedingly small compared to that of the primary wave, and, 



since there is no absorption, the amplitude of the resultant 
wave must equal the amplitude of the incident wave. In Fig. 
201 €p represents the ampKtude of the primary wave at the point 
B, assuming no layer of atoms. is the amplitude of the 
secondary wave, which we take as infinitesimal, and the sum of 
these yields 6r, the amplitude of the resultant wave. Since 
Bp and Br are equal in magnitude, the vector Bs must be prac- 
tically at right angles to either, so that the secondary wave is 
very nearly 90° out of phase with the primary wave. This 
does not contradict the fact that the secondary wave emitted 
by a single atom is 180° out of phase vrith the primary wave 
(the acceleration being 180° out of phase with the displacement 
of the electron), since we are considering the contribution at 
B of all the atoms in the layer AA, and the individual secondary 
waves arriving at B from the individual atoms have different 
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lunplitudoK and Tlu'. sum ol' these; individual spherical 

wavers (luMi yi(;lds th(> phuu^ s<‘<;on(lary wave; oi‘ the phase which 
\vi> luive (‘alculale'd. In l<'if>;. 200 are' shown tlu>. reflations between 
primary, seH‘e)nelary, a.nel re‘sull.a.nl. wa.ve‘S. 'Tlu', phase shift S 
shown in b'ip;. 201 , pi'e>ehie“eMl by one layew e)!’ ate)ms, is proportional 
(,o line; a,mi>lituele; e)!' the* se'e*e>nehu-y wa,ve', and, as the wave 
pre)}>;r(;sse;s tliremp;!! 1 he; me'ernim, Ihe; te){,a,l phase; shift in a dis- 
l ane;e; .r will be; pi'e)])e)ri ie)na,l to t he; mimbe;r e)r atomic layers in 
ihis elist.iUU'.e; a.nel henu'e; t.e) the; dis(.a.tie;e; x for a homogeneous 
substance'. 

Wni'nma.i'i/hng, we; Imve; t.he; re'sull. l.hat. t.he; re;fractc;d wave in a 
mat.e'ria.1 me;elium is ( he; supe;rpe)si1,ie)n of t,he; iiuiid(;nt wave and 

(die; Iif»;li(, S('a.t(.<;r(;d in the; f e)rward direc- 
t.ie)ti, wlu're'.asin e)(.he;r dire;e;tions wehave 
(.he; e>relinary se‘.a(.(.e're;el light as expressed 
in Mep 

79. The Propagation, of Light in 
Crystals; Double Refraction. — In iso- 
(.re)]ne; lue'.elia the; ve;le)e;ity of light is 
inele;pe;n(lc;nt of ( he; elir(;e;(,ie)n e)f pre>pa.g;a.(.ie)n anel of the; polarization 
of the; liglit wa.v(;s. A<;e;e)r(ling (.e> (.he; (,he;ory S(‘t forth in this 
e;hap(.e;r, (,his fa.e;(, inelieud.e'S that, (.he; mit.ural fre;cpie'ncics vo of the 
e;le;e;ti‘e>ns whieih a.re; s(;t in(.e) ose'.illation in sue;h. me;elia are inde- 
j)e;nde;nt e)f the; dire;e;(.ie>n in whie;h (,he;se; e>se;illa(.ie)ns occur. The 
de;pe;nel(;ne;e; of j-e;fra,e;tive; inele;x e>n (.lu;s(; natural frequencies is 
give;n e;sse;ntially by the; right, -hand te;nnin Idep (12) (tho equation 
itse;lf must be; me>elifie;el fe)r the; case; e)f s<.)liels), and in tho region of 
normal dispe;rsion (.he; vc;le>eu(y of light she>uld increase with 
inerc'.asing vo, i.c-., the; stremge'.r the; binding fe)rce;s acting on the 
e;l(;e;tre)ns. TlK;re; e;xist many transpare;nt e;rystals which are 
animiro-pic, tlu; bineiing fe)re;e;s and natural fre;epie.;ncios vo of the 
e;le;(;tronH be;ing diffc;rc;ni, in diffe;r(.;nt elire;c.tions, and a number of 
re;mai’kablo anel iraport.ant e)pti<;al phe;neune;na erceair when light 
])asse;s threjugh such crystals. 

We shall confine our attention to the; e;h,Ko for which there 
is one preferred direction in the crystal, lot us say the .r-axis, 
so that all directions in pianos normal to this a;-axis (the y-z 
pianos) aro equivalent. Thus, if the electrons are set in motion 
along the .-c-axis, they will behave as simple harmonic oscillators 
of natural frequency Vox, whereas, if they arc sot into motion in 
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any direction in a y-z plane, they behave as harmonic oscillators 
of a different natural frequency Voy = Vo^. Crystals for which 
there is one preferred direction are called uniaxial, and this 
preferred direction is (ialled the optic axis of the crystal. Con- 
sider a plane linearly polarized light wave traveling in the direc- 
tion of the optic axis, i.e., along the a;-axis. Since the electric 
vector oscillatc\s in the y-z plane, the amplitudes of the induced 
oscillating dipoles and consequently the velocity of propagation 
of the wave do not depend on the direction of polarization. 
Hence we may introduce an ordinary index of refraction -no 
(depending on Voy) for propagation along the optic axis and the 
velocity of propagation vq for this case is given by 

t>. = ^ (36) 

riQ 

Thus if light is normally incident on a crystal surface which is 
perpendicular to the optic axis, it propagates through the crystal 
with a velocity vq independent of the state of polarization of the 
light, and the crystal behaves like an isotropic substance, such 
as glass. 

The state of affairs is quite different, however, if the direction 
of propagation is not along the optic axis. Consider a plane 
wave propagating in a direction 
perpendicular to the optic axis, let 
us say along the z-axis, such as one 
may obtain by allowing parallel 
light to fall at normal incidence on 
a crystal surface which has been 
ground parallel to the optic axis. 

In this case it is evident that the 
state of polarization of the wave 

plays an important role in determining the nature of the refracted 
wave. First, let us consider the case for which the incident "wave 
is linearly polarized, the direction of oscillation of the electric 
vector being along the y-axis (the direction AA in Fig. 202) per- 
pendicular to the direction of the optic axis. The electrons in the 
crystal are set into oscillation in the y-direction, and the phase 
velocity of this wave inside the crystal depends on the natural fre- 
quency Voy in accordance with the foregoing discussion. Evidently 
this wave will propagate with the velocity vq given by Eq. (36). 
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On ilin other hnml, if th(^ iintuhnit wave Is polarized along the 
optics axis (tla^ c[ire<d,ion HB in Fig. 202), the electrons in the 
crystal atv s('l. into ownlhitiou along 1,ho ;r-axis. Thus the phase 
V(‘loeity of this wav(^ insi(l(‘ th<'. crystal dcipcmds on the natural 
fr('.(iu('ncy which is dilTcnuit from v„y. We may now intro- 
<Iu(H> a s('e()n<l iiuh'X of r<d’ra(!tion n,. for this type of wave, so that 
its v(doeity v,.. is givem by 

V — 


'/in and ?i,, arc^ called tlu*. principal indices of refraction of the 
(uyst.al. If Co > ?;„(/io < n,.), tlni eryst.al is (iallcd positive uni- 
axial, whc'reas, if vo < v.,(no > /i,.), it is (uillod negative uniaxial 
hor tlu^ (nyst.al e.ahut.c; (daCOs), a crystal important in many 
applications to opti(uii instrunnmt.s, th(^ i)rincipal indices have the 
valiK^s (for the sodium yi)-]in(*s) 


■/in = 1.6584 
■Hr = 1.4864 

so that cah!it-(^ is a in^gjUive uniaxial (uystal. 

Now' 1(4. t.he incid(Uit light havci an arbitrary direction of 
])()larizat.ion relative! to the optic axis, as indicated in Fig. 203. 
4 ,y We can resolve the electric 

vector of the incident wave into 
X- and //-components (Fig. 203), 
and these oscillate in phase for 
the linearly polai'ized wave 
under discussion. [For ellipti- 
ScosO cally (or circularly) polarized 

light we would have the same 
vector diagram as in Fig. 203, 
ri(j. 2().i. components would 

th(!n oscillate out of phase with <!ach other.] Aft(!r passing through 
the crystal the x- and jy-components of 6 will no longer be in 
phase because of the different velocities of propagation for these 
two types of polarization. The phase difference thus obtained 
depends on the thickness of the crystal, and in general the 
emergent light will be polarized differently from the incident 
light. Suppose, for example, that the crystal of Fig. 202 is just 
thick enough to pi’oduce a phase difference of X/2 (or 180°) 
b(!tween the z- and //-components of €. For the (emergent light 
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we then can construct the vector diagram corresponding to Fig. 
203 for the incident light. This is shown in Fig. 204. The 
resultant 6.' of the emergent light now makes a negative angle 6 
with the optic axis. The effect of the crystal has been to rotate 
the direction of polarization through an angle of 26. We can 
readily derive a formula for the thickness of such a half-wave 



plate. The phase lag for the y-component of 6 produced by a 
plate of thickness d is given by 

2arvd 2irydno 

Va c 

whereas for the a:-component it is 

2iTrvd 2'Kvdne 

Remembering that c/vis the wave length of the light (in vacuum), 
the relative phase retardation between these two components of 
6 becomes 

8 - ^{no - Ue) (38) 

A 

For a half-wave plate we set 5 v and have from Eq, (38) 

, _ X 1 

2 no — Ue 

Evidently the same results would be obtained for a given wave 
length if the phase retardation is an odd number of half wave 
lengths. In the special case of ^ = 45° in Fig. 203, a quarter- 
wave plate will produce circularly polarized emergent light. 
Further details are left to the problems. 
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''r!K>r<^ ar(^ a mui\l)('r oi’ muaxial crystals, such as tourmaline 
whic:li, wluui iisial as in Fig. 202, have ilu^ remarkable property 
of absorbing light polari/aal along the y-txxia and transmitting 
light pohirized along l.lu'. .r-axis (tlu^ o])tu‘. axis). Such crystals 
are c.alhul dichroic. A t.ouianalim^ ])latei used as indicated in 
Fig. 205 forms a simph'. polarizer. Inc.idcmt unpolarized Hght 
falling on tlu^ plate (mun-ges as linearly ]>olarized light as indicated. 
Although tlu'i r(^sulta,nt ehavtrie, vcad.or of unpolarized light may 
he represemted by lavo (uiua,l eomponenis at right angles, it must 
be rcmKvmb(M’<'d tha,t, since! l.lu^ el('etri(^ vcad.or is the sum of many 
element.a.ry vaudiors of random oihmtation and phases, there are 
no definite phases nVlalions Ix’itween th('s(' two components. The 
commercial matcM-ial '‘polaroid,” c,ompos('d of many small 


A 




dichroic. crystals which a.r(^ lined up, ac.ts in the above manner 
and provides a veu-y useful and simple polarizoi-. 

Finally, wc; must (;orisi<lcr what happens when light is incident 
on a crystal surface which is luuthcu- parallel to nor perpendicular 
to the optic axis. For simplicity, w(^ shall c.onsiclcr the case 
of normal incidence on one of the natural cleavage planes of 
calcite. The natural ch^avago pianos of caloite yield a rhombo- 
hedral crystal as shown in Fig. 206, in which AA' gives the direc- 
tion of the optic axis wlum the crystal is of such a length BC that 
A A' makes equal angles with the three edges at A. If a narrow 
beam of natural unpolarizod light falls at normal incidence 
on the face ABCD of the crystal, one observes that two refracted 
beams are formed inside the crystal and two parallel beams 
emerge from the opposite face, and these two beams are linearly 
polarized at right angles to each other. 

This phenomenon of double refraction or birefringence is illus- 
trated in Fig. 207. The incident beam I is normally incident 
on the left-hand face at C. Inside the crystal it breaks up into 




Sec. 79J 


DTSPFJiSrON AND SCATTERING 


323 


two bf-’tams, one of whicli, O, i,r{iv(n-,s(>s l.lu^ (*iysl,n,l without being- 
bent and the other, E, is r('Xrae1x^d upon entraiuie. in the direction 
CD and emerges ])aralk'.l to fii'st beam. The ray O which 
goes straight through tlie (trystal behavc's in the crystal, in this 
experiment and in any otlun-s which one may perform, just as if 
it were in an isotropic medium. It is called the ordinary ray and 



obeys Snell’s law when tlu^ liglit is not normally incident on the 
surface. Its velocity is as given by Eq. (36) and is inde- 
pendent of its direction of propagation. On the oth(;r hand, the 
ray E evidently does not follow Snell’s law, as it is refracted for 
normal incidence. It is called the extraordinary ray, and its 
velocity may have any value between vq and Ve as given by Eqs. 
(36) and (37). To answer the 
question as to the direction in 
which the extraordinary ray is 
refracted, one obscirves that if 
the crystal in Fig. 207 is rotatc'd 
about ICO as an axis, the’; posi- 
tion of the ordinary ray O is 
unaltered but the ray CDE 
rotates about this axis. Hence 
CD is fixed in the crystal in the shaded plane which contains the 
optic axis and the incident ray. This plane is called a principal 
section of the crystal for this ray, and the extraordinary ray lies in 
this plane. Figure 208 indicates the process somewhat more 
simply than Fig. 207, and in it the plane of the page is chosen to 
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comcidc with tlu' priiicipui s<'ctic>n. '!'hi' ordinary ray ik polarized 
in a direction pcrpciulicular (o llu' principal section, i.r., tothc 
plane of th('. page, wln'n'as t lu' ext raordinary ray is pt>lariz(',dintlie 
plane of the ])age in this ligure. Kor light not normally incident 
on the surface of a crystal, oiu' obtains a vi-ry similar picture to 
the one whi(‘.h we hav(' discussed, t In' ordimiry ray obeying Snell's 






,Di reef ion of 
Polarization 


anomalously. Since a quantitative invc'stiga i ion of double refrac- 
tion would lead us far Ixiyoiul t,he scope* of t his Itook, wo shall 
content ourselves with the above brit'f d('scrij){ion. 

The Nicol Prism . — A beam of liiu'tirly ]>()larized light may ho 
obtained conveniently with the ludp of a Nicol j)rism or “Nicol" 
which is constructed from along cahatc' rhombolu'dron tis follows: 
In the principal section of a calcit(\ c.rysttil (h'ig. 209) the angles 
at B and D are 71°. The two (uid fac.(w A H and ('!) tiiv tnit down 
so that these angles are reduccul to 08°. The r-rystal is sliced 
along AC in a plane perpendicular to tlu^ imds and l.o t.lui plane 

of the paper (tdu' princi[)al s('ction), and 
the two surfaces l.hus fornuKl arc 
cemented tog('.th<u- with ( huiada balsam 
of refractive ind(ux whi(di is less 
than that for tlu*. oi-dinary ray in c.alcitc 
and greater than that for the (ixtra- 
ordinary ray shown in the figure. The 
passage of a ray of light through the prism is shown in Fig. 209, 
the ordinary ray being totally reflected from the Canada balsam 
^d the extraor^nary ray being transmitted with but small loss 
m m ensi y. ^ e emergent light is linearly polarized in the piano 
indicated and the direction of oscillation is along 
the short diagonal of the diamond-shaped end face of the Nicol 
pnsm (Fig. 210), 

I^oblems 

1. The observed values of (n 
engths are as follows: 


Fig. 210. 


1) for hydrogen at a nmnber of wave 
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X, angstroms. . . 5,460 4,080 3,340| 2,890 2,540 2,300 1,900 

(n - 1) X 10^ 1,400 1,426 1,461 1,499 1,547 1,594 1,718 


Make a plot of these data, and from two points on the curve compute the 
values of N and vo (or the corresponding wave length Xn) of Eq. (13) of the 
text. How does the vahic of N compare with the number of hydrogen 
molecules per cubic centimeter under standard conditions? 

Using these values of N and ro, plot (» — 1) as a function of wave length 
according to Eq. (13), and compare with the experimental curve. 

2. Show that the Cauchy dispersion formula [Eq. (14)] follows from 
Eq. (13) if ?» < < Vo- Prove that the Cauchy formula [Eq. (14)] is true for a 
gas with more than one kind of electron per atom (different ro’s) providing 
all the ro’s are larger than v. 

3. Compute the prism angle for a crown-glass prism needed to construct 
a direct-vision prism in conjunction with an 8° flint-glass prism, if the 
Fraunhofer D-line is to have no not deviation. 

Find the angular separation of the Fraunhofer C- and F-lines. 

Use the data given in the text for the refractive indices of crown and 
flint glass. 

4. What is the proper angle for the crown-glass prism of Prob. 3 if, 
when used with the 8® flint-glass prism, there is to be no net dispersion 
(angular separation) of the C- and F-lines? 

Compute the net deviation of the F-, D-, and C-lines. 

6. The following table gives the index of refraction as a function of 
wave length of two types of glass. 


Wave length, 
angstroms 


4.000 

4.500 

5.000 

5.500 

6.000 

6.500 
7,000 
7,600 


n (light 
crown glass) 


1.5238 

1.5180 

1.5139 

1.5108 

1.5085 

1.5067 

1.5051 

1.5040 


n (heavy 
flint glass) 


1 . 8059 
1 . 7843 
1 . 7706 
1.7611 
1.7539 
1.7485 
1 . 7435 
1.7389 


Using these data, compute the design of an achromatic doublet of focal 
length — 20.0 cm., achromatized in focal length for wave lengths of 4,500 and 
6,500 A. Take one of the lens surfaces as plane. 

Compute and plot the focal length of the lens so designed as a function 
of wave length from 4,000 to 7,500 A. 

6. Prove that two simple harmonic motions at right angles of arbitrary 
amplitudes and phases but of equal frequency yield elliptical motion. 
Under what conditions does this ellipse become a circle? A straight line? 
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7. C'oniputi* tiu‘ tiut'knt'ss ot i\ plat<‘ {>1 <*{il{*iUMUid i 

<piarti 5 ft>r the wavt‘ leiigtli #\ T^SUU A. *tltr hue . I he pnnripal iiidk, 
of refniciion lor cpiartz at tills wave lenj.;th are 

l.Alia; /o hohat 

8. Lii 3 ;ht., pohirizial linearly at an anj;^h* ih’ 3t) with tlu' optic axh of a 

(piartz plate 0.43 min, thick, is normally imhhent on a surlacc whit'li is 
parallel to the optic axis. Assuuu* monocliromatic oi \vn.v(‘ loiigtli 

5,893 A. 

a. What is the phase retanlatiou in (h‘i*;rei*s hue to tin' plate lor tluu» 
pbnents of the elecitric v<‘ctor paralh'I to ami perpi'inlieular to t he optic axis‘1 

b. What in the sta,ti' of polarization of tin* emerp'iit light ? 

9. Prove that liiu'arly polarizeil light at 45“ with the optii* axis wlucliis 
normally hicident on a (puirtt'r-w’ave plate heeomes (*in*uiarly polamed 
upon emergence. What fmh.ors (h'ii'nnim* wlu*tlu‘r oiu* olhnins right- or 
left-handed circularly polarized light? 

10 . If two Nlcols or tourmaline plait's an* mounted as polarizer and 
analyzer, prove that, when the angh* lK'tw(*(*n tin* principal scihloiiH of 
polarizer and analyzer is <^, the ratio of tlu* intensities of tin* light emerging 
from each is given by cos^ b, 

11 . Two Nicols are iisod as polariz(*r and analyzi*r witli th<*ir principal 
sections at an angle of 10° with oa.ch oth(‘r. What is tlu* nlalivi* intensity 
of transmitted light if the angle is (dianged to 75"? 

12. Two light sources arc observed in s(‘<iU(*n(H‘ with a pola-rizer and 
analyzer. The emergent light is found to ha.V(* tlu^ sa,m(‘ intonsity for 
angles of 30° and 60° between the pirincipal s(‘ct ions of (lu^ polarizer and 
analyzer, respectively. 

Compute the relative intensities of the i-wo sources. 

13 . Linearly polarized light of amplitude €» from a> Nieol prism falls 
normally on a quartz quarter-wave plate with the diriuh ion of Si) making an 
angle of 30° with the optic axis of the plate. Tlu*. light, t.lum passes through 
a second Nicol oriented at 60° relative to the first Ni<u)l. 

d. What is the polarization of the light emerging from t lu* (pia.rt.er- wave 
plate? 

b- What are the intensity and direction of polarization of the beam from 
the second Nicol? 



CHAPTEll XVI 


INTERFERENCE AND DIFFRACTION 

We now turn our attention to a numl>er of optical phenomena 
which are entirely forc^ign to tliosc whic.h can be described with 
the help of geometrical optics, and these require for their explana- 
tion a more exact tlu'.oiy, viz., the ('ik^c.tromagnetic theory of 
light. In particular, (^xpcirimf^nts p(ii-fonned Ixdore the time 
of Maxwell involving interhn-ence effec-ts (the addition of two 
light beams to }>rochi(Ui darkn(\ss) ma.d(^ it evident that some sort 
of wave theoiy was r(V|uircHl to ex]>lain them. Wc'. shall approach 
these problems from thc^ stand])oint of electromagnetic theory 
and at Iciast indicate'., in i.hose'. c.ascvs for which the; analysis becomes 
prohibitively involvcid, how oiu^ (!an understand these phenomena 
with the h(dp of (dec.trodynamie*. laws. 

Fundamental in. tlui study of wave optics is the principle 
of superposition, according to which the various wave trains 
which, in th(sr totality, mak(‘. up a light beam may be con- 
sidered as b(ung mutually independent, so that the behavior 
of the beam as a whole may be comptitcd as the sum of the effects 
of the elem.entary wav(^H, tniating the latter as if each existed 
alone. This is characteristic of all wave motion and follows 
from the fact that tlui eqxxations for wave motion arc linear 
equations. The sourccis of ehscti'omagnctic waves of optical 
wave lengths are atoms, and a light beam is a complicated wave 
field involving t/hc^ supeu-jxosition of many millions of elementary 
wave trains emitlx^d by the; atoms in the source. The time 
during which an atom radiates light is of the order of 10~® see.; 
hence even a nearly monochromatic beam of light consists of 
multitudinous elementary wave trains, each about 1 meter long, 
of random polarization and phase. In particular, the random- 
ness of the phases of these elementary waves is characteristic 
of any electromagnetic radiation emitted by atomic or molecular 
sources over which we have no individual control, and such 
radiation is called incoherent in contrast to so-called coherent 
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nuUation in winch llir oi liu' \arittus t>lt*iu(*ntary wave 

can be cnntrollcd ha\<‘ rcl.ntivt* In each othoi. 

Wn havi* alrnudy mniitiuiital ihn iant liiat one may foUov 
the propagation of nha't rouiagnt-lir waves witii the. help oi 
Iluygem’ ■prhiriph , ami we imisl t'onnuiate thi.s principlo {'whicli 
can Ih; (leriv(Hi from tin' fumhuneiitai eleetromagiu'lir equations) 
in a more premise form than we havt> <lime hitherto. In its 
most naive form, Huygen.s’ principle .states that, if one knows 
the shape of a eonstant-phast' snrfaet' or wave front of a wave, 
the position of this wav(' front at a later time At may he obtained 
by treating eaeh point of the wavi' front as a soure(‘ of s(ie.oiKlaiy| 
spherical wavth'.ts. 'Tlu'. wavt' front at lim<( At is obtained by 
constructing spheres of radii e Af. (e th(> \'eloeity of the wav^, 
using each point ol the original wavt' surfae(' as a e.enter. The 
g <‘nv(‘.lope of thes(‘ w'avelets pves 

th(' wave surface a.t rime Ai In 
tins form then* is obviously a 
.sen-ious dc'feet, inaspnueh as one 
fuuls a wav(‘ irav(’lingba(!kward 
as w<dl as oiu*. I.ravt'ling forward, 
although t.lu*. former <locs not 
exist. Tliis is illustrated in Fig. 
211, in whie.h we show a spheri- 
cal wave front. A A emitted by 
a sourcci S, tiui outward travel- 
ing wave front BB at a later 
time At, and also the inward 
r^e ng wave front CC, as given by Huygens’ construction. 

e correct formulation of Huygens’ principle stakis that one 
can 0 am the electromagnetic field at any point by considering 
eac point on any closed surface (it may bo taken as a wave 
ront tor convenience) as a source of secondary wavelets and 

these secondary waves at the point in 
-fl secondary waves, however, have different 
different directions, and, when one takes the proper 

wave Sr a<^count, the “back” 

a rifforon"? ^ amplitude. We shall not attempt 
mate f orm ^ P^nciple but shall use an approxi- 

thev are aIw justifiable for optical wave lengths since 

they are always veiy small compared to the dimensiL of the 
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apparatus employed in the experimental study of optical 
phenomena. 

The fact that the resultant amplitude at a given point of 
an electromagnetic field is obtained by adding the amplitudes 
of the various wav(^s which are passing the yjoint in question 
at any instant of time gives rise to tlu^ possibility of constructive 
or of destructive intcu-fercuuH^, just as we. have encountered in 
acoustics. It is usual to divide; phenomena of this sort into 
two classes, denoted by diffraction or by interference. In diffrac- 
tion effects one is conctmned with the interfereiuic effects caused 
by a limitation of the cross sedition of a wave front. These 
effects are duo to the facit that, in directions other than that 
of the incident wave, the mutual cancellation by destructive 
interference of the secondary Huyg(uis’ wavelets is not complete. 
On the other hand, if one causes two (or more) beams of light 
from two separate portions of the wav(; front to recombine, the 
resulting variations of inkmsity with jiosition arc termed inter- 
ference effects. It must be n'.membcred, however, that both 
these phenomena arc fundamcnitally ascribable to the same 
process, the addition of wave; amplitudes. 

80. Conditions for Interference. — There arc certain funda- 
mental conditions whi<ih must lx; satisfi(;d to obtain interference, 
some of which are inlKn-cmt in tlx; nature of light and others of 
which are necessary if the (effects arc to bo observable experi- 
mentally. For simplicity l(;t us suppose that we have two 
sinusoidal electromagnetic wav<!S which are to give destructive 
interference at a givem point through which both waves pass. 

If we are to have; a steady inteu-ferenee pattern, in the sense that 
the intensity is to stay sjcro at the point in question, then it is 
clear that the following conditions must be satisfied: 

1. The waves must have the same frequency and wave length. 

2. The phase difference between the waves at the point in 
question must not change with time (in our case they must be 
180° out of phase). 

3. The amplitud(;s of the two waves must be equal or nearly so. 

4. The wavcis must. have the same polarization. 

In the case of the interferemee of light waves it therefore 
becomes essential that the two waves which combine to give 
interference must come from the same source. This is due to 
the incohei'ent nature of light waves. Light from two different 
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sources cott )i( i'er {iir< iiiteij'i rt >ie> pnftt nis. Ki»r huctossM 
()l)S('rv;iti(m of ititcrft'n'nci' palii-rii.s pnxluriMi i>y there 
arc two more comlitions which must ho MilisJictl: 

f). Tlui (UlT('r<“tH'(' of o[>tical path hot worn the iwo.beamH 
which comhiuti must lu* vtu’y smtill, unless tin* ii}j;ht is mono- 
chromtUie, or matrly so. 

6. Tlie. (Urectioiis (»f propjmiition of the two i ii t orferiuK waves 
must bo almost tlu' sttmt', i.e., the wav e fronts must make a 
very small alible, witli each other. 

These two comlitions an' imposed heeau.se ime deals in general 
with beams of light which a, re a mixttin' of many wavt* lengths, 

► and it is lU'CA'ssary tlml 1 he dost motive interference at 

/ any one wtivt' hmgth lx* not masked by tlu! partial or 
/ complete, construct iv('. intiu-ferimce of otluu’ wave 
/ lengths in th<‘. sana* beam. In Fig. 212 tire showm two 

/ wave h'onts travrding to tlu' right, inelim'd ;it a slight 

a L angle to each otluM'. Bot h wtt ves ha \'e conu' from the 

/ same source, and led. us stip))ose that w(' tire dealing 

/ with a mixtun^ of wtivt' h'.ngt hs. Supjiost* now that the 

■A optical path from tlat sourer* to the point .1 is the same 

j for both waves. At this point- wr* havr* constructive 

/ interference for till woive Itmgths, sineci (he phase 

Pto 212 between any two eh'nu'id tiry wtivos of the 

same wave length is zrn-o. At, a, ptoint B the optical 
difference in path will be X/2 for sonu^ wave length; lumcc wc 
obtain destructive intcrfercince for this color. Uow('.V(U’, there 
will be partial constructive interferomxr for othm* wave h'.ngths 
at this point, but this will not amount to much for waves of wave 
length nearly equal to X. On the other hand, if ilu*. path differ- 
ence 5.B IS a large integer times X/2, one still obtains (hnstructivo 
interference for the color X, but the waves of wave hmgth almost 

equal to X now completely reinforce each other and mask the 
effect. 

T ■understood more clearly with the help 

+ • -ul figure are shown two plane waves traveling 

® between them. The solid lines 
and the dotted lines troughs. 

aijd Complete destructive 

and eonstnictiye interference, he., the widths of the so-called 

interference fringes. The larger the angle between the two 



Sec. 81 ] INTERFEHENCE AND DIBERACIUON 331 

waves, the narrowoi- becomes tlu^ spacing of the fringes until 
they cannot be separated oven when magnificid. 

There are two general cdasses of devices utilized in producing 
interference phenomena: (1) There are thosc^ which change 
the direction of two parts c^f th<^ same wave front so that they 
later recombine at a small angle. In all siuih devices diffraction 



will also be pr(^s<mt, situi(i limii,(fd portions of the wave fronts arci 
employed. (2) Tlun-c; an^ d(wic.es whi(di divide the amplitude 
of a wave front into two parts and lat-cu' reunite these two parts 
to produce interfcuxaic.e. Thc'.se devices may employ a large 
section of a wave front and minimize diffraction effects. 

81. Young’s Experiment. — The first experiment showing inter- 
ference of light was performed by Young about 1800. The appa- 
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ratus is shown schematically in Fig. 214. Sunlight was allowed 
to pass through a pinhole 8 and then through two pinholes 
and ^ 2 - The two spherical waves emerging from 8 \ and ^ 2 , in 
accordance with Huygens’ principle, then interfere with each 
other to form an interference pattern on the screen, symmetrical 
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about tho point A. In accordance' wiih modern b'chnique we 
shall consider th(^ pinholt's rt'placcd l)y jiarrow parallel slits and 
assume that mouoc.hromat ic light is ('inploycd. \\'(‘ now proceed 
to a calculation of tlu' inti'iisily of ligld at the' point P of tte 
screen as shown in Fig. 215 . 'FIk' slit separation d is always 
very small coraparc'.d to D, Jis an* tlu* cooi'dinah'S .r ol the points 
P at which the patUvrn is ohst'rvcd. 'Thus wa* hav(' 

<1 < < !> and x < < D. 

If tlu* slits *S’i and are cquidis- 
X tant from tlu* soiinu* slit S, the 
Q ehud.ric v(*cf.ors a,f. t lu'S(^ slits will 
1)0 in pha.s(' a, ml of ('(jual amplitude. 
lOithc'.r may lu^ \vritl(in as 

.1 sin 'Zrpt 

The (d(‘.ct.ri(^ vc^ctor at P will bo the 
sum of tlu* a,mplit ud('s of the waves 
coming from Si and from Sa according t.o Huyg(ms’ principle. 
Thus we have 



fip = sin + £2 siu 27 r^r/ — 

which may be written in the form 

Sp — 60 sin (2irvt — <p) 

ei = 6 ! + 61 + 2816, cos 


with. 


( 1 ) 

( 2 ) 

( 3 ) 


as one may show by vector addition of tho two siiio waves of 
Eq. (1). The phase 4> is of no interest in tlu^ calculation of 
relative intensities. Since n and n are practically (uiual and 
are very large compared to all values of x in whicdi wo. are inter- 
ested, we may place €i = 62 = 6, thus neglecting the variation 
of amplitude of the Huygens’ wavelets with direction and 
distance, a procedure which is justifiable in this cas(\ Equation 
( 3 ) then becomes 



^ . 27r. 

1 + cos — (ra - 



46^ co8‘^ 



( 4 ) 


The angle (2ir/X)(r2 ri) is just the phase difference of the 
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two waves arriving at P from S-i and S\, n^spectively. Since 
the intensity is proportional to € 5 , we may rewrite Eq. (4) in 
the following form, calling Ix the intensity due to one slit, 


£ 


4 



(5) 


There remains the task of (;xpr<^ssing ( 7*2 — rC) in terms of the 
distances shown in Fig. 215. We have 


ri = D2 + + ~y 

rf =■ -h(r - £ 

so that 

“■ '^'i — 2 r(r 2 — ri) = 2xd (6) 

where we have set ri + r 2 = 2r. Since x < < D, we may replace 
r by D without appreciable (U'ror and have finally 


r-i — r, 


d 

D 


so that Eq. (5) b(U‘,om(\s 


X 


(7) 


/ 

Ix 



( 8 ) 


which gives the intensity distribution along the a;-axis on the 
screen. The intensity is maximum for 


or at the points 

Xk = 


k\D 

IT 


Trd 

w 


X = Jew 


(k = 0, 1, 2, ■ ■ ■ ) 


(9) 


so that the maxima are uniformly spaced. 

The minima of the intensity are of intensity zero and lie at 
the positions given by 

= (k+i)^ (k = 0, 1, 2, S, ■ ■ ■ ) 


or 


Xi, = (k + 


( 10 ) 



la.Kd'uiriT) .i .\ n orru's 
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'Plu' 'ml('g:(‘r k is cnllfd tlir <>r<lt‘r nt' the iiitcrl’crcnct'. 'Hu; dis- 
In'twc'cn two noiKldxiniifi; innxima tor iiiinhna) gives tlie 
s]);u‘iiig; jS' of ilu' t'ring:cs and is taiiia! to 

and tills affords a, din'ct lui'lliod of d«‘(rrniiniHf>: (h<‘ wave length 
of light. 

Tho maxima a.n(l minima, may lx* locatod by an ('Icnuaiiavy 
argument. Maxima will oecur whomwor tin* diffi'renco of path 
(rs — ?'i) is equal to a, whok- number of w.ave lengths, giving us 
(ioustructivo interl'erenei'. 'I’lius we must havi' (/'■.; — ri) = \\ 
or, using Eq. (7), 

kkl) 

- d 

in agreement with JC(i. (<)). 'Plu' loea.tion of t li(' minima proceeds 
in exactly the same maniu'r, sidling (.r- rO equal to an odd 

p number of lialf wave lengths 
^0 so a,s lo produiH' di^structivc 
iuterrereuei'. 

82. Interference in Thin 
\ //A ^W Films; Newton’s Rings. — Tho 

\ lirilliant eolors of a. thill film of 

\ /////// ^''1 lloat iiig on wa.l er or of a thin 

\ /////// «oap film aro due to interference 

j byp<i wduiro the 

amplitude of t-he ineident wave 
Xvy^ is divided by refleetion and 

t. „ refraction at the boundaries of 

the film. Biqiposo a plane wave 

in air is incident on the film. Part of t,he wave is reflected 
at the first surface and part transmitted. This second wave is 
partia y reflected (internally) at tho second interface and 
partially transmitted through the film. When the internally 
reflected wave impinges on the first surface, part of it is trans- 
ited and part internally reflected, and so on. The phase 
ierences between the first reflected wave and those emerging 
rom the top surface after successive internal reflections give 
i to interference patte^. The multiple reflections between 
the boundaries of a thin film with parallel faces is illustrated in 
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Fig. 216, the various reflected rays being focused at P by the 
lens L. 

To find the phases dilfcrcncciS between these reflected waves, 
we must compute the path difference for a pair- of successive 
waves, such as 1 and 2 in Fig. 216. In so doing we must remem- 
ber that there is a jihase difference of 180° between the incident 
and reflected electric v(^ctor produced wlnm a wave is reflected 
at the surface of an opticially denser medium and that no phase 
change occurs when reflection takes place at the surface of an 
optically rarer medium [stu^ Eep (25), Chap. XIII]. Thus wo 
can understand why a very thin soap film (of thickness small 
compared to the wave length of 
light) appears blacflc by reflected 
light. 

In Fig. 217 let d be thc^ thick- 
ness of the film of refractive 

index n, and lot i and r be tlu; 
angles of incidence and refraci- 
tion, as shown. We am to 
calculate the phase diffcirencc'. 
between the corresponding 
points A and B on the refloctcul rays, whore AB is drawn perpen- 
dicular to the rays (1) and (2). The distance traveled by the 
internally reflected ray OCA is evidently 

21 = 

cos r 

The time of traversal of the i')ath OCA is hence 

21 2nd, 

h — — 7 - = 

c/71 c cos r 

The time of traversal of the distane.e OB = x sin i 
is similarly 

21 sin r sin i 

h = — 3 — 

The difference of time of traversal gives rise to a phase difference 
equal to 2irv{ti — t/), from which we must subtract .x since 
the electric vector undergoes this change of phase at reflection 
of ray (1), whereas there is no such change?, at point C for internal 
reflection. The difference? of time is thus 


( 12 ) 

= 21 sin r sin i 
(13) 
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i^i.icr-narrry ,y„ 


h - A . -X 


((•’'Hap. xv 


‘Silico wiri^ / 


‘ '■ sill / sin r) 


n .sin r, 


I ■ Nin'-' /•) 

< ^ r ^ ^ 


tho ph;us(i (liff,.,,.n(v /„.,•< 


>rn<‘s 


^^illCO 7//c = j 


S</> iL-; . 




ro.s r 


A<^ ^ 27r^ 


necessary eondit 


., •i-Tr/itf 

X '• “ ^ 


— J' '^'ainmon f(„. 

* i» a„ i,„„.^.,., ' , '. i''';."'’" 

' nf lor maxima 


•*■ IS that 


X ~ ' - TT 2/,-: 


CO.S r = C/c _L 

whereas for minima (n^nxima) ( 16 ^ 

2 nc? cos r =- 

wher^ in Eqs. (ig) and a7'> ^ 

it is satisfied, so or ;> 5 (‘ro. 

216 emerge'irphat' ^^fSd'rays 'f 7^^' 
evidently sncceediniTr. 

«ve interferenee I “ ‘““d, when tht' oo,n'; ’ t" 

and 2, we see 7u f by En ’fc coi,dit,„n of eonstnic- 

'^iereas rays 3 6 7 T" «• «*« wmh ‘'“'y® ' 

reflections, there ^ if drops off '' 1 '' 

conditions: For ^ -^aSmnl 

weaker than ray 1 intensity ^T-'^ 

However onp pq alone canr. ^ ^considerably 

aji the suceess’ive wav" 2 3 ^““"* «>« of 47 '’'®“^ 
of wave 1 , yieldino- i ®*c., is iu<,x ^ amplitudes of 

®““P'<^te darO^^P^ltP ‘ho amplitude 

^oe minima. 
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Equations (16) and (17) .show that, for normal incidenco 
(gos r = 1) strong reflection occurs whcui the film thickness is an 
odd multiple of a quarter wave length in th(^ film, whereas no 
reflection occuns if the thickno.ss is an ov(m number of quarter 
wave lengths. This is the principle underlying the bc^havior of 
so-called “invisible” glass made by evaporating a thin tran.s- 
parent film on its surface. 

If the convex surface of a plano-convex lens is placed in 
contact with a plane glass plate, a thin film of air of varying 
thickness will be formed between 
the surfaces. The loci of points of 
equal thickness will be circles con- 
centric with the point of contact. 

Such an air film shows circular 
interference bands, known as 
Newton’s rings. When viewed by 
reflected light, the center of the 
pattern is black and, when viewed 
by transmitted light, it is white. 

To obtain a relation between the radii of the interference rings, the 
wave length, and the curvature of the lens surface, we have from 
Fig. 218 

d = RO- - cos d) = 2R sin2 1 

Zi 

For small angles 6 we may sot sin^ {0/2) equal to 0^/4 and place 
0 = r/R BO that d is very nearly given by 




(18) 


Hence we shall observe a dark ring by reflected light if, according 
to Eq. (17) {n = 1 for the air film). 


2d cos r = k\ 


so that, using Eq. (18) and placing cos r = 1, since the angle r 
as measured with normal to the film surface is very small, 


R 

or 

rl = kR\ (k = 0, 1, 2, • • • ) (19) 
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giving the radii of ( dai-k 


Hijirriiiciry am, 
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bnght fringes arc givcni, a,(*(-or(ling to 

= (k + l)A>x (/, 0 , 

83 . Interferometers.- -'riu‘ Mirhri • ^ 

mstrumcnt wl,icl, is «i 

distances m terms of (,Iu‘ wa.v(> U^uirtU V,r r smaH 

parts are shown in 219 hiahl fiv,, ^'S^cntial 

by lens L and falls on a pPUv P wl, 

of 45” «th the beam and i,sViK,„i; V, !'.;i'” i'll l''"' “ “S'* 

“ “- — 



Fig. 219 . 

mirror M-> a-nA +i. 

plate Pj is identical with"and'T)ar rf’?"'*”* *" mirror Mi. The 

t ^^ored. It is used so tC “ ‘o o />„ oxoopt that it 

jPiUJ>i contain the same thicki, * ‘"i- P>MiPi and 

whenewr Ught oI nraTy ta™ r * ® ''''™ 

dispersion of glass. ^ '“Stlis is used because of the 

^"'es“op^‘^'Si“seL°'the™^^^ at E with the help of 

half-silvered plate P. a^d sulci “r”'™'’ through the 

el™l' “ 'ii^tances from P l! “I™'' reflected 

each eh ^ mirrors Mi and iw ^ mirroi-s are exactly 
^ other and at 45” with P, th^^* exactly at right angles to 
surface of M,. if ftp adnstmll^*® <=°i““d“ ™‘h the 

of eir film exists between the exact, then in effect 

e and causes the inteiferenoe'^llM*’ 

oe pattern observed. As the 
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mirror M^, let us say, is moved, the system of fringes is displaced, 
and a displacement of the mirror of one-half wave length causes 
each fringe to move to the position formerly occupied by an 
adjacent fringe. Thus, by counting fringes, extremely small 
distances may be measured. 

The Fabry-Perot interferometer utilizes the fringes produced 
in the light transmitted by an air film between two hghtly silvered 
surfaces of plane parallel plates Pi and P 2 of Fig. 220. The 
separation d between the reflecting surfaces is of the order of one 
centimeter, and the observations are made near normal incidence. 
To observe the fringes, monochromatic light from an extended 
source, of which S is one point, is made parallel by the lens Li, 
and the transmitted light is brought together to produce inter- 

Pi P2 L2 p 


S 

d 

Fig. 220. 

ference by the lens L 2 . In Fig. 220 a ray from S is incident 
at an angle 6, producing a series of parallel rays at the same 
angle, which are focused at P by the lens L^.. The condition 
for constructive interference will be the same for all points on 
a circle of radius OP, so that circular fringes will be observed. 
In the actual instrument one of the plates is fixed and the other 
may be moved toward or away from it to vary the distance d. 

84. Fresnel and Fraunhofer Diffraction; Fresnel Zones. — 
When the cross section of a beam of light is limited by allowing 
the light to pass through an opaque screen containing one or 
more apertures, the distribution of intensity in the transmitted 
beam as observed on another screen or with the help of a telescope 
is called a diffraction pattern. If the diffracting screen (or 
obstacle) is placed between source and obser'vdng screen and no 
lenses or mirrors are employed, the resulting phenomenon is 
called Fresnel diffraction. In general, both source and observing 
screen are at finite distances from the diffracting screen. If, on 
the other hand, one employs a plane wave of incident light. 
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either from a distant source or collimated with the help of a lens, 
and the diffracted waves are observed with the help of a telescope 
focused on infinity or observed on a very distant screen, the result- 
ing pattern is known as a Fraunhofer diffraction pattern. Funda- 
mentally, both types of diffraction are only different aspects of 
the same basic phenomenon and are explicable in terms of 
Huygens’ principle. Our first task, then, is to examine this 
principle more closely than we have up to this point and to see 
how it explains the rectilinear propagation of light for unob- 
structed waves. 

Consider a spherical wave diverging from a source 0, and 
suppose we wish to compute the amplitude of this wave at a 
point P, which lies at a distance R from the source O, utilizing 


B 


Fia. 221. 



Huygens’ principle. First we construct a spherical surface of 
radius r^ < R with its center at O. This is a wave front, and 
we must consider each element of area dS on this surface as the 
source of secondary waves which in their totality combine at P 
to give the resultant wave motion at P (Fig. 221). The relative 
phases of the secondary waves arriving at P may be readily 
obtained by noting that it takes a time r/c for a disturbance at 
dS to reach P. Thus the relative phases of these waves are given 
by ’2nrrJ\. It is not evident what the relative amplitudes of 
these waves Avill be. We would expect them to be proportional 
to d&, the area of the elementary source on the wave front, 
inversely proportional to r, and this is true. In addition, how- 
ever, it turns out that they depend on the angle B in Fig. 221 
in the form (1 4- cos 0), where B is the angle between the normal 
to the spherical surface and r, so that cos B varies from +1 at 
A to — 1 at B. This so-called ohliquity factor eliminates the 
‘‘back” wave in the elementary Huygens’ construction. 
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As wc shall MOO pn'stMitly, for an unobstructed wave the 
secondary waves from all ('lem(ui(,s of ansa d/S mutually destroy 
each other by intxu'feJHUice, at /^, uxeepi for those originating in 
a very small region around the point A; hence to all intents and 
purposes tlui effe<d, is tlu^ sam<i as if tlui light traveled in a straight 
line from O to P. 

If now some; sort of obsl,aclo, such as the opaque screen indi- 
cated in Fig. 221, is instu-tcal betwcum O and P, we no longer 
have the possibility of tlu’i mutual cjanccllation of the secondary 
waves from dPi and d!^' (kd'i us say), since the screen prevents the 
waves from d^* from nuiching P. This gives rise, then, to 
diffraction, and one may obtain even larger intensities at P 



than without the screen. Fresnel has given an ingenious method 
of computing approximately the contributions from the various 
secondary waves which enables one to obtain the essential 
results without complicated integrations. Let us consider this 
method for the case of a plane wave to compute the effect 
produced at a point P ahead of the wave (Fig. 222). In a 
plane wave front we describe a series of circles about O as a 
center (Fig. 222) of radii ri, r^, Tz, etc., such that the distances 
from P to these various circles increase by \/2 as we go from 
one circle to its neighbor. The line PO == d is perpendicular 
to the plane. We have thus divided the wave front into zones 
called Fresnel zones or half-period elements, and a similar con- 
struction may be readily carried out for the case of a spherical 
wave, as in Fig. 221. Now the phase difference between the 
waves arriving at P from O and from the edge of the first zone 
(at ri) is just 
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2,1 

A 


d 

X 


= TT 


SO that all the waves arising from points lying within this first 
zone give contributions, at a given instant of time, of the same 
algebraic sign (let us say positive). Similarly, the phases of 
the waves coming from the second zone (relative to that coming 
from O) lie between tt and 27r, and these waves give negative 
contributions, those from the third zone positive contributions, 
and so on. The resultant amplitude ri at P will then be the sum 
of the conti'ibutions from the various Fresnel zones, a sum of 
terms of the form 


ri. = «! — a2 + U3 — U4 + • ‘ • + a„ (21) 

where successive terms alternate in sign and have magnitudes 
which decrease very slowly, as we shall see, as we proceed from 
one term to the next. The magnitudes vary because of three 
effects: (1) the areas of the zones change slightly from zone 
to zone, (2) the distance from the zones to P increases slightly 
with increasing zone number, and (3) the angle 9 referred to in 
the obliquity effect increases slowly with increasing zone number. 
The net effect is that there is a slow decrease of magnitude of 
an with n. This is also true for the spherical wave case. 

Let us compute the areas of these zones for the case under 
discussion. From Fig. 222 we see that, for the nth. circle, we 
have 

+ rl = 

or - 

«2X2 

rl = ndK + (22) 

and for the (n — l)st circle 

rl-x = {n- l)d\ + (?^ - 1)2 (23) 

The area of the nth zone is accordingly 

Bn = Trr\ — 7rr2_i = x(fX + ^(n — ^)X2 


or 




( 24 ) 
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Now, in gniuu’al, X < < d, so l.Iuil/ the scm^oiuI ten'm inside the 
parenthOfSes of !*]<), (24) is lu-gligibk*, and we Iiavo very nearly 

/S’„ — ird'K (25) 

independent of tlu^ zone number. 

Returning to l.lu^ (imistion of the. amplitude A as given by 
Eq. (21), we shall show tliat it is very iKiarly given by 

A = H" (in) (26) 

ie., that the sum of an alternatitig scries is approximately 
half the sum of the first ami last t(n’ms if the magnitudes of 
successive^ bu'ins ani almost <i(iua,I. To soo this, let us rewrite 
Eq. (21) in (,he form 


ai ( ui 
_ + 


(i‘i + 4") 


I “b ^ I 

di Ar -2 j A- 


~2~ ~ + Ty + ¥ 


and, since the amplitu(l(^ from any zone is nearly equal to the 
average of thos(^ of tlui preca^ding and following zones, we may 
write 

<2l “f* OS3 

= “2“ 

<23 + <25 
04 = — y— 

etc., 

so that all the terms in the parentheses vanish, and we are left 
with the result expressed by Eq. (26). 

If we are concerned with a problem in which a very large 
number of zones contribute, the effect of the last zone is in 
general negligible, and we have 

^ = y (27) 

showing that the amplitude at P is essentially one-half the con- 
tribution from the first zone. Thus, for example, in the case 
of the unobstructed spherical wave of Fig. 221, the amplitude at 
P may be thought of as coming practically from the point A of 
that figure, so that the concept of a ray is justified from the 
standpoint of wave theory. 
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85. Application of Fresnel Zones to Fresnel Diffraction. — The 

general method of calculation of the diffraction pattern due 
to the interposition of a plane opaque screen, in which there 
are one or more apertures between the source and the observing 
screen, is to assume that the amplitude of the hght wave at all 
points of the apertures is the same as if the diffracting screen 
were absent and then to sum up the contributions at the observing 
screen of the various Huygens’ secondary waves emitted from the 
points within the apertures. For the Fresnel case this is a 
complicated task, and we shall not attempt quantitative solu- 
tions, but shall examine the qualitative nature of the phenomena 
with the help of Fresnel zones. Suppose, for simplicity, that 
there is a single aperture in the diffracting screen in the form of a 
rectangular slit. In this screen we imagine the Fresnel zones 

constructed and can then ex- 
amine the diffraction pattern, 
the nature of which depends on 
which zones are uncovered and 
can transmit waves and on 
which zones are obscured by the 
screen. 

Suppose first that the center of the zone system lies well 
wdthin the aperture, corresponding to an observation point P 
which should be fully illuminated according to geometrical optics. 
The central zone is fully uncovered as well as a number of others, 
but, as we proceed to larger zones, they become partially covered 
and finally completely covered. This is indicated in Fig. 223. 
The amplitude A at the observation point is the sum of contribu- 
tions from the various exposed zones, and, while the areas 
decrease somewhat more rapidly when we reach the partly 
covered zones than for an unobstructed wave, we still may use 
the result that A is given by half the sum of the first and last 
terms. Since the last zone is almost entirely covered, we have 
left 3 ust half the contribution from the first zone, so that we 
obtain the same intensity as if the screen were absent. 

As a second case, suppose the observation point P is near 
the edge of the geometrical shadow, making the center of the zone 
system near the edge of the aperture. The first zone may be 
partly obscured so that the intensity is less than without the 
screen. If the first zone is completely uncovered but the next 



Fig. 223. 
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Hff) 


onos partially obscured, (he (>onlrilmtions o-.;, a:i, e(<'., may vjuy 
so rapidly that, it would Ik* ineorreel- !o lake hail' (ii('. sum of lh<! 
first and lasi; /Amu <ion( rihu( ions. In such a, easc^ on<‘ mip;ht vV(dl 
obtain an amplil.udo ;1 fj;iva,(or (ha,n ai/2, so (hat. (iu^ inl.('nsiiy 
would be greater (iian in I.Ik* absema' of I lu’ seretm. As oiu^ movers 
past the o(lg<^, su(*eessiv(^ Jiones Ix'eome: eovi'nal, and th(U‘(^ is 
periodic variaiion of int.(mHity; (,hes(‘ ani t.h(^ diffraction fring(;s. 

Finally, if \V(^ mova^ (,h(^ poiid. I* W(di inlio tlu^ geometrical 
shadow, the firsi; f(>w koiu'h ar<^ obs(airod. A certain zone is 
partially un(iov(!r<Ml and siuaaa'ding zoiuw j)(Ha)nH5 rnon^ uncowcu'ed 
to a considcu-abh^ (!X(.(mt. 'Tlu^ larg(U’ zoiu;s again betiomc more 
and monj obs(‘.ur<sl, ami, in the sum of tins contributions 
Ui • • ■ a, „ (die firsi am I la, si forms are zero, so tiiere is no intensity 



at this point. This is well within the geometrical shadow, 
and, speaking physic, ally, the waves from the partially uncovered 
zones mutually cancel by interference. 

Having obtained a general picture, let us examine a few 
special cases more closely. Consider first the diffraction pattern 
formed by a circular opening in the diffracting screen as shown in 
Fig. 224. Suppose that the size of the circular opening is such 
that only the first zone (the point- H being on the axis) is uncov- 
ered. Then the amplitude at P would be ax, or twice the ampli- 
tude in the absence of the screen. This means that the intensity 
is four times as great. If we imagine the opening now increased 
until two zones are uncovered, we have an amphtude given by 
ax — as, and this is practically zero since ax and a% are almost 
equal to each other. Thus it . becomes clear that the intensity 
at P is a maximum when an odd number of zones is uncovered and 
a minfmnm when an even number of zones is uncovered. The 
same effect may be obtained by moving the observation screen 
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with a fixed aperture. We have seen [Eq. (22)] that the radius 
of the first zone is given by Vx^, and, as D is varied, one can 
obscure or uncover a larger number of zones, leading to alternat- 
ing intensities along the axis. Similarly, one can follow the 
alternations in intensity as the point P moves laterally into the 
geometrical shadow, ()n(^ can also discuss the diffraction pattern 
caused by a circular obstacle by exactly th(', same scheme. One 
obtains the surprising n^sult that, if tlu^ obstacle obscures only 
a few Fresnel zones, a bright spot should appear at the center of 
the shadow. This has btvui observed experimentally and 
provides a most convincing argument in favor of a wave theory 
of hght. Diffraction by a straightedge may be examined with 
the help of an appropriate Frestud zoiu', construc.tion, differing 
only in detail from th(i exami)les giv(ui ahov(u Details are 
left to the problems. 

86. Fraunhofer Diffraction. — Wc^ shall now examine the 
Fraunhofer diffraction pattern producaul by a single rectangular 
slit. For the sake of simy)licity let the diffracting screen con- 
taining the slit be perpcuidicular to tlu^ incidcuit ])lane wave of 
monochromatic light. The patt(u'n is o])S(';rv(Hl on a screen very 
far from the slit (at iiifinity) or witli i.lu^ lu4p of a telescope 
focused on infinity, so that the intensity at a,ny point of the pat- 
tern is due to the supcirposition of all tlu^ dilTracdxul rays leaving 
various points of the aptu-turc', in a given direction. Let us choose 
a coordinate systcun, as shown in Fig. 225, with tlu^ origin at the 
center of the rectangular slit of width a and huigth h. We start 
with the observation scretm at a finit(^ disi.aiUH'. go from the slit 
and consider the wav(^ arriving at P (coordinahis x^^,yoZa) as 
the superposition of cdc'.mcmtary wav(\s coining from the various 
infinitesimal elements of anui dP of the aixu-l.urc;. Since we are 
only interested in the limiting cas(^ of infinile distance from slit 
to P, we may take the mlative amplitud(\s of tlui various waves 
arriving from elementary areas d.Si (of (vpial size) as equal. In 
so doing, we neglect the slight vaiiatiim with angle (the obliquity 
effect); consequently our n^sults will Ix^ valid for small angles, 
i.e., near the center of the pattern O' . d^lu^ valuations of intensity 
in the pattern are thus due practicuilly only to the relative differ- 
ences of phase among the various waves. 'Tlu^ c.ontribution du 
to one of the components of the electric ficild, let us say, at P from 
the wave c.oming from dSi is 
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1 ,V/- I.I^THArTIO.S 

/ iV7’A7i'i‘ hh h ^ * 

J </*^ ■" x) 


correspondiuK ()SfdUUi<>‘‘ 

i ' 


(/aS Sin 27 ri 4 

• ,,„„,,.Un..W,n. trom the vanous 

at<iS,aud a.. ™>;: \ ■ 

’ / A,, (29) 

. +iw> whole slit area, 

wtoro tte int,..c;ral,i.... must express r. the 

IB ordei’ te esU'ry out the h 

4 >/ 




P(Xo,Yoi^ol 








—xfr'^~T~~r I \ V^tneident plane 

llV y^ove 

' Pia. 225 . 

f the coordinates of dS> and of P 

7 o P in terms of the cooi 
distance from d/S to i , ,2 

We have , „ ’12 + (y — yo)^ + 

,2 „ (X - ^2) + yig. 225). 

or. expandir^s -d pladus 

Now xo/P IS ri = w IS rn (30) becomes 

which we denote ’ -gsing this notation, Eq. C 

between P and e 2 lx + 2 wt/ _|_ ( 31 ) 


/P is very small compared terms of the ordei 

Now x/P IS veiy 3^ay negiet 

(the Erannhofe.r case), so 
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X 


2 / 2 ^ 2 ^ and higher powers. Therefore we drop the last 

term in the parentheses of Eq. (31), take the square root, and 
expand according to the binomial theorem. The result is 

r = E — (Za: + my) (32) 

Setting dS = dx dy and inserting Eq. (32) into Eq. (29), there 
follows 


, a , h 

r+2 r^2 / 

"''H 


U 


^ ■ r, / s ^ lx my\ j 
^ sin 2'7r( ~ dy (33) 


If we denote 27rl 
the form 


(-?) 


by 4>, the integrand may be written in 


sin 


K 2TZa;\ 27rm?/1 / , 2irZa;\ 2Trmy 


-.on (<A 


27rZa:\ . "iirmy 


X / 


X 


(34) 


When integrated with respect to y, the scscond term on the right- 
hand side of Eq. (34) gives zero, since 


cos 


2Trmy 




b 
’ o 


0 


The first term on the right-hand side of Eq. (34) may itself be 
rewritten as 


( 27rZx\ 2Trmy • , , 

fP — . ^ \ cos ■ — — — sill 4> (' 


2arlx 2rcmy 


■.os — r — cos . 

A A 

^ . 2Tdx 2ntmy 
cos 4> sin — cos — — (35) 

and the second term becomes zero when intcigrated with respect 
to X, since 


27rlx ^ ^ 

cos — r — = 0 

A a 


Thus we are left with the first term of Eq. (35) which, when 
reinserted into Eq. (33), gives us 
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u 


/ 2Trlx , 

= A sin j „ <•<>« ■ j _h 


,os?^dy (36) 


the product, of two id(^ul.ical integrals. The integral with 
respect to x Ixu^onu's 


X 

2vl 


sui ■ 


2‘rrlx 


and similarly t,h(^ (>th(M- oiu'. is 

27rm?/ 


X 

27r'/u 


SIU 


+l 


X . tIo, 
— i sm — 
vL A 


X . vnib 
— Rin 
Trm X 


so that Kq. (36) yifdds 

A • ah ■ sin 27r( vt 


u 


R 

X 


(rrZa/X) _ sin (^rmh/X) 
/ ida/X Trmb/'h 


and, since th(‘, int(msity of light is proportional to the square 
of M, we may writ(i 


L 

lo 


sin-* a 




where we hav(^ set 


ttZo 


sin^ ^ 
^2 

irmb 


a = 




(38) 


(38a) 


and Jo is the intensity for a = /3 = 0, i.e., at the point 0 in 
Fig. 225. Equation (38) gives the variation of intensity with 
position (given by the direction cosines I and m) in the pattern. 
Since the variation is identical in the x-z plane (transverse to 
the length of the slit) with that in the y-z plane_ (along the slit 
length), it will be sufficient to examine the variation of intensity 
in the a:-^ plane. For all points P in this plane,_ the 

angle between R (of Fig. 225) and the y-axis is . u-s 
|3 = 0 and 

sin^ I® _ 1 


For this case, Eq. (38) becomes 

I _ sin^ a 
To" cc^ 


( 39 ) 
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and this is shown plotted in Fig. 226. The maximuna intensity 
occurs at the center, falls off to zero lor o: = x, 2'7r, 3x, etc., with 
secondary maxima approximately halfway between. If we 
take the positions of the maxima at th(^ points 

Tral 3x 5x , 

“ = -r = T’ T' 

the relative intensities at tluise points arc 

(s)’’ (!?)'■ ” "*'=• 


Thus we see that the intensities of the secondary maxima fall 
off very rapidly as one proceeds away fi-om the central maximum, 



so that practically all th(^ light is concentrated in the central 
diffraction band. The half angle Q subtended at the slit by 
this band is given by 

sin 6 = 1 — ^ 


or, for small anghvs, 



a 


( 40 ) 
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This is shown in Fiji;. 227, in whicili wo may imagine the slit 
dimension b to b(‘. so hu‘ge compared to a that we have essentially 
a onc-diimmsional ])attern. Notes that the pattern becomes 
more extended tlu', long(n* (die wav('. length, or the narrower the 
slit dimensions. 'The general expression for the location of the 
minima is given by 

= k.TT {k = 1, 2, 3, ) 

or for th(‘, angh^s 

win 0 = 1 = k- (k = 1, 2, 3, ) (40a) 

Cb 

In considering Young’s experiment on the interference of 
light by two narrow slits close together, the assumption was 



tacitly made that the slits were narrow enough and close enough 
together to cause considerable overlapping of the central maxima 
of the diffraction patterns of each slit. We shall now examine 
the problem of the Fraunhofer diffraction pattern due to two 
slits, each of width a and separation d between centers. We 
shall, for simplicity, consider the slit lengths large compared to 
their widths, so that we may be concerned only with the one- 
dimensional pattern, i.e., with the variation of intensity in the 
a:-direction on the observation screen. Even for slits not long 
compared to their width, the pattern is altered from the single 
slit pattern only in this dimension, so that we lose no generality 
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by taking m = 0 ( 2/0 == 0) for the points P at wliich we compute 
the intensity. 

The method of calculation is idcuitical with that employed 
for a single slit, except that we must now carry out the integration 
over two slits instead of one. Thus we may take over Eq. (33) 
as it stands, setting m = 0, and have 


u = Ah 



sin 2x1 vt 




R 

\ 



dx -[- 



sin 27 r( vt 


(‘ 


R 

X 



( 41 ) 


since, with an origin at the center of the first slit, the second 

extends from ('-j) to If in the second integral we 

set x' = X + d, it becomes 



R _ld 
X X 



dx' 


Proceeding as before, each term in Eq. (41) yields a term of the 
form of Eq. (36) with m = 0, and we obtain in place of Eq. (36), 

,,/ hkico, • o f 

u = Abi I ^ ) sm 2'7rlvt -) + 

t)] 

The term in the square brackets may be written in the form 


sin 2x( vt 


' 


R 

X 


B sin (2xj/i5 — 5) 

with 

= 2^1 + cos = 4 cos2 ^ (43) 

The phase 5 does not interest us since it does not contribute 
to the relative intensity. Note that Eq. (43) corresponds 
exactly to Eq. (8) for the interference pattern relative intensity 
in Young’s experiment, since I — x/D. The remaining terms 
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in Eq. (42) yi(4(l (ixac.tly l,hc‘. nqativc^ Liloiisity in the diffraction 
pattern of a sinp;lo slit as (‘.xprcssc^d in Eq. (39). Thus we may 
write for the r<^lativ<^ int(iusity in tlu^ double slit pattern 


7« 


4 ' 


sin^ a 


cos-^ y 


(44) 


with a = Trla/\ as before, and y — 7rld/\. 

Thus the int,(;nsiiy pattt'.rn is given by the product of two 
factors, oiui tlie diffra(;tion pathwn of a single slit and the other 

t ?T<. 



the interferoncf^ pattern 

of two 

diffraction pattern is modulated 

The minima occair when 

either 

■y — (/c -h 

(/c = 

or when 

oc — (j + l)7r 

(i = 

Since 

Trla ira . 

(X = sin 

and 


(46) 


ttM ird . 


where 6 is the angle which the diffracted rays make with the direc- 
tion of the incident light, the conditions for m i ni ma, expressed 
by Eq. (45), may be written in the form 

d sin 6 = {k i-)X) 
a sin 6 = (i + l)^j 


( 46 ) 
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The positions of the maxima arc not given by any simple relation, 
but, near the center of the pattern, we may take constant. 

Then the maxima occur approximately at tli(> positions 


d sin 9 = k\ ( 47 ^ 

Figure 228 shows a plot of tlu^ ini.ensity (oirve for a double slit 
with d = 3 a. 

87. The Diffraction Grating ; Many Slits. — In the last section 
wo have seen that the interhn-eticc', (Tfetd between two slits 
produces comparativ(4y shai-p maxima in tlui oth(n-wiso slowly 
varying diffraction patt(n.-n of a single', slit. ''Phis effect can be 
enhanced tremendously by utilizing a larg(^ number N of slits, 
and in this form one has a plaiu*. diffracd.ion grating which is 
remarkably effective in cmabling a spcw.tral analysis of light 
consisting of a mixture of waves lengths. 

Suppose we have a numb(ir N of similar parallel slits of width 
a along the a-axis, with a spacing b(d,we(ni (uniters equal to d. 
This is the generalization of the double slit jjroblem. The 
analysis proceeds along exact.ly the same lines as that of the 
double slit, and we shall omit, the dch.ails of the calculation, 
since it becomes unnecessarily involved when (U)mplex numbers 
are not employed. The result. t.a.kes a form just like the result for 
a double slit, i.e., tlu^ relative intumsit.y distril)ution is that 
of the diffraction pattern of a single slit mult.iplied by the inter- 
ference intensity distribut.ion due t.o a system of N slits. This 
can be expressed in the formula 


J_ ^ /sin 2 a\ .sin 2 UNld/X) 

la \ cx“ J .sin- (ttW/X) 


Note that this reduces to hkp (44) for thc^ .spcuual ca.SG N = 2. 
The factor I ahuady b(um di.scu.s.s(^d; hence we need 


only concern oursedve^s with tlu^ .sec:ond factor in Eq. (48). 
Different points of the intemsity patbvrn correspond to different 
values of I, and, as I is varied, both the numerator and denomina- 
tor of Eq. (48) take on values l-x'twcum zero and unity. The 
oscillations of the numerator 
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give rise (.o a pa,t.t('.rn of in{,erl‘(',renco fringes which are very 
closely H])ace(l, siiu^c', l.lu^ function becomes zero whenever Z has 
values giv(ui by 

I ^ 0 = (;/ = 0, 1, 2, • ■ • ) (49) 

In between iJu'se; luiniina there will bo maxima of the interference 
fringes wliieh will hav(‘ (liff(U'(uit values because of the variations 
of the (lenoininator-, whi(^h is 

«i»= (f ) w 

and b(u*,a,iis<' of tlu^ fac^tor ^ )• If we disregard the varia- 
tions of th(‘ least intense maxima occur when the 

(Uaiominator (<l) <'(iuals unity, i.e., when 

“ (i + ■O’r O' “ 0, 1, 2, • • • ) (SO) 

For values of I satisfying Kq. (50), the numerator (n) is also 
unity, and tlu' intensity of these weakest maxima is given by 

/ = /■„ ^ 7, (least intense maxima) (51) 

This e(|uat, ion holds very nearly in the region of the center of 

( sin^ of\ 

— ) equal to unity. 

This region of validity of Eq. (51) becomes larger, the smaller the 
individual slit width a. 

In the same approximation the most intense maxima occur 
when the denominator (d) is equal to zero, and these are called 
the principal maxima of the interference pattern. Their location 
is determined by 

. JirU\ 

Kt) ^ 

or for angles 6 given by 

T A. 

Z = sin 6 = k-^ 


(fc = 0, 1, 2, • • - ) 


(52) 
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Now since we have the reflation 


lim of 


, sin‘-^ ijcNld/X) 


(w) 


siii^ (TrZof/X) V \ / 

we have for the intensities of the principal maxima 




sm'^ O' 


(principal maxima) 


Thus the ratio between the intensity of the most and least 
intense maxima is and this can be made extremely large by 
making N very large 

In a diffraction grating, N is very large, of the order of magni- 
tude of 10^ or 10®, so that the secondary maxima are extremely 
weak compared to the principal maxima. The latter, for 
monochromatic light, appear then as a series of very sharp 
lines with intensities given approximately by Eq. (53). These 
lines occur at angles 6 with the normal to the grating given by 
Eq. (52), and this is the ordinary diffraction grating formula, 
with k determining the so-cialknl order of thc^ sp(H‘.ti-um. The most 
intense secondary maxima will be adjacent to the principal 
maxima, and wc can com]:)ute tlu^ i-elativt^ intcaisities. The 
intensity of the fcth principal maxima (ewery Nth maximum is a 
principal maximum) as given by Eq. (53) ocemrs for 


Nl = 


kN\ 


ox V U/ 7 •» r 

= kN 

A 

and the neighboring secondary maximum occurs for 

INd , 3 

W- = JV-J. + 5 

Its intensity is very nciarly given by 


/ = 7c 


sin- cx. 


. o / ttZcA 

sm- 


SlU'^ O ' 


sin^ ( x/c •+• 


and, since N is very large, 

, , 3x 
sm irk 


= sin" 


( 

\2NJ — \2NJ 
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SO that K(1. (54) Ix'comcs 


N'^1, 


Hiir 


(K 


a( 4 \ 

\<)xV 


I Ik' ini('nsil,y is (4/97r-) times that of the 
nuiximum. 'Tliis is about 4.5 per cent, 


witli tlio n‘sult iha.1 
neighboring prineipa, 

and, though stna.ll, it. is nol. (oitindy ncigligible. 

Finally, w<' must (smsider tli<^ re ^solving power of such a 
grating, /.a., its ability (o pi-()<luc<‘. sc'paratod spectral lines for 
two ahnosti (spiaJ \va.v<‘ l(mg(,lis. 'This is ckitermined by the 
width of t.h(^ ])i-ineipa,l ma,xima,, and thci customary criterion of 
resolving pow('r is to (■on,sid(n- t.w'o spVuitral linos just distin- 
guishable, if t h(^ (a'nt.('r of ttu^ principal maximum, for one lies 
at th(‘. minimum adjaeemt. t.o tlu'. principal maximum of the other. 
This is calhsl t.hc! llayhagh (n-it,(udon. and is an arbitrary criterion, 
since tlu*. r(dativ(’; intensitievs of t.h(^ limvs in the incident light 
play a rohi as well as trhe posit.ions of the principal maxima in 
practice, '’flu'. positfion of tlu^ centcu' of a principal maximum 
occurs for I == k\/d aetjording to hlq. (52). This may be written 
in the form 

INd 

= JSfk 


Now the jHUghboring minimum occurs when 

= {Nk -h l)7r 

[this ma.kcis sin.“ (ttUNcI/X) vanish without having sin^ (Trl'd/X) 
vanishj or, n'.writkm, 

A 

Hence tlui angular sciparation of tluiso two positions is given by 

The condition that two corresponding principal maxima for two 
different wave lengths X and (X -f- AX) have an angular separation 
AZ is given by Eq. (52) as 

AZ = ^AX 
a 
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and, substituting in Eq. (55), we find 



(56) 


This ratio is called the resolving power (more precisely, the 
chromatic resolving power) of the grating and increases both with 
the order k of the spectrum and with the number of lines N in 
the grating. 

88. Resolving Power of Optical Instruments. — In our study 
of optical instruments we have entirely neglected diffraction 
effects, and we must now examine the limitations of these 
instruments due to these effects, i.e., to the wave nature of light. 
A lens, for example, will not produce a point imago of a point 
object, even if all aberrations arc eoi-rectcKl, sincci the kuis, being 
of finite cross sec.tion, i.ransmits only a limited portion of a wave 
front incident on it and thus produc(\s a diffraction pattern. 
An optical system is said to b(^ abk‘. to resolves two point objects 
if the corresponding diffraction patterns arci small enough or 
separated enough to be distinguislKKl as two sc^parate patterns 
in the image. 

Let us consider the case of a telescope obj (active focused on 
infinity, and for the moment lent us suppose', that th(i lens is square, 
rather than circular, and of side a. The central diffraction 
pattern of a point object on tlui axis of the telescope, such as a 
very distant star, will subtend a half angle a at the objective 
given by [compare Eq. (40)] 


Since most of the light falls in this central pattern, we may 
disregard the presence of the ouk'.r diffrac.tion ])attern. For a 
circular lens the computation proceculs along liiuvs similar to 
that given for the rectangle, but the intc^gration is more difficult. 
The result turns out to be that the diffrac.tion pattern consists 
of a central circular disk, on which falls about 85 per cemt of the 
light, surrounded by a series of light and dark rings of rapidly 
diminishing intensity. The half angle subtended by this central 
disk is given by 


„ = 1 . 22 ^ = 


T 


(58) 
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wlicro D is tlu' <li;inH‘t('r <tl (he lens ;tn<l r iiiS radius. Supposti 
weagrcH^ ihnl t wo |)oiii( ohjccis <-;ui just. 1k‘. resolved if the center 
of the din’r:i<‘li<m disk of oik* just, lies a.t the peripliery of the 
diffraction disk of I Ik* s(*eon(l. ( )n(^ them scuis immediately that 
two stars, for <*x;un|»l<*, will lx* r<*s()lv(al by a tek'seope objective 
if tluiir anf>;u!a,r S(‘pa.ratioii fi at. tlu^ <)bj('(d.iv(i is equal or greater 
than a as givt'U by I'kp (5S). 'Thus w<i must have 


a 


1.22X 

1 ) 


(59) 


in order to hava* r<*solul ion of tdu^ t.wo images. Wo see that the 
larger tlu*, diatjud.er of t in* obj(*<d,ive, tlu^ grc^at('.r will be the resolv- 
ing pow(n*. 

Tim ('y<‘. it.s(*lf may be: e.onsidcuxHl as a telescope. If we take 
the dianud.er of I 1 k^ pupil t,o lx*. 2 mm., tlum, for light of wave 
k'.rigth 5,500 A. khp (50) shows 
that tlu^ minimum a.ngula.r sc*})- 
aratiou of t.wo [xtint. o()j<'(d.s 
just r(^solva.bIe. by tlx* oyc is 
about I ndniUv of <ir<\ 
b(d; us compute* t lx* ra.dius p 
of tlui (xmt.ra.! dirfra.(d.ion disk 
foriTKxi by a I<‘ns of a. point, ob- 
ject a.t. a (list.a,ne(‘ I from t.lx; kms 
(Fig. 220). From t.lx! figure wc^ see that oc = p/I and that 
tan 02 == 0/21, so that, using Kq. (58), we have 

p ^ 0.61X 

t I tan 02 

If the medium in which tlu; imago is formed has a refractive index 
Ui, then th<i wav(i lengt h X is related to the wave length Xo in air 
by X = Xo/n 2 . ''Idius wc^ may write 

p = (60) 

^ 712 tan 02 

The resolving power of a microscope is conveniently expressed in 
terms of the lin(;ar separation, rather than angular separation, 
of two point objects which can just be resolved. The distance 
given by Eq. (60) gives the separation of the centers of the 
diffraction disks which arc the images of two point objects 




360 


i:LE(n'RlCfTY AND OPTICS 


[Chap. XVI 


separated by a distance po. The. object separation po is related 
to the image separation p by the magnification of the lens, which, 
according to Abbe’s sine condition [Eq. (14), Chap. XIV], is 


p _ Til sin 01 
Po n-z sin 02 


(61) 


where ui is the refractive index of the medium in which the object 
is located and 0i is the half angles subtended by the lens at the 
object. Since 02 is a small angki (for a microscope objective 
it is the order of 10“^ radian), we may replace tan 02 in Eq. (60) 
by sin 02 and obtain from Eq. (61) 


O.6IX0 
n\ sin 01 


(62) 


The quantity ni sin 0i is called the numerical aperture of the lens. 
The larger the numerical aperture, the better the resolving 
power of the lens. For air the upper limit is about 0.95 in 
practice, but, by immersing the objec.t in oil as is done in high- 
powered microscopes, the numcirical aperture may b(^ increased 
to 1.60. Physically, the eff(K;t of the oil is to enable one to use 
waves of shorter wave length thati in air. 

The numerical aperture of the iniaide<l eye, using a pupillary 
radius of 1 mm. and an ol)jcct distance in air of 25 cm., is 


N.A. = ni sin 0, = 1 • = 0.004 


so that the smallest separation of two points just distinguishable 
as separate objects at a distance of 25 cm. is, according to Eq. 
(62), 


po 


0.61 X 5 X lO-i^ 
4 X 10-'^ 


0.075 mm. 


for light of wave length 5,000 A. 

On the other hand, for a microsempe objective with a numerical 
aperture of 1.60, this distaricci is smaller in the ratio 


1.6 

0.004 


400, 


so that it is about 2 X 10~® cm., about half a wave length of 
light. Since the microscope gives 400 times the resolving power 
of the naked eye, the magnifying power should be at least 400 
times to take advantage of this, l^ho ratio of the numerical 
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aperture of a vi/.rr<),s(’ope objeetwe to that of the eye is called the 
normal 'magm’Jy/.ng 'poioer of a nvicroseope. A lower magnifying 
power will iiol, t.ak<^ full ;i<lv;uii;ige of the resolving power avail- 
able, and a larg(U’ niaguifyiug pow(u- gains nothing in detail 
and loses in brighl.iu^ss of th(^ image. However, if enough 
light is availa.l>l(^, ojh^ fn^pumtly (unploys higher magnifying 
powers for ('.ase of observairion. One defines the normal magnify- 
ing pow(!r of a t(^i('seop<^ in n. similar manner. 

Problems 

1. Two piano wavos, <?a.<ih of wave length 6,000 A., travel at an 
angle as , shown in Pig. 218 a,n<l form interference fringes. If the smallest 
separation hel.weon n<n‘ghl)oring light and dark fringes is to be 0.01 mm., 
what is (,hc‘. la,rgo.s(, angle 0 jillowable if the fringes are to be observed? 

2. In Young’s ((xp<u'im(nit the separation of the slits is 0.1 mm., and the 
distance; from slits to h(!r<!<;n is 1 meter. Compute the distance between 
neighboring (hirk fring(;s: 

a. For him; light of wav(; l(;ngi.h 4,000 A. 

b. For r<!(l light of wav<; l(;ngth 7,000 A. 

3. Pl<»(. tilu; relativ<; inl,(;nsity of light on the screen in Young’s experi- 
ment a,H a fun(;ti<>n of x, t.lu; coordinate of the point P of Fig. 215. Prove 
that the a,v(;rage int.<;nsity is the sjwne as would exist in the absence of inter- 
ference, so t.lud. no (mca’gy is lost in the process of interference. 

4. Suppose; t.Iia,t tlu; light. (;uii)loyed in a Young’s experiment consists of 
a mixture of t.wo wave; l(;ngt.hs Xi and Xa, almost equal to each other. Derive 
an cxprcssioti for tlu; <li(T(;r(;n(;o of these wave lengths such that one of the 
maxima for om; wave; J<;ngt.h is located at the position of a neighboring 
intensity minimum e)r the; e)ther. 

6. Find the; tlii(;km;ss e)f a plane soap film of refractive index 1.33 for a 
strong first-e)rd(;r revflc;(;tion e)f tire red hydrogen line of wave length 6,563 A. 
at normal in(;ide;nce. What is the wave length of the light inside the film? 

6. Two pic;e;<;s of plane; plate glass are placed together with a piece of 
paper botw(;on l.he two at one eelge. When viewed at normal incidence 
with sodium light (X = 5,893 A.), eight interference fringes per eenti- 
motor are observed. Find the angle of the wedge-shaped air film between 
the plates. 

7. If the radius of curvature of the convex surface of the plano-convex 
lens used in producing N(;wton’s rings is 5 meters, what will be the diameters 
of the fifth and tenth bright rings for the red hydrogen line, X = 6,563 A.? 

8. Newton’s ring experiment is performed with violet light using a con- 
vex lens surface of raduis of 10 meters. The radius of the fcth dark fringe 
is 4.0 mm. and that of the (k -|- 5)th dark fringe is 6.0 mm. Find the wave 
length of the light used and the ring number k. 

9. Prove that the sum of the amplitudes of all the reflected rays except- 
ing the first in Fig. 216 is equal to the amplitude of the first reflected ray. 
Assume normal incidence. 
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10 A so-called “zone plal.e” is constructed by constructing 20 Fresnel 
zones of the type discussed in Fig. 222 and by blocking off the light from 
every other zone. This zone plate, when licld in the liglit from a distant 
point source, produces a bright spot on its axis 100 cm. from the plate. 
Assuming a wave length of 5,000 A. compute: 

a. The areas of the zones on the plate. 

6 The radius of the zone plate. 

c. The intensity of light at the bright spot relative to ii,s value at this 

point in the absence of the zone plate. 

11 . Plot a graph of the intensity of light at the point, P of Fig. 224 as a 
function of distance D from a fixed circular apert.ure. A qualitative result 
is all that is wanted. 

How would this graph be altered if (he circuhir aperture were replaced by 

an opfiqiK^ circaibir obstacle of the 
Hauio ra.dius? 

12. C'lonsidcr from a line 

sources A' jx'rpcMulicuilar to the plane 
of tlui piip(n* in I'ig. 230, pawaing a 
Hl.niight(ulg(xl f)l)s( B i,o a screen, 
iiH {shown, ih(^ wa.v(^ fronts being 
(‘,ylin(lri(*.a.l. Show l.ha.ii i/he Fresnel 
zoru^s a.r('. strips on tlu^ wa,ve front cc. 
I<'in(l (^xprt^ssions for the angles sub- 
t.cuuhul by l.h(\s(^ zoiu^s iit the source 
A. 

Fio. 2'M). jjj 11 ^. (‘xj)(n*inuait of Fig. 230 

discuss qualitatively ihe^ va.ria,tion of ini.ensity on itu‘. mroo.n a,s a, function of 
X the coordinate oi' when tla^ obsl.a.(^I(^ AB is in tia^ })osi(,ion shown. Show 
that the diffraction pa,tl,(a’n (*,onsisi.s of a s(a'i(^s of pa-ralh^l light and dark 
fringes, the maxima bcang lo<aii.<Kl at vahu^s of x (positive) given approxi- 
mately by 

" (fi d" />)X(2/c “h I) 
a 




and the minima at 



(ci d“ ^^)2/v'X 


Make a rough plot of intensU.y a,s a, fun<':i.i()n of x for both positive and 
negative values of x. 

14 . One wishes to observe the bright, spot. at. t lie eent.er of the shadow of a 
circular disk of radius 2.0 mni. which is placed in (he beam of light coming 
from a point source far enough away so that (lie incident, light on the disk 
may be taken as a plane wave. I'\>r a wave h'ngt.h of 0,500 A., how 
far must the screen be from the disk so t hat. ( he first, two I‘’resnel zones arc 
covered by the disk? 

16 . A single slit Fraunhofer din'ra.e(.ion jiatt.ern is formed with white 
light. For what wave length of light does t he (bird maximum in it.s diffrac- 
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tion pttlt.<!rn w’illi (.lu': ,s(i(i<)n<l inaxiinum in the pattern for red light 

of wave haigt h (>,r)()() A.? 

16. A plants liglil. \v!i.v(' of wave length 5,000 A. is normally incident 
on a slit 1 nun. wide aiul •! nun. long. A lens of focal length 100 cm. 
is mounted ju.st Ixdund ( he slil, juid l,he light focused on a screen. Find the 
dimensions of t he cauil nil j)n.r(. of the. tliffraetion pattern in millimeters. 

17. In (.h(( douI»l<'-sli(, pid ltuni show (.hat, if (ho slit separation is twice the 
width of (ul.her slil,, nil (In^ ev(‘n-order inl.(mforence maxima will be missing. 
■What orders will l)(« missing if (.he ratio is 3:3? 

18. (lompui.e: ( lu^ ndativni iid.ensil.ies of the first five principal maxima of a 
doublcvslit. din'ni,e(,ion pn.i.(<u-n for which d — 5a. Sketch the intensity dis- 
tribution for a sudhucuit l.v h'lrgcc jingular range to include these five maxima. 

19. Plot (.h<i itd.cMisit.y dislribution in the diffraction pattern formed by a 
, grating of four (^cpudly sp.-uuMl slits with d — 3a. 

20. Th<i linu'l.s of (h<! visihhi spechriun arc nearly 4,000 to 7,000 A. 
Find (.lui angidiu’ l)n*:ul(.li of (.lu^ firsi, -order visible spectrum formed by a 
plane gral.ing wit h 12,000 lin<%s per inch. 

Do<w (line viohit, of ( ho (.hird-onhw visible spectrum overlap the red in the 
socoiul-onhu’ spc'ct runi? If so, by how much (approximately)? 

21. Light e.onl.nining (.wo wave lengths of 5,000 and 5,200 A. is 
normally ineidiuil. on a, phuuc dilTraction grating having a grating spacing of 
10“''* cm. If a 2-ui<“(.<u' Icms is used (,o focus the spectrum on a screen, find 
(.ho disl.juKuc h(d.w<‘<ui ( liese t.wo lines (in centimeters) on the screen: 

a. For tlui firsl.-ord(U' spcud.rum. 
h. For tin*, (.hinl-orchu' spiH)(-rum. 

22. Tlui sodium yedlow lino 5,893 A. is a doublet with a separation 
of G A. be.twcicm (.he, two linos. What is the minimum number 
of liiu^s of a grat.ing which will just resolve these lines in the third-order 
spcct.rum? 

23. (lompul.ci (due approximate radius of the central diffraction disk 
fornuHl on (,luc red. inn, of (.lie eye by a distant point object, assuming a pupil- 
lary diamel.er of 2.0 mm. The distance from the cornea to the retina is 
about 1. in., and (,h<s index of refraction of the vitreous humor, the medium in 
which the image is formed, is 1.33. 

24. Find (die juigular separation in seconds of arc of the closest double 
star which e.an be resolved by the 40-in. diameter Yerkes refracting telescope- 

26. Two jiinlioles, 1 mm. apart, arc made in a screen and placed in front 
of a bright source of light. They are viewed through a telescope with its 
objective stopped down to a diameter of 1 cm. How far from the telescope 
may the screen bo and still have the pinholes appear as separate sources for a 
wave length of 5,000 A.? 

26. An oil-immersion microscope will just resolve a set of test lines 
112,000 to the inch, using blue light of wave length 4,200 A. Find 
the numerical aperture of the objective. 

27. Ultraviolet light of wave length 2,750 A. is used in photo- 
micrography in conjunction with a quartz-lens microscope. Assuming a 
numerical aperture of 0.85, what is the smallest separation of two points 
which can be reHolvcd? 
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28 . If the focal length of a microscope objective is 5.00 mm. and its 
numerical aperture is 0.85, what, focal-lengl.li oc.ular slioukl be u.sed? What 
is the smallest separation of two objccl.s just re.solva.ble wii.Ii t,hi.s microscope? 

29 . Provo that the maxima of the funct.xon (siu^ o:)/q:^ oc.cur at values of a 
given by 

oe. — tail OL 

Find the first three roots of this Ciquat.ion (excluding a. = 0), (iompute the 
corresponding values of the function, a.nd eomjni.rt! with the a,pproximate 
values ( 2 / 37 r) 2 ; (2/5v)“ and {2/1-w)-, obtained by taking the maxima at posi- 
tions halfway between the minima. 



CHAPTER XVII 
HEAT RADIATION 

We have rt>p{iat,(;dly si-rofised the fact that the radiation 
emitted by matcn'ial bodices as iK^at, light, X rays, etc., is due 
to the cora})iiied effcicts of many molecules and atoms and is 
incoh(ir(mt. d''h(^ natiini of this radiation depends, in general, on 
the mod(^ of exciiintioii of the emitting atoms and molecules and 
on th(!ir sp(H!ifi({ properties. By the nature of the radiation 
wo mean its si)e(*,tral distribution, polarization, intensity, etc. 
In this (diai)ter wo shall concern ourselves principally with that 
form of radiation known as heat or thermal radiation because of 
the mode of excitation. It is a familiar fact that material 
bodies begin to emit invisible heat radiation (infrared waves) 
as th(;y are luxated; then, as the temperature is increased, they 
emit visible radiation with increasing intensity in the short 
wave-length r('-gion. Furthermore, the total rate of emission of 
energy incrciascis very rapidly with increasing temperature. 

The transfer of energy by thermal radiation is a process 
which differs fundamentally from the corresponding transfer of 
energy by thermal conduction. In the latter case one can 
describe uniquely the process by a single vector (the heat cur- 
rent density) at each point of the medium, and this vector 
depends on the local temperature gradient. On the other hand, 
thermal radiation at a given point of space or of a material 
body cannot be represented by a single vector and does not in 
general depend on the temperature or temperature gradient at 
the point in question. In fact, it is necessary to employ the 
concept of an infinite number of rays passing through a point in 
all conceivable directions to describe the radiation state, and 
these rays are all mutually independent with regard to their 
intensities, frequencies, and polarizations. Even two rays of 
equal frequency and polarization and opposite directions of 
propagation do not combine to form a single ray but maintain 
their individual identities. 
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89. Emission and Absorption; Kirchhoff’s Law. — In building 
appropriate definitions to describe the state of radiation, we 
must keep in mind the fact that radiation of finite energy content 
can never be emitted from point sources but must come from 
bodies of finite size, and, inasmuch as the radiation emerges 
through the surface of a radiating body, one may say that radia- 
tion always comes from, impinges on, or passes 
through an clement of surface but not a point. 
We shall, in our study, employ the approxima- 
tion of geometrical optics, so that we may 
follow the propagation of energy in terms of 
bundles of rays. This implies that we may 
choose elementary areas large compared to the 
wave lengths under consideration {d,A > > X^) 
but very small compared to ordinary dimen- 
sions. Furthen-more, it should b(^ pointed out 
that one can nev(U’ realize a beam of strictly 
parallel rays, but the bundle of rays must form 
a converging or diverging cone of given direction and small solid 
angle. 

Let us consider a material medium or a region of empty 
space which is being travers(>d by radiation and focus our atten- 
tion on an elementary area dA at a given point. This area 
will be traversed by rays propagating in all directions, and the 
energy crossing this ar(^a pen- 
unit time ill a direction making 
an angle 9 with the normal to 
this surface (Fig. 231) will 
evidently be proportional to 
dA cos 9, i.e., to the projection of 
dA on a plane which is peipen- 
dicular to the chosen dii-e^ction. 

The bundle of rays traven-sing 
dA in this direction forms a small cone or narrow pencil with vertex 
at dA, and the energy flow from or to dA per unit time will be pro- 
portional to the solid angle dw at the vertex of this cone (Fig. 232). 
Thus we may write for the energy per unit time (the energy flux 
dF) crossing dA in a bundle of rays subtending a solid angle doi 
at dA, when the bundle has a direction 9 with the normal, 

dF = K cos 9 dA do) 




( 1 ) 
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The proportioiuUity eonstant K is called the specific intensity 
or brightness ot this pencil of rays. This brightness K may 
be furthin- resolved into the specific intensities of those rays 
in tli(^ bundh'. (iorrespoiuling to different frequencies or wave 
lengths in tlu^ radiation and hence has a definite spectral composi- 
tion. If w(i consider those rays, the frequencies of which lie 
betwcion v and u + dv, we may write as the contribution to K 
from t-liis sp(H*.tral range dv, 


K K,dv 

so that 

K = ( 2 ) 

Now let us consider the nature of the radiation which is 
in thermal (upii librium with a material body. For this pur- 
pose consichir an evacuated enclosure or cavity of arbitrary 
shape, and let us suppose that we have attained thermal equilib- 
rium. The walls of the enclosure will all be at the same tempera- 
ture T, and they will be constantly emitting and absorbing 
radiation. If the walls are constructed of material which 
absorbs all t;hc radiation incident on them and reflects none, we 
say that tlu'.y are black. The radiation in the cavity will then 
be isotropic and homogciK'ous, the specific intensity K will be 
independent of position and direction at any point in the radiation 
field, and there will be no preferred state of polarization. The 
energy density of the radiation, which has the same value at every 
point, will depend only on the temperature of the walls, and there 
will be a definite spectral distribution of this energy density at 
each temperature. Under these conditions we say that the radia- 
tion is black, or that it is black-body radiation. 

There is a simple relation between the brightness K and 
the energy density u of radiation at a given point for the case 
of isotropic radiation. To obtain this relation, we must consider 
the energy arriving at the point under consideration coming 
from all directions. Consider the energy arriving at an ele- 
mentary area dA in a direction d with the normal to dA. In 
time dt the energy transported across dA by these rays fills an 
infinitesimal cylinder of slant height cdt (Fig. 233), where c is 
the velocity of propagation, and of base dA, so that it fills a 
volume equal to c cos d dt dA. According to Eq. (1), this energy 
is equal to 
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dF ■ dt = K cos e dA du> dt 


Hence this bundle yields a contril>ution du to the energy density 
equal to 

, K cos & dA dcodi 1 

du = — ~ K. dco (S') 

c cos 6 dt dA c 


The total energy density u is the sum of the contributions from 
all the pencils crossing dA in all directions, and this is evidently 
obtained by integrating Eq. (3) over all these directions. Hence 
we may write 

u = ~ ^ K dco 

and, since for isotropic radiation K is independent of direction, 
this becomes 


using the fact that the solid angle encompassing all directions 
^ at a point is 47r. 

Now consider the ciasti for whicjh the walls 
of our enclosure arc^ p(u-f(H^tly reflecting sur- 
/ faces (diffuse I'efhictors) for all wave lengths, 
/ so that no eiuirgy is absorbed. In this case 
/ the radiation in the (iavity may have any 

composition whatsoevm-, sincci the various 
rays do not inttu-ac.t willi (^ach other and 
ol there is no mechanism by whicli the existing 

jFiu. 233 . vsp(‘,ctral distribution or tlu^ states of polariza- 

tion may be alhuxid. If we introduce a 
tiny black body which is at tlui sarnc^ tcunperature as the 
walls, it will absorb and rciemit radiation so that, after thermal 
equilibrium for the whole systcun is ostablislu'.d, we again have 
black-body radiation at temperature T. Si mu', the black body 
so introduced may be made as small as we phaisc^, its contribution 
to the energy of the system may b<^ disrcigarded, and it acts 
simply as a catalyst which insui'c^s th(5 black-body distribution 
and comigosition of the radiation in th(', (iavity. The black-body 
radiation m a perfectly reflecting enclosuni (with a speck of black 
body at temperature T) may be said to have a temperature 
T equal to that of the black body with which it is in equilibrium. 
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since its sp;uM' (iistril)u(,i()ii juul speetml composition are deter- 
mined uni<iu(dy by this (,(nnp(n-ature. If we place an arbitrary 
body (nol. bl;».ck) oi tlu' mine trmperature in the cavity, the state 
of th(’; ra.din,ti(>ii imist nnnain unchanged (thermal equilibrium). 
Now the (.oi.al rat<i of ctun-gy flow acmoss a closed surface surround- 
ing tliis body must b<^ Kcroj hc.nce 

F = f^n (lA. = 0 

(•,1()S(hI 

Hurfju^c 

where is th<^ normal (a)m})oncnt of the Poynting vector at dA. 
F is composed of ilui itudehmt radiation F\ which enters the sur- 
face from out.side; tlu; nyfUicted radiation Fr] the radiation 
F,, emitt(Hl by (,h<“. body; and finally the radiation Ft which is 
transmi<,t(Hl f.hrougli, thci body and emerges through the other side 
of the surfa(!<!. Ilciuic we must have 


F, = Fr + F, + Ft- 


( 5 ) 


In trav<‘.rsiug i.lu^ body, a fraction a of the incident radiation 
is absorbed, a is (allied the absorption power of the body. 
Evidently for tlu; radiation absorbed, wc must have 

aF, = //„ -Fr- Ft ( 6 ) 

From Eqs. (5) and (6) tluins follows immediately 

aF, = F, 


or, dividing by A, the area of the body. 




A 



( 7 ) 


B is the emissive power of the body at temperature T, and we see 
that it is greatest when a = 1, i.e., for a black body which 
absorbs all incident radiation. For this reason, a black body is 
often refeiTod to as an ideal radiator, and it yields the maximum 
thermal radiation which can be obtained at a given temperature. 
For such a black body, Eq. (7) becomes 

J- ^ (8) 

where B is the emissive power of the black body. Using this 
relation, Eq. (7) may be written as 
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(9) 


The above relations hold, not only for the total radiation of all 
frequencies, but also for that portion of the radiation in the 
spectral range dv, i.e., for frequencies lying between v and v + dv. 
We have thus obtained a fundamental result known as Kirch- 
hoff’s law: The emissive power of a body is equal to its absorption 
power multiplied by the emissive power of a black body at the 
same temperature. It simplifies the discussion, of radiation 
considerably, since the emission of radiation by any material can 
be referred to that emitted by an ideal blac^k body, and the proper- 
ties of the body which one rocpiires an^ simply its absorption 
power. If a body is transparemt for any range of frequencies or 
wave lengths, it cannot radiates energy of these wave lengths. 
The ratio of the emissive power E of a body to that of a black 
body E is termed the cmissivity €. It is equal to the absorbing 
power a of the body. 

Finally, let i.is considcu’ the dependence of the emissive power 
of a surface element on tluj angk', 6 which the (uiiitted bundle 
of rays makes with the, normal to the surfaces The energy 
incident on the area (ilemont dA p(n.' unit time in this bundle of 
angular opening dw is given by lOq. (1), so that wo have 


dFo = K cos 0 dA dw 

If dA is an element of arcui of a bla(;k body, all this incident 
energy will bo absorl)ed, and, if the radiation state is not dis- 

turb(nl (thcumal equilibrium), 
the l)ody must emit a similar 
bundh;; hence 

dE,, = K cos 6 dA do3 (10) 

Tlui sp('.cific intemsity or bright- 
lU'.ss K is l,hat corresponding 
to blac.k-body radiation and is 
r(dat(Hl to tlu! energy density 
thc!r(H)f l:)y Jilq. (4). To calculate 
the total emission rate from this 



dA 
Fig. 234. 


surface element, consider the radiation emitted in the hollow 
conical bundle between 6 and 6 + dO (Fig. 234). The solid 
angle of this hollow cone is dw ~ 2Tr sin 6 dd, since, on a sphere of 
radius r, the area of the, ring is 
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2x7-® sin d dd 

and by (k^finilion dco is this area divided by r^. Thus from 
Eq. (10) wo hav(^ 


F,, = 2-kK dA cos 0 sin 6 dd (11) 

as the (nnission rak^ from oiu^ side of the surface element dA 
(the outskhi). Tlu^ valiui of tlu^ integral is so that we obtain 

F,: — ttK dA (12) 

The eiua-gy radiatcvl pea- miit time per unit area is the emissive 
power B of the surfaeie, so that 

E = ttK (13) 

Equation (13), wlnai applied to sources emitting visible radiation, 
is known as Lambert’ law, and, although we have shown it to be 
true for bhuik bodic'S, it turns out experimentally to be very nearly 
true for somei sources which arc not black. When applied to such 
cases, the brightness K of the source will in general be different 
from that of a black body. 

90. Radiation Pressure. — When an electromagnetic wave 
imping(^s on the surfac-e of a material body, it exerts a mechanical 
force on the body in the direction of propagation of the wave. 
In general, one must d(ial with both normal stresses (pressures) 
and shearing stresses on the surfaces of bodies on which radiation 
is incident (or from which radiation is emitted). For the case 
of normal iiKudencc, or for the case of isotropic radiation which 
is fundamental in our study of heat radiation, one has to do with 
the pressure of radiation, and, before proceeding farther with the 
question of the laws of omission of thermal radiation, we must 
derive the relation between radiation pressure and the energy 
density of the radiation exerting the pressure. 

Let us start with the simple case of a plane electromagnetic 
wave normally incident on the surface of an ideal metal of 
infinite conductivity. Inside the metal there can be no electric 
field and hence no magnetic field nor electromagnetic wave; 
therefore the metal is a perfect reflector. There will be a surface 
current of surface density j induced on the conductor surface, as 
shown in Fig. 235, and this alternating current emits the reflected 
wave. The magnitude of j will be such that its magnetic field 
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inside the metal just cancels that of the incoming wave and 
doubles the magnetic field just outside the conductor surface. 
The electric vectors of the incident and reflected waves must be 
equal and opposite at each instant ol time just outside the metal 
surface, since the tangential components of 6 arci continuous at 
any boundary. The mechanical force on the induced surface 
current exerted by the magnetic field of the incident wave is 
directed into the metal, as is evident from Fig. 235, and this is the 
origin of the pressure of radiation for this case. 

Consider an element of area of width dw and length ds as 
shown in Fig. 235. The current flowing on this elementary 

area forms a current element 
i ds = j dw ds = j dA, and, since 
the magnitude of the force on this 
current element is given by 



dF = i ds Bi = jBi dA 

we have, for the pressure p, 

p = jBi = f^ojHi (14) 

where Bi is the magnetic induc- 
tion vector of the incident wave just at the metal surface. There 
remains the task of computing the surfac'.e-curn'ut density j, and 
this can bo readily accomplished with tlu', lu'lp of the Ampere cir- 
cuital law. The lines of JI produced by tlie surface current run 
parallel to the surface at right angles to j, and tlu^y are in opposite 
directions just outside and insider the surfacci (compare Prob. 40, 
Chap. V). Hence we employ th(^ clos(‘.d path shown in Fig. 235 
to compute the m.m.f. and find for the magnitude of the magnetic 
intensity produced by the surface current on either side of the 
surface 

Hr = 2-rrj (15) 

where we have written Hr to indicate that this is the magnetic 
vector of the reflected wave just at the surfaces. Inside the 
metal we have Hr equal and opposite to Hi, so that no wave exists 
in the metal, whereas just outside the surface we have for the 
resultant magnetic intensity 

H = Hi -f Hr = 2Hi = 2Hr 

Using Eqs. (15) and (16) in Eq. (14), we then find 


( 16 ) 
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P 


fxoH^ 

Stt 


(17) 


and, .siiHJc'- t,hc (dontric Cinergy density is zero just at the con- 
ductor surftwa^, wc may write 


p = u (18) 

wh(n-e u is (dcctromagnetic energy density just at the sur- 
face of th(^ rcdh^ctor. It is interesting and instructive to consider 
the meaning of this n'.sult in terms of the energy densities of the 
incident and ndlectcd waves. The incident wave has an energy 
density given by 

= ^ = § (19) 

whore Si is the magnitude of the Poynting vector, and we have 
used the fact that for a plane wave Similarly, 

for the reflected wave 

u, = = f (20) 

According to Eq. (16), Hi — Hr at the conductor surface; hence 
we may write for the pressure as given by Eq. (17), 

^ 27r 2x 

or 

p = Ui + Ur (21) 

so that the radiation pressure on the metal equals the sum 
of the energy densities of the incident and reflected waves 
at its surface. 

Thus we are led to the conclusion that electromagnetic waves 
transport not only energy (the flow given by the Poynting 
vector) but also momentum. The momentum carried by these 
waves may be thought of as distributed throughout space in a 
manner similar to the energy; hence we may introduce the 
idea of a space density of electromagnetic momentum g. Con- 
sider an element of area AA of the conductor surface. In time 
dt, the momentum incident on this surface is given by 

Qi AAc dt 
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and the momentum carried away from this surface element by 
the reflected wave in time dt is similarly given by 


Qr A Ac dt 


where gi = Qr for the case under consideration. The change 
of momentum in time d.t is the sum of those two expressions, 
and consequently the force on the area AA is, by Newton's 
second law, 

Ah — c(^gi A/I 


and the pressure 


p = CQi A- CQr 


( 22 ) 


Comparing this with Eq. (21), wo sec that the momentum density 
in an electromagnetic wave is related to the energy density, 
and hence to the Poynting vector, by 

u S 
^ c 

More generally, the vc'.ctor relation betwcicn g and S is 


g = 


/.2 




(23a) 


The concept of elcctromagtud/u! momentum now enables us 
to compute the pressure of isotropic radiation. Before doing 
so, however, we must emphasiz;(^ tlu^ fac.t that the relation 
given by Eq. (18) for normal in(;id(mcc^ is triu^, not only for 
perfect reflectors, but for arbitraiy suifacc^s, if by u we mean 
the total electromagnetic cnuu-gy d(iiisity at tlui surface. For 
example, let us supposes that w(^ ha.v(^ a ])(n’f(ud,ly absorbing- 
surface, so that then; is no r(;fl(;(‘,tion, and 1,hat this surface 
is at such a low t(;mp(;ral.urc; that it ('inits TK;gligil)l(; radiation. 
Then Eqs. (22) and (23) show that the; i)r(;ssure of normally 
incident radiation is still (;{iual to tlu; (;n(;rgy d(;nsity at the 
surface (p = Ui and Ur = 0), but, since the (‘nergy density is 
now that of the incident wave; alone whicdi, a(;(;ording to Eqs. 
(21) and (16), is half as large as for the case of pen-fect reflection, 
the pressure is njduccd by half also. Now l(;t us consid(;r radia- 
tion impinging on an elem(;nt dA of the; surface; of a body at an 
angle 6 with the normal. Tin; mom(;ntum transf(;rrcd to the 
surface element in time At is that contain<;d in a slant prism of 
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base A^4 arid slaid, height c At (Fig. 236). This gives rise to a 
force AF in the direction shown given by 

AF = gc cos 6 AA 

or, since', by (23) g ~ u/c, this can be written as 

AF — u c.o&e AA (24) 

This gives rise; to a component normal to the surface 

AF-n = u cos® e AA (25) 

and a tang(;ntial (iomponent 

AFi = u cos 6 sin d AA (26) 

For ise)tre)pie; radiation {u independent of direction) the tangential 
components of AF as given by Eq. (26) sum up to zero, and the 



pressure is obtained from Eq. (25). Since the average value 
of cos® 6 over a hemisphere is this yields for the pressure of 
isotropic radiation 

V = (27) 

This is a fundamental equation in radiation theory. One more 
remark may be appropriate at this point. Let us suppose that 
we have a hollow enclosure containing black-body radiation at 
a temperature T, and let the temperature of the walls (which may 
be of arbitrary composition) be T, so that the system is in thermal 
equilibrium. From the second law of thermodynamics we 
must also have mechanical equilibrium for this system, since 
otherwise mechanical work could be obtained at the expense of- 
the internal energy of an isolated system, all parts of which 
are at the same temperature. It thus follows that the pressure 
must be the same at all points of the walls, independent of 
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their absorbing or reflecting powcins, and is reflated to the energy 
density by Eq. (27). 

91. The Stefan-Boltzmann Law. — We have already pointed 
out that the energy density of black-body radiation depends 
only on its temperature. The law expressing this dependence 
was found experimentally by Stefan and later deduced theo- 
retically by Boltzmann. This law states that the emissive 
power of a black body is proportional to the fourth power of 
its absolute temperature. If, as before, E denotes the emissive 
power of a black body, we can write 

E = (28) 

where <r, the Stefan-Boltzmann c.onstant, has tlui valuer 

cr = 5.74 X 10“® erg/cm. '^-sec.-°C.‘‘ = 

1.37 X 10-12 cal./cm.2- s(Hi.~°C.^ (28a) 

We have written Eq. (28) for the emissive irowcn- E, but we can 
readily see that a similar csxpression holds for tlui radiation 
density u. Using Eq. (13) to c^xpn^ss E in t(o-ms of K, and 
Eq. (4) to express K in t(‘rins of u, vio, find n^adiiy that 



The thermal radiation from many rc^al surfac(5s which arc not 
black is found cxperiimintally to lx; v(;ry luuirly proportional 
to the fourth power of the absoluU; t(;m])(;ral,ur(;, but with a 
proportionality constant whicfli is small(;r l.han a as given by Eq. 
(28a). This is the case for m(;tals siufli as platinum and tungsten 
and also for carbon. For such surfa(;(;s, otu; can write, 

E = ea'n (30) 

where e, the cmissivity, has alr(;ady b(;(;n r(fl'(;rr(;d t,o and is 
equal to the absorbing power of tlu; body ( 10(i. D). Tlu; (;missivity 
of a hot tungsten-lamp filam(;nt is about -g-. 

The Stefan-Boltzmann law <;an be d('riv(;d tlumnflically from 
the second law of thermodynamie.s in tlu; following manner: 
Consider a cylinder with a tightly fit, ting fric.tionl(;ss piston 
and perfectly diffuse reflecting walls whicfli contains black- 
body radiation at tempei’atun; T. Ix'.t tlu; volunu; in which the 
radiation is present be V and tlu; walls lx; at tlu; t,(;mpc;raturo T 
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(Fig. 237). As wo have shown, the radiation exerts a pressure 
p = on the piston and the energy density u is uniformly 
distributed throughout the volume. The internal energy of the 
system is uV, whore u depends only on the temperature T. Now 
let an amount of heat dQ flow reversibly into the system. The 
first law of thermodynamics requires that 


d{uV) = dO - p dF 

where dV is the volume change corresponding to a small motion 
of the piston. Since 

diuV) = udV +Vdu 

the above equation may be written in the form 
dQ = V du+ {p + u) dV 
and since p = u/2>, this takes the form 

dQ = y(^ dT + |« dY (31) 

where we have used the fact that u is a, function of T only and 
not of V. 

Now the second law of thermodynamics requires that the heat 
dQ added in a reversible process divided by the absolute tempera- 
ture T (the change of entropy) depend only on the initial and 
final states of the system and not on the intermediate stages of 
the process. This is equivalent to saying that, if we divide 
each term of Eq. (31) by T, the left-hand side becomes a total 
differential. Thus in the equation 



§9. -X.( AT 

T ~ T\dT/ 

It of dT, is 


dT + ^'^dV 


4: # 

and g the coeflBicient 


the coefficient of dT, is coefficient 

of dV, is . Since, in general, the rules of partial dif- 


ferentiation demand that 


dT dV “ dV dT 
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there follows 

dV\T (It) c»7\3 t) 

Remembering that u depends only on 7’, this becomes 


1 du 4 du 4 u 
T If WfdT 3 ^ 
or 

du _ .u 

If ~ ^f 

Separating variables, 

du AT 

and integrating 

In = In + constant 
or 

u = oiT‘ 


(33) 


which is identical with Eq. (29). 

92. The Planck Radiation Law; Wien’s Displacement Law. — 

There still remains the fundannmtal (piestion of th(‘. spectral 
composition of blac-k-body radiation. Tlu^ Stefan-Boltzmann 
law gives the tempen-ature^ d(^])endenco of tlu', total cmergy density 
u, but places no limitations whatso(W(ir on i,he possible spectral 
distribution of this (niergy demsity among tlu^ various wave 
lengths or frequencies of tlic electromagn(iti<! sp(5ctrum. Indeed, 
thermodynamics alone cannot i)rovido a unicpie answcu’ to this 
question. The situation is sonuiwhat analogous to th(^ theory 
of gases. Here thermodynamics (am provid(^ us with a number 
of relations involving llie int(!rnal eiun-gy of tlio gas, but the 
velocity distribution of the molecailes is a mattcu' for atomic 
theory. The roscarch(is (d' Plam^k, about 1900, in connection 
with this problem led to the foundations of llui now famous 
quantum theory. Classicial physi(!S led to an impossible law, 
as we shall point out shortly. It would bci far bc^yond the scope 
of this book to attempt a discussion of the quantum theory, 
and we must content ourselvcis with a stateimmt and .discussion 
of the results. 

If we denote the energy density per unit fr-(^qucncy range of 
the spectrum by w„, then in th(^ frcvpiency range dv there will 
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be a contribution to the total energy density equal to Uy dv, and 
consequently 



As we have seen in connection with the Stefan-Boltzmann law, 
the brightness K and the emissive power of a black body E are 
proportional to u. Similarly a proportionality exists between 
these quantities per unit frequency or per unit wave-length 
range. Although it is more convenient from a theoretical 
standpoint to deal with frequency distribution, it is more con- 
venient experimentally to deal with the distribution with 
respect to wave length, and we must say a word or two concerning 
these two modes of description. For the sake of concreteness, 
consider the emissive power of a black body. This can be 
written as 

wlu^re and are the emissive powers per unit wave length 
and frequency range, respectively. The spectral distribution 
of black-body radiation can be specified by giving either E\ 
as a function of X or by giving as a function of v. The result- 
ing formulas will not bo identical in form, as we can see from the 
following: Consid(n‘ a range of frequencies between v and v dv 
and a corresponding range of wave lengths d\. The energy 
of those wave lengths radiated per unit time per unit area by a 
black body is given by 

dE = E,dv = E^ d\ 

and, since the relation between frequency and wave length is 


we have immediately 

Id-i = ^ |dXl 

so that Ef and E\ are related by the equation 

(36) 

c 

Similarly for energy densities, we have ^ Ec^uation 



380 


ELECTRICITY AND OPTICS 


[Chap. XVII 


(35) must be kept in mind when translating experimental results 
from a wave length to a frequency scale. Figure 238 shows the 
shape of the curves for E\ for black-body radiation as a func- 
tion of wave length, as obtained from experiment. In these 
curves Ti > T-i > Ts. Note that the maxima of these curves 
moves toward shorter wave lengths as the temperature is 
increased, as one would expect from the color changes which occur 
when the temperature of a body is raised. The curves of Fig. 



Fro. 238. 

length distribution wo have, ut 


238 may be looked upon as plots 
of ux as function of X, since there 
would only be a difference of a 
scale factor. 

The equation describing the 
normal spoictrum (black-body 
spectrum) obtained by Planck is 
as follows; 

SttAv^ 

~ ' ;.:i (36) 

okT _ I 

Here h is a fundamental atomic 
constant known as Jdanck’s con- 
stant and has the value 

h — 6.55 X 10“^’' crg-sec. 

k is Boltzmann's (ionstant (1.37 
X erg/°C.) and T the abso- 

lute temperature. For the wave- 
ig the fac.t (ixpn^sscd by Eq. (35), 


Ux 


8x//.c 1 _ Ci/X** 



(.XkT _ 1 gXT _ 1 


(37) 


which is the form usually (employed by ('.xpcrimentalists. There 
are two limiting cases for which wc; may rewrite'. Eq. (36) which 
have interesting historical significanca^ l^'or long wave lengths, 
^.e., for a frequency range such that hv < < kT, we may expand 
the exponential in Eq. (36) and ncglec.t powers of hv/kT higher 
than the first. We have 


hp 


1 _i- -i_ (^^)^ 

^ kT ^ 2\{kTY 
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so tluit very ncuirly 


Using; this valium in h]q. 


hp 


1 = 


hv 


kT 

(36), then! follows 


StTTV^ j ~ 

Up — — r- • kT 


(38) 


which is valid for thc! long wave-length portion of the spectrum. 
It is of int(!r(!st to note that this is the law predicted by classical 
theory for thc! whole! specjtral range and is known as the Rayleigh- 
Jeans law. It is obviously an impossible law, since it predicts an 
infinite, energy dcnisity at any finite temperature. 

On the oth(!r hand, for the high frequency, short wave-length 
region of the spectrum in which hv > > kT, we may set 


and obtain 


hv hv 

^kT J QkT 


Up 


Sirhp^ 
—6 


hv 

kT 


(39) 


This is the form of thc radiation law obtained by Wien by semi- 
empirical methods and is known by his name. It is more con- 
venient than the Planck law for calculation purposes in the short 
wave-length r(!gion of the spectrum. 

The Stefan-Boltzmann law may be derived from Planck’s law 
by performing the integration indicated by Eq. (34). We have 


S-n-h C ” dv 



and, if we set hv/kT = x, we find 


and substituting 


u 



S-rrk^T^ C°^ x^dx 

Jo e® — 1 


(40) 
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where 

_ C °° dx 

“ “ jo 

The integral has the value 7r‘‘/15, so that 

_ _ 87r^/b4 

Finally, the position of the maximum of any one of the curves 
of Fig. 238 may bo obtained by differentiating Eq. (37). The 
result may be expressed in the form 

\mT = constant == 6 ( 4 j^ 

where \m is the wave length for which Ex is a maximum and the 
constant 6 has the numerical value 

h = 0.288 (cm.-°C.) 

This important law is known as Wien’s displacement law and was 
derived by Wien with the lu^lp of t.hermodynamic considerations. 

93. Photometric Units; Visibility of Radiant Energy. 

Photometry is the study of tln^ im^asunmHmt of radiant energy 
in the visible region of tlu*. spc'ctrum and, although bewaring an 
intimate relation to t,h(', geiun-al thef)ry of radiation discussed 
in the preceding secitions, it poss(\ss(^s iis own peculiar units which 
differ somewhat from thosci whi(di wc^ havcj been employing. 
There are two reasons for th<^ unique proc(Hlur(‘. adopted when 
dealing with visible radiation; (1) Photomcd.ric units were 
introduced indepemhmtiy of those employed in otlun- branches 
of physics, very much as tlui calorie is introduccal in heat as an 
energy unit; and (2) tiici human ayo is not (upially semsitive to 
radiations of different wav<', lengths (ev(m in tlui visible^ range), so 
that the so-calhid relaiive visibility of radiation must be included 
in the definition of photometric tuiits. 

Suppose we consider an experiment in which an observer 
looks at a number of essentially monocdiromatic sources. The 
energy radiated from the sources is varied so that they all seem 
equally bright to a normal observer. It is found that the least 
radiant power (Fx) is needed for the source of wave length 
5,550 A. The ratio of E\ for this source to its value 
for any other source at wav(i length X to produce the sensation 
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of equal brightness for a normal eye is called the relative visibility 
of this wave length. Figure 239 is a plot of this relative visi- 
bility v(\) as a function of X for a normal eye. Because of this 
selective action of the eye, a statement of the emissive power E 
in absolute units of a light source is insufficient to determine its 
visual effect. For this reason it is conventional to introduce a 
photomcitiic unit of the total rate of emission of energy (energy 
flux) (jailed the lumen. For a normal observer it is equivalent 
to watt at the wave length 5,550 A. The numerical 



factor of 621 arises from the arbitrary definition of a unit of light 
intensity (see below), the candle. Thus 1 watt radiated at 5,550 
A. equals 621 lumens of light flux, and at any other wave 
length the luminous flux Fi in lumens is given by 

Ii\ = j;(X) • 62 IF (42) 

where F is the radiated power in watts from a monochromatic 
source of wave length X, and v(X) is the relative visibility of 
this wave length. The ratio Fj/Fis called the luminous efficiency 
of the source. If the source is not monochromatic, then one 
must integrate over the spectrum to obtain the luminous effi- 
ciency. The number of lumens radiated per unit area of the 
surface of the source is called the luminosity of the source, L. 
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It is clear that the contribution to L from the wave-length range 
d\ is given by 

dL = Q,2\v{\)E^d\ 

where E\ d\ is in watts per square ecmtiiiKh.or, so that the lumi- 
nosity becomes 

L = 62l£”v(X)Exd\ ( 43 ) 

in lumens per square centimeior, and tlie luminous efficiency is 
given by 

f‘^v(\)Exd.\ 

Eff. = (44) 

Jo 

since equal to E, the cunissive power of the surface 

in watts per square! centim<!ter. 

The intensity I of a light source of (lim(!j)sious sufficiently 
small that it may be consicler(!cl a i)oiut source! is defined as 

follows; Consielc!!- a pencil of rays 
e!e)ming fre)m the! source of solid 
I angular e^Kiiiing dco (Fig. 240). 
Then the! intc!nsi1,y e)f the source 
in the! dire!e‘.tie)n n is defined as 
the! lumine)us flux crossing the 
area dA' divided by the! se)liel angle! dw. Thus we have 



dco 

and, if the source radiate!S unife)rmly in all direieilions, 


(45) 


(46) 


where Fi is the total flux coming ri-e)m the! se>ur(!e. The photo- 
metric unit of intensity is an arbii.rary unit,, the! candle, defined 
as a source which (emitting unife>rmly in all dire!e!tions) emits 
47r lumens, so that 1 candle! e!eiuals 1 lume!n ])e!r unit solid angle. 
Actually the standard esandle! wjis e!hose!n arbit.rarily, the unit 
flux obtained from Eq. (46). Exp(!rime!nt then yielded the 
numerical factor 621 use!d above. 

Consider the area dA' of Fig. 240. The! illumination E' on 
this surface is defined as the! ratio of t.he! !umine)us flux incident 
on it to its area. Thus 
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jE' = ^El ~ EEi . ^ (A»\ 

dA' dA' ” 7^ 

using Eq. (45) and the fact that dA' = dw for the case in 
which dA is normal to r. If the normal to the surface element 
makers an angle d with the direction of the pencil, then Eq. (47) 
evidently becomes 

E' = ^ cos (48) 


Finally, the brightness X of a pencil of rays has already 
boon defined by Eq. (1). The same definition is utilized in 
photometry except for a change in units. If, in Eq. (1), one 
expresses dF in lumens, then we have 


K = 


Al 

cos 6 AA 


(49) 


where Al = dF/dw in candles, and K is measured in candles 
per square centimeter. Equation (49) gives the brightness of 
the radiation at the surface AA. If the surface element AA 
is self-luminous, then K is called the brightness of the surface. 
If such a surface obeys Lambert’s law [Eq. (12) or (13)], it is 
convenient to define a new unit of brightness B, the lambert, 
defined by the relation 

B — ttK (50) 

where K is in candles per square centimeter. Thus the lambert 
is' 1 /tt times as large as the candle per square centimeter. 

In terms of this new unit, Eq. (13) becomes 

E E' B (51) 

since, for a black surface, the illumination (energy incident 
per unit time per unit area) equals the emissive power B. For 
surfaces which diffusely reflect or transmit light and obey a 
law similar to Eq. (10) for the reflected or transmitted light 
(this is essentially Lambert’s law), one writes for the surface 
brightness 

B = kE' (52) 

where k is the fraction of the incident light reflected or trans- 
mitted and E' is the illumination of the surface. 
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Problems 

1. Consider a black body of Hurra,(^<^ area A, iho, surface of rh' 
everywhere convex, so that iiorn^ of the radialiorj hvtvin/*; a,ny po* 7 7 ^ ^ 
surface impinges on !iny o(.li<a’ poini. of .surfa.(*.(‘. |f k i 
pletely surrounded by nn ciudostiro u,ikI both (lu; body and IlK^widls” 
enclosure are at absolute ieniperatnn^ 7\, sliow tli'at the rale at^ 
radiant energy falls on the. body is givcni ]>y • • ■ ' ^ > winch 

frA T\ 

independent of the an^a juid na,ture of tlu' walls. 

Using the above result, show tliat, if (Ik- (eniix'ra.tun- of Uu- black I 
maintained a,t 7'- iuid lliat of (lie surrounding- walls a.(. 7 ',, ( Ik- V iol 
gain or loss of (-nergy by radial ion of (lu- black body is given by " ^ 

.•1<r(7’,1 - 7'?) 

What condition ninsl, b(! saf ished in order (lia.(. this law lx- valid? 

2. Taking an average 1 (-inperal nre of (he enlin- earl I, 's siirf-na- as KV' 
and assuming (Ik. ea.rtb as a. whole (in.-lmling (he a ( mo.splM-n- ) (<‘, abso,-!^( 
sun’s radiation like a bla,ck body a,n<l lu railiali- like a bl-n-k Ikuk' ' 
the absolule (cmperal-nre of space (/.r., of (Ik- radialion in ei'.ml v’'3,k‘' 
around the eailh). Th<- solar energy falling ,u, ( he <-ar( Ids .snrbn-e ‘ 1 ’( t 
taken as 2 cal. /cm, “-min., when tin- sun is dir<-<-( I y ov.-rlK-id * 

3. A closed gra,phi(c enn-ibh- a,l. 27"(:. is pln.cd insi.le' a. ■furnace win, sc 
walls are nuuntanied at a, (cinperal nre of 17.-{() '( f Tr<-a(i,,o- n.e -i 
a black body of surfaco ar<-a, dO em.“, eoinpnle (be inilial rale -,( winVlfir 
cruoMe gains lieat by railiaiion from (he furnace walls, using the n-suK of 

If the erucihlo has a nui,ss ol HK) grains and a. mean specific heat of n 
how long Will it (;ake for (he <-rm-ible („ reach a (empera.(„ro of'iof vl 
(Note that the ral.io of crucible (o wall i<-mi>era.( nre is small compared to 
unity lor thci in ({uissl ion. ) 

4. A small hole of a.ren, A/1 is made in (he walls of a furnace containing 
black radiation at, (, c n, porn, (, nre T. A black sphere of radius r is placed in 
ront ol (, he hole a,t a disl.imee H from i( . .\,.glcc( ing ( he radial ion from the 

lurnaec walls, show thal, the eni-rgy falling on (he black sphere per unil lime 
IS given by 


« 7'« ■ 

IC 

5 . A black sphere of S cm. dianieler i.s plaeeil in front of a .small opening 
(area - 10 cni.-*j m (he walls of a furnace with its center |() cni from (he 

reached by the siilii-re is (he same as dial whi<-h ean be mainlained bv sun- 

thrhoto'fn (T*f of eh-ctrien! pow.-r (o a in-aling unit in.dde t In- sphere,' vvhiu 
trie ri()l(, in tiH^ furtuu*<‘ walls js {‘ovnrod. 

bladr^''*"' '-'diation, a.s,sunung it to ho 
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6. Prove fJiat. 1,he net rate of heat transfer per unit area by radiation 
between two plane parallel surfaces of separation small compared with the 
linear dimensions of the surfaces is given by 


<r{Tt ^ Tt) 



ei ^2 


where ei, T i, and eo, T^ are the emissivities and absolute temperatures of the 
two surfaces, a is the Stefan-Boltzmann constant. 

7 . The temperature of the water in a thermos bottle is observed to fall 
from 100 to 99°C. in 30 min. when the outer shell of the bottle is at 25°C. 
Find the time required for the temperature of the same amount of ice water 
at 0®C. in the bottle to rise to 1°C. if the outer shell is at 20°C. Neglect 
the heat loss through the cork stopper. 

8 . The inner bottle of a thermos bottle (unsilvered) contains 1 liter of ice 
water and the outer shell is at 25 °C. The emissivity of a glass surface is 
0.85, and the area of the outer surface of the inner bottle (and also the inner 

'surface of the outer shell) is 175 cm^. Neglecting heat losses through the 
cork, find how long it takes for the water’s temperature to rise from 0®C: 

а. To l^C. 

б. To 10°C. (Use reasonable approximation methods to obtain the 
answer to part h.) 

9 . Prove that Wien’s displacement law follows from the Planck formula 
(36) or (37) or from Eq. (39). 

10. The wave Tength of maximum intensity in the solar spectrum is 
5,000 A. Assuming the sun to radiate like a black body, compute 
its surface temperature. 

11. To what temperature would the blackened spherical bulb of a ther- 
mometer rise in dull sunlight if the bulb were surrounded by a perfectly 
transparent, evacuated glass bulb ? The surroundings are at 25'’C. Assume 
the thermometer bulb to behave like^a black body. 

12 . Compute the ratio of the increase of brightness of black-body radi- 
ation at a wave length of 6,410 A. for an increase 'of temperature from 
1200 to 1500°abs. 

13 . Starting from Planck’s law or from Wien’s law [Eq. (39)], prove that 
the maximum value of the emissive power 'per unit wavelength range 
{E\) for black-body radiation varies with the fifth power of the absolute 
temperature. 

What is the corresponding law for Ev^ 

14 . What is the radiation pressure of black-body radiation at a temper- 
ature of 6000°abs,? 

16 . Starting from Planck’s law, compute the value of 6 in Wien’s dis- 
placement law [Eq. (41)]. 

Repeat the calculation starting from Wien’s law [Eq. (39) ], and compare 
your result with the experimental value. 

16 . Find the brightness of a sheet of paper which is placed on a desk at a 
distance of 1 meter below a 250 cp. point source. The paper diffusely 
reflects 80 per cent of the light incident upon it. 
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A 

Abampcro, 86 
definition of, 98 
Abbe’s sine condition, 275 
Aberration, chromatic, correction 
of, 311-314 

spherical for spherical mirrors, 270 
Aberrations, lens, 283ff. 

Abhonry, 128 
Absorption band, 302 
Absorpilon power, 369 
Abvolt, 86 

Accommodation, 288 
Acihromatic doublet, design of, 311- 
313 

Achromatic prism, 310 
Action at a distance, 1 
Alternating-current circuits, ele- 
mentary, 137 jf. 

Alternating-current series circuit, 
143-145 

resonance of, 144 

Ammeter-voltmeter method of resist- 
ance measurement, 67-68 
Ampere, 81, 94, 223 
Ampere, definition of, 98 
as unit of current, 57 
Ampere’s circuital law, lQ3f. 
Ampere’s construction, 110 
Ampere’s rule, 94j^. 

Amperian currents, 229 
Anastigmatic lens, 286 
Angular dispersion, 309 
Anomalous dispersion, 306 
Antenna, forced oscillations of, 180- 
181 

Aperture, numerical, 360 
Aplanatic lens, 287 
Aqueous humor, 288 
Astigmatic pencil of rays, 264 


Astigmatism, 284-285 
Atomic magnetic moments, perma- 
nent, 227 

Atomic number, 187 
B 

Back electromotive force, 76-77 

Barkla, 316 

Barrel distortion, 287 

Beam of light, definition of, 264 

Biot-Savart law, 99 ff. 

Birefringence, 322ff. 

Black body, emissive and absorp- 
tion power of, 369 
Bla'ck-body radiation, 367 
relation of brightness to, 368 
Black-body spectrum, law of, 380 
Boltzmann, 376 

Boundary conditions, on D and S, 
214-215 

on H and B, 235-236 
Branch points, 71 
Brightness, of radiation, 366-367 
relation of radiation energy 
density to, 368 
of a surface, 385 


Candle, as photometric unit, 384 
Capacitive reactance, 141 
Capacitor, 45 

Capacity, coefiicients of, 44 
of a cylindrical condenser, 47-48 
definition of, 45 

of a parallel-plate condenser, 47- 
48 

of a spherical condenser, 47 
units of, 45 

Cauchy dispersion formula, 306 
Cavity definitions, of D and S, 211 
of H and B, 243 
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Cell, electromotive force of a, 60 
Charge, conservation of, 2, 42 

dimensions in e.s.u. and in e.m.u., 
97 

ratio of electrostatic to electro- 
magnetic unit of, 98 
Charge density, polarissation, 208 
surface, 29 

Charges, induced on conductors, 15, 
41^^. 

on dielectric surfaces, 207-208 
Chromatic aberration, 284, 285 
correction of, 311-314 
Circle of least confusion, 285 
Circuit, free oscillations of an LC, 
148 

series a.c., 143-145 
transients, in an RC, 151 
in an RL, 149-150 
Circuits, coupled, 131 
elementary a.c., lB7ff. 

power in, 145-147 
magnetic, 240-241 
Circular mil, 69 
Circularly polarized waves, 163 
Coaxial cable, capacity of, 47-48 
inductance of, 130 
CoejBScient, of capacity, 44 
of coupling, 132 
Coercive force, 233 
Coherence of radiation, 170, 327 
Cold emission, 189 
Coma, 284, 286-287 
Compound lens, 288 
Compound microscope, 291-292 
Condenser, cylindrical, capacity of, 
47-48 

definition of capacity of, 45 
discharge of, 151 
energy stored in, 50ff. 
force of attraction between platcvs 
of, 51 

parallel-plate, capacity of, 45-46 
spherical, capacity of, 47 
Condensers, Mff. 
in parallel, 48 
in series, 49 


Conduction current, 55 

ratio to displacement current in 
conductors, 158—159 
Conduction electrons, 188 
Conductivity, electrical, 68ff. 
temperature dependence of, 69 
theory of, 195-197 
Conductors, electric field at surface 
of, 29 

of electricity, 14 

electromagnetic waves in, 259-260 
stress on charged, 51 
Confusion, circle of least, 285 
Conjugate points of a lens, 276 
Conservation, of charge, 2, 42 
of mechanical energy, 16 
Conservative nature of the electro- 
static field, 34-35 

Continuity ecpiation, for charge and 
curreni,, 154-155 

for polarization charge and cur- 
rent, 219 

for steady state, 57ff. 
for waves on transmission line, 173 
Continuous specd.rum, 311 
Convection current, 55 
Converging wave, 264 
Cornea, 288 
Coulomb, 23 

as unit of charge, 3 
definition of, 25, 98 
Coulomb’s law, 23ff. 

in dielectri(!S, 206 
Couphul circuits, 131 
Coupling, coeflicient of, 132 
Cross product of vectors, 84-85 
Crystals, dicdiroic, 322 
uniaxial, 319 

Current, dimensiotis of, in e.s.u. and 
in e.m.u., 97 
displaccnnent, 1 55—159 
effective, or r.m.s., 146 
ratio of eondvictiou to displace- 
juent in conductors, 158-159 
ratio of cilec.trostatic to electro- 
magnetic., 98 

(lurnmt density, ehud.ric, 56 
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Current loop, magnetic moment of, 
108 

torque on, 111-112 
Currents, Amperian, 229 
eddy, 122 
electronic, 188 

limited by space charge, 190-195 
nature of the vector field of 
steady, 58-59 

transient, in RC circuit, 151 
in RL circuit, 149-150 
Curvature of the field, 284, 286 
Cylindrical condenser, 47-48 

D 

Density, of electromagnetic momen- 
tum, 373-374 

of energy, in electric field, 52 
in magnetic field, 133 
Derivative, directional, 7 
Deviation of a prism, minimum, 
307-309 

Diamagnetism, 226, 232 
Dichroic crystals, 322 
Dielectric constant, 206 
of gases, 212-213 

Dielectric sphere, mechanical force 
on, 222 

Dielectrics, Coulomb's law for, 206 
displacement current in, 218 
induced charges on, 207-208 
plane electromagnetic waves in, 
248-253 

polarization of, 204—205 
Differential form of Ohm's law, 70 
Diffraction, 265, 339ff, 

application of Fresnel zones to, 
344-346 

Fraunhofer, 340, 

Fresnel, 339 

Diffraction grating, 354r'358 
Diffraction pattern, of a double 
slit, 351-354 
of many slits, 354-358 
of a single slit, 346-351 
Diopter, 278 


Dipole, extended, 180 
fixed electrostatic, 35 
magnetic, 108 
potential and field of, 35ff, 
radiation from oscillating, 178—185 
Dipole moment, definition of, 37 
permanent atomic, 205 
Dipoles, induced, 204, 205 
Direct-current circuits, power input 
to, 75 

Directional derivative, 7 
Direct-vision prism, 310 
Discharge of a condenser, 151 
Dispersion, angular, 309 
of light, in gases, 303#- 

in solids and liquids, 306ff. 
Dispersive power of a small-angle 
prism, 309-310 

Displacement current, 155—159 
in conductors, 158—159 
in dielectrics, 218 

Displacement vector, electric, 23ff, 

Distance of most distinct vision, 2^18 

Distortion, image, 287 

Diverging wave, 264 

Dot product of vectors, 84 

Double layer, 40 

Double refraction, 31 8j^* 

E 

Eddy currents, 122 
Eddy-current brake, 126 
Effective current or voltage, 146 
Effective resistance, 77 
Electric current, 55#. 
density of, 56 

Electric displacement vector, 23#. 
Electric field, intensity of, 3ff, 
law of refraction of, 216 
motion of charged particles in, 
16 #. 

Electric intensity, at conductor sur- 
faces, 15 

equation for lines of, 10-11 
lines of, 4 

relation to magnetic intensity in 
plane waves, 164 
units of, 4-6 
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Electric susceptibility, 210 
Electrical conductivity of metals, 
195-197 

Electrical images, method of, 42j9^, 
Electrical resistance, 61 
Electricity, conductors of, 14 
Electromagnetic momentum, den- 
sity of, 373-374 
Electromagnetic reaction, 123 
Electromagnetic system of units, 
86, 97 

Electromagnetic waves, circularly 
polarized, 163 
in conductors, 259-260 
elliptically polarized, 163 
intensity of, 165 
linearly polarized, 1 63 
plane, in dielectrics, 248-253 
in vacuum, 159-164 
transverse nature of, 161-162 
traveling plane, 253 
on wires, 171-178 
Electromotive force, 5 
back, 76-77 
of a cell, 60 
induced, 120/- 
motional, 123/. 
seat of, 59 
sources of, 59/ 
thermal, 197 
units of, 8 
Electron, 2 
charge on, 3 
spin of, 227 

Electron theory of Ohm's law, 195- 
197 

Electronic currents, 188 
Electronic origin of magnetic prop- 
erties, 225—228 

Electrons, free or conduction, 188 
secondary, 189 

Electrostatic energy, density of, 52 
Electrostatic field, 1/ 
at conductor surfaces, 29 
conservative nature of, 5 
energy of, 52 

of fixed charge distributions, 30/ 
inside metals, 1 5 


Electrostatic field, of a long straight 
wire, 29—30 
sources of, 22/ 

of a uniformly charged metal 
plate, 28-29 

use of potential in calculation of, 
33/ 

Electrostatic potential, 5/ 
units of, 8 

Electrostatic unit of charge, 3 
Elliptically polarized waves, 163 
Emissive power, 369 
Plmissivity, 370 
Energy, in a condenser, 50/ 
of the electrostatic field, 52 
in a magnetic circuit, 244 
in a magnetic field, 132-134 
Plnergy density, of electric field, 52 
of magnetic field, 133 
of radiation, relation to brightness, 
368 

Jilquatiou of continuity, for non- 
steady state, 154-155 
for polarization charge and cur- 
rent, 219 

for steady currents, 57/. 
for waves on transmission line, 
173 

Equi potentials, 6/ 
metals as, 14/ 

Plxtraordiiiary ray, 323 
JOyc, 288 

resolving power of, 359 
p]ye lens in oculars, 293 

F 

Fabry-Perot int.erf(^rom(4,er, 339 
P'arad, 45 

Faraday, 2, 42, 120, 223 
induction law of, 121-123 
Fermat, 265 

Format's principle, 2()5-268 
Fcrromagiudvism, 232-234 
Field {see p]lo(ttri(i field; Pllcctrostai.ic 
field; Magnci.ic fi(dd) 

Field lens, 293 

Plow, lines and tubes of, 57 
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Flux, of D, 26ff. 

of magnetic induction, 86—87 
Flux linkages, 122 

Focal length, of a spherical mirror, 
270 

of thick lenses, 280 
of thin lenses, 276 

Focal lines, primary and secondary, 
285 

Focal planes of a thick lens, 279 
Focal point of a pencil of rays, 

264 

Force, on a dielectric sphere, 222 
on a magnetic body, 246 
Forced oscillations of an antenna, 
180-181 

Forces, action-at-a-distance, 1 
chemical, 60 

between condenser plates, 51 
gravitational, 1 
nonelectrical, 60 

Fraunhofer diffraction, 340, 346j7. 
Fraunhofer lines, 310 
Free electrons, 188 
Free oscillations of an^ LC circuit, 
148 

Fresnel, 341 
Fresnel diffraction, 339 

use of Fresnel zones for, 344-346 
Fresnel zones, 

G 

Galilean telescope, 295 
Galvanometer, d^Arsonval, or mov- 
ing-coil, 93-94 
tangent, 112—113 

Gases, dielectric constant of, 212- 
213 

Gauss, 86 
Gaussian units, 91 
Gauss’s law for D, 26ff. 

Generators, a.c. and d.c., 125-126 
Geometrical optics, limitations of, 

265 

Glass, ^^nvisible,” 337 
Gradient, 7, 8 

Grating, diffraction, 354—358 


H 

Half-period elements, 341 
Half-wave plate, 321 
Heat radiation, 365#. 
Heating in resistances, 75 
Helmholtz coils, 118 
Henry, 120 

as unit of inductance, 128 
Huygens’ construction, 263 
Huygens ocular, 293 
Huygens’ principle, 263, 328 
obliquity factor in, 340 
Hysteresis, 234 


Ice-pail experiments, 42 
Illumination, 384-385 
Image distortion, 284, 287 
Image space, 271 

Images, electrical, method of, 42#. 
primary and secondary, 286 
real and virtual, 268 
Impedance, 144 
Incidence, plane of, 254 
Index of refraction, definition of, 250 
Indices of refraction, principal, for 
crystals, 320 
Induced charges, 41#. 
on dielectrics, 207—208 
on metals, 15 
Induced dipoles, 204—205 
Induced electromotive forces, 120#. 
Inductance, mutual, 130 
self-, 127 

of a coaxial cable, 129, 130 
of a solenoid, 129 
units of, 128 

Induction, electrostatic, 15-16 
Induction law of Faraday, 121—123 
Inductive capacity, 24—26 
Inductive reactance, 140 
Influence, electrostatic, 15—16 
Insulators, 14 

Intensity, of electric field, 3#. 
of electromagnetic waves, 165 
of a light source, 384 
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Intensity, lines of electric, 4 
of magnetic field, 96 
of magnetization, 228 
circuital law for, 247 
of plane waves, average value of, 
167 

specific, of radiation, 366-367 
Interference, conditions for, 329-331 
in thin films, 334—338 
Interferometers, 338-339 
Internal resistance, 62 
"Invisible’' glass, 337 
Ions, 188 
Iris, 288 

Isotropic radiation, pressure of, 375 
relation of brightness to energy 
density of, 368 


Joule’s law, 75 

K 

Kelvin, 42 

Kirchhoff’s law for radiation, 370 
Kirchhoff’s rules, 7lff. 
for a.e. circuits, 137-138 


Lambert, as unit of brightness, 385 
Lambert’s law, 371 
Langmuir-Child equation, 195 
Larmor precession, 227 
Lateral magnification, of a thick 
lens, 282-283 
of a thin lens, 277—278 
Lens, numerical aperture of, 360 
power of, 278 

Lens equation, Newtonian form of, 
277 

Lenses, aberrations of, 283jf. 
thick, 278-283 
thin, 275-278 
Lena’s law, 121 
Line spectrum, 311 
Linear lateral magnification, for a 
spherical surface, 274 


Linearly polarized waves, 163 
Lines, of currtmi. flow, 57 
of cleclTic intensity, 4 
Longitudinal .magnifitjation, 298 
Lorentz force, 123, 226 
Lumen, 383 
Luminosity, 383 
Luminous efficiency, 383-384 

M 

Magnetic circ.uit, 240—241 
energy in, 244 
Magnetic dipoles, 108 
torque on, 112 

Magnetic field, of a circular loop, 101 
of the earth, determination of, 
224-225 

energy in, 132-134 
intensity of, 96 
of a long straight wire, 100 
motion of chargcid particles in, 

of a solcmoid, 102-103, 106-107 
of steady currents, 81jf/‘. 

Magnetic field energy, in magnetic 
circuit, 244 
Magnetic flux, 86, 87 
Magnetic focusing, 89 
Magnetic force, on a current element 
or moving charge, 82—86 
Magnetic induction, solenoidal char- 
acter of the field of, 86-88 
units of, 86 

Magnetic induction vector B, Qlff. 
Magnetic intensity, 96 

definition for material bodies, 
231-232 

relation to electric intensity in 
plane waves, 164 

Magnetic moment, of a bar magnet, 
224r-225 

of a current loop, 108 
Magnetic moments of atoms, perma- 
nent, 227 

Magnetic permeability, 96, 232 
Magnetic poles, 238 
strength of, 239 
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Magnetic potential, scalar, 109 
Magnetic properties, electronic ori- 
gin of, 225-228 
Magnetic saturation, 233 
Magnetic susceptibility, 232 
Magnetization intensity, 228 
circuital law for, 247 
Magnetometer, 112 
Magnetomotive force, 103, 241 
Magnetron, 114 

Magnification, lateral, of a thick 
lens, 282-283 
of a thin lens, 277—278 
linear, of a spherical surface, 274 
longitudinal, 298 
Magnifying glass, 289-290 
Magnifying power, normal, 361 
Mass spectrograph, 90 
Maxwell, 87 

Maxwell equations, for empty space, 
159 

Mean free path, of electrons in 
metals, 196 

Mechanical energy, conservation of, 
16 

Metals, charged, surface stresses on, 
51 

electrostatic field in and at surface 
of, 15 

as equipotentials, 14j^. 
surface charges on, 15 
Metastable atoms, 189 
m.k.s. units, magnitude and dimen- 
sions of permeability in, 98 
magnitude and dimensions of 
permittivity in, 26 
Michelson interferometer, 338 
Microscopes, magnifying power of, 
289-290, 292 

normal magnifying power of, 361 
resolving power of, 359 
Mil, circular, 69 

Minimum deviation of a prism, 307- 
309 

Mirrors, reflection in,, .268-271 
Momentum, electromagnetic, den- 
sity of, 373-374 


Motion of charged particles, in 
electrostatic fields, 16^. 
in magnetic fields, 88#. 

Motional electromotive forces, 123#. 
Mutual inductance, 130 

N 

Near and far points of the eye, 288 
Neutral temperature of a thermo- 
couple, 203 

Newton, as unit of force, 86 
Newtonian form of the lens equation, 
277 

Newton’s rings, 337—338 
Nicol prism, 324 
Nodal points of a lens, 283 
Normal dispersion, 306 
Normal magnifying power, 361 
Numerical aperture, 360 

O 

Object space, 271 

Obliquity factor in Huygens’ prin- 
ciple, 340 
Oculars, 292, 293 
Oersted, 81, 223 
Ohm, 62 
Ohm’s law, 61# 

in differential form, 70 
electron theory of, 195—197 
Oil-immersion microscope, 360 
Optic axis, 319 

Optical instruments, resolving power 
of, 358-361 

Optical length of path, 265 
Order of spectra for a grating, 356 
Ordinary ray, 323 

Oscillating dipole, power radiated 
from, 185 

radiation from, 178—185 
Oscillations, forced in an antenna, 
180-181 

of an LC circuit, 148 


Parallel-plate condenser, 45-46 
Paramagnetism, 226, 232 
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Paraxial rays, 273, 284 
Peltier effect, 198 

atomic interpretation of, 201 
Pencil of rays, 264 
Permeability, magnetic, 96, 232 
m.k.s. unit of, for empty space, 98 
Permittivity, 24 

m.k.s. unit of, for empty space, 25 
Phase angle in a.c. circuits, 144 
Phase velocity, 1 63 
Photoelectric effect, 189 
Photometric units, 382-385 
Pincushion distortion, 287 
Planck, 378 

radiation law of, 380 
Planckts constant, 380 
Plane, equation of, 252-253 
of incidence, 254 

Plane electromagnetic waves, in di- 
electrics, 248—253 
reflection and refraction of, 253- 
256 

traveling, general (‘quat ioii for, 253 
in vacuum, 159-164 
Point charge, potential and fi(‘ld of, 
35 

Poisson's equation in oru^ diuieri- 
sion, 191 

Polar molecules, 205 
Polarizability, 205, 212 
Polarization, of a dielectric, 204— 
205 

of electromagnetic waves, 163 
of scattered light, 316 
vector intensity of, 207 
Polarization charge density, 208 
Polarization current, 218 
Polaroid, 322 
Poles, magnetic, 238-239 
Positron, 2 

Potential, of a dipole, 
electrostatic, 
scalar magnetic, 109 
of a spherical charge distribution, 
35 

Potential difference, as a measure of 
battery e.m.f., 61 
Potential gradient, 7 


Poi.ontial minimum for space-charge 
limited (uirrent-s, 193 
Pot.entiometor, 80 

Power, in a.c. scric‘s (‘circuit, 145— 
147 

in d.c. (urcuits, 75 
of a lens or lens surfa.ee, 278 
radiation of, from an oscillating 
dipole, 185 

wattles>s or r(^aetiv<', 147 
Power liudor, 147 
Poyidiug vect.or, 166 
Prcssiu’o of nidin.lion, 371.-376 
Priticipal foch, 276 
Principal indiccis of refraction, 320 
Principal maxima, for a diffra(‘4j’oTi 
grating, 355-356 

Principal points of a thi(4c kufs, 280 
Principal section of a. crystal, 323 
Princi])le of >supcu*j)osidon, 327 
Prism, achromnllc*., 310 
dinujt vision, 310 
minimum cU^vialiou of, 307-309 
Nicol, 324 

Prism spoc(-ros(a)p(^, 310-311 
Projection la-ntcn-n, 295 
Proton, 187 
Pupil, 288 

Q 

C^musi-stat ionary plumomena, 138 

R 

Ra.diation, black body, 367 
(•-ohercnco of, 327 
lioat or thermal, 365j7* 

KirchholT's law for, 370 
frotn oscillating dipole, 178-185 
relative visibility of, 382-383 
Radiation pressure, 371-376 
Ramsden ocular, 293 
Rayleigh criterion for resolving 
power, 357 

Rayleigh scattering formula, 315 
Rayleigh-Jeaxis law, 381 
Rays, 264 
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Reactance, 140, 141 
Reactive power, 147 
Reflecting power for normal inci- 
dence, 259 

Reflection, law for plane waves, 256 
by mirrors, 268-271 
phase changes upon, 258 
total, 256 

Refracted light wave, relation to 
scattering, 316-318 
Refraction, double, 318j^. 
of electric field lines, 216 
of light, at a .spherical surface, 
271-275 

of magnetic field lines, 236 
of plane waves, 255 
principal indices of, 320 
Refractive index, 250 
Relative visibility of radiation, 382- 
383 

Relaxation time, 168 
Reluctance, magnetic, 241 
Remanence, 233 
Resistance, 61 
d.c. or ohmic, 77 
effective, 77 
internal, 62 
units of, 62 

Resistances, heating in, 75 
in series and parallel, 64-65 
Resistivity, temperature dependence 
of, 69 

units of, 69 

Resolving power, of a diffraction 
grating, 358 
of the eye, 359 
of a microscope, 359 
of optical instruments, 358-361 
Rayleigh criterion for, 357 
of a telescope, 359 
Resonance, of a.c. series circuit, 144 
Resonance scattering, 316 
Retardation effects in wave propaga- 
tion, 179 

Richardson^s equation, 190 
r.m.s. current or voltage, 146 
Rowland, 81 


S 

Saturation, magnetic, 233 
Saturation current, 190 
Scalar magnetic potential, 109 
Scalar product of vectors, 84 
Scattering of light, ZlAzff, 

Scattering power, 315 
Secondary electrons, 189 
Secondary maxima for diffraction 
grating, 355-56 
Seebeck coefficients, 200 
Seebeck effect, 197 
Self-inductance, 127—130 
Series a.c. circuit, 143—145 
energy considerations for, 145 
resonance of, 144 
vector diagram for, 143 
Side thrust, magnetic, 91^. 
Sinusoidal functions, vector repre- 
sentation of, 141—142 
Sneirs law, 255 

Solenoid, magnetic field within, 102— 
103, 106-107 
self-inductance of, 129 
Space charge, 189 

Space-charge limited currents, 190— 
195 

Space-damped waves, 260 
Specific intensity of radiation, 366- 
367 

Spectroscope, prism, 310-311 
Spectrum, continuous and line, 311 
Spherical aberration, 286 
of a mirror, 270 

of a single refracting surface, 272 
Spherical condenser, 47 
Spherical mirror, 270-271 
Spherical waves, 171 
Spin, electron, 227 
Spyglass, 294 

Standing waves on a transmission 
line, 177 
Statampere, 57 
Statcoulomb, 3 
Statfarad, 45 
Statohm, 62 
Statvolt, 8 



